
Lecture Algebra 2
(Discrete Mathematics and Algebra)

7. Fields
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Fields� �	��
���
��
, where

�
is a set with operations
������������

und

��������������

is called a field, if

(1)

� ����
 �
is an abelian group

(with identity element !#" ),

(2)

� �%$'& !�"	( ��
)� is an abelian group
(with identity element * " ), and

(3) distributivity holds: For all + �-,.�-/10 �+ 
 � ,2
3/4�65 � + 
.,��7
 � + 
./4�� + 
3,���
4/65 � + 
./4�7
 � ,	
./4�98
We write! for !�" (zero-element ), * for *:" (one-element ),;=< for the additive inverse of < 0 � ,<?>A@ for the multiplicative inverse of < 0 �B$'& !?( ,+ , for + 
4, , and + ; , for + 
 � ; ,�� .
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ExamplesC
, D and E are fields

with the usual addition and multiplication

For F prime, GIH is a field
with JK9LNM H and OK9LNM H .P�Q4R�S�T#UWV.XYS#Z [.\]TI^_V-`	VbaAc

is not a field. d e fe e ef e f
P�Q4R�S�T#UWV.XYS#Z [.\]TI^_Vhgikjmlkno Lqp V-a7c is a field. r e fe f ef e f
Over fields the product of matrices can be defined. In
particular the scalar product of vectors (over a field)
makes sense.

Is there another field besides G�H , for F prime?
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Simple properties

For every field s and tYuwvyx s the following hold.z|{ s {N}|~ .
PROOF Since s�������u���� ,and ���� � .z t�v � ����t � ����v � � .
PROOF ( � ) �Ws��_���?�_u��)� is a group, so t��� �#��v�������tIv �� � .
( � ) t��'��t�� � t��-�'���#� � t#� � t��'��� which
implies t#� � � (one can cancel in �Ws	u�� � ).z If  ¡�� � , then the mapping s£¢¤s defined byt�¥¢� qt is a bijection.
PROOF Since �Ws¦�I�����_u���� is a group, the restricti-
on of the mapping to s§�����?� is a bijection. ��¥¢¨� ,
so the mapping on s is also bijective.

For ©«ª­¬	®°¯ , ©°±²�³ , the equation ©�´�µ�¬ ²�³ has exactly one
solution: ´ ² ©�¶�·W¸º¹�¬w» .
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A field of order 9

Consider the set ¼ of skew-symmetric ½�¾�½ matrices
over ¿�À (note that ÁÂ¼ÃÁ_ÄÆÅ ):ÇÉÈ ÊË Ê¨ÈÍÌ�Î for

È Î ÊyÏ ¿�À .Ð ¼ Î�Ñ Ò is an abelian group, with the nullmatrix Ó as
the identity element (easy to show).ÇÔÈ�Õ ÊÖÕË Ê Õ È Õ°Ì ÇÔÈ#× Êq×Ë Ê × È ×�Ì ÄÇ�ÈYÕ4È�× Ë Ê]Õ4Êq× È�Õ4Ê_× Ñ È#×qÊÖÕË È Õ Ê × Ë È × Ê Õ È Õ È × Ë Ê Õ Ê ×ÍÌ ÄÇ È × Ê ×Ë Êq×�È#× Ì Ç È Õ Ê ÕË ÊÖÕÔÈYÕ Ì¼ÙØ�Ú.Ó Û is closed under multiplication and it is commu-

tative, with identity element Ü ÝÞÄàß ÕÔááâÕäã .

Addition und multiplication is in ¿ À , i.e. å�æ�çÙè .
So far everything (except é ê?é4ë�ì ) holds for any field í instead

of î_ï .
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Inverse

Given ðkñ�òWó]ô�õö ð-÷�òb÷�ô , we need to find øIòWù , such thatú ø ùû ùÆøýü ú ñ óû ó�ñ�ü ö úÍþ ÷÷ þ ü ò
i.e. ø_ñ û ùbó ö þ and øNó�ÿ3ù-ñ ö ÷ . This holds forø ö ñ�ðkñ��1ÿ ó��Nô�� � ò�ù ö û ó�ðkñ��1ÿ ó��:ô�� �
(Check through substitution) provided ðkñ � ÿÔó � ô � �
exists, i.e. if ñ � ÿ ó � õö ÷ .
In ��� this holds, iff ðkñ�òWó]ô�õö ð-÷�òb÷�ô .	 ÷ ÷ þ þ þ�
�
�



 þ�
 ÷ þ�
 ÷ þ�

	�����
�� þ þ þ�
�
 þ�
�


ð�������� �qò��)ô is an abelian group, and � is a field of
order 9.	�����
 �"!$#&% '(	*)(
�+,!-'.#/).#0+ is not true in every field: for
example

� �1� � ��!2# in 3*4 .
6

The characterisation of finite fields
[Évariste Galois 1811-1832]

5 Every finite field is of order 687:9<; ,
where 9 is prime.

5 All fields of order 6 are isomorphic.

5 The additive group is isomorphic to =?>A@CB ; .

5 The multiplicative group is isomorphic
to >ED�FHG .

“The” field of order 6 is denoted by I D or JLKM=?6NB (Ga-
lois field).
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Scalar product
O

is a field, PRQTS .

For vectors URV�WXU<Y[Z]\Y_^a` and bcV�WdbeY.Z]\Y_^f` in
O \ the

scalar product is defined as

UAbhgiVjUk`lbm`onpUAqNbNqrnts�s�s�npU \ b \ V \u
Y_^f` U<Y(beY

For UEv?bAv�wxQ O \
WXUMn:bmZ wyV \u

Y_^f` WXU Y n:b Y Z w Y
V \u

Y_^f` UzY(w�Yzn:beY(w�Y (because of distributivity)

V \u
Y_^f` U Y w Y n

\u
Y_^a` b Y w Y ( + is commutative)

V U�w{n:bCw |
Moreover UAb�Vjb/U .} and ~ is called orthogonal when } ~ ^2� .
Note, that � `��.q0� � `��.qN��^2� in � ��� .
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“Equality test”

Let �k�d�����?�H���]� . Consider the set

�"� �X�E�?�<�8�i�����M���?� � � � ���0�h���0�z�L�

LEMMA � �"� �X�k�d�<�N�*��� �m�H� for �� �j� .

PROOF Let ¡¢�£�?� � �]� with exactly one ¤ , at some
coordinate where � and � differ (so ¡¥�$ ��¡�� ). Then
we have

�0�h���0�x¦§�?�{¨:¡L�]�� �&�?�{¨:¡L�©���
�aª«¬�{¨p¡ is a bijection ( ­(®�¯±°³²z¯±°h´�® )

�"� �X�k�d�<�¥«§�?� � � �¶µ �"� �X�E�?�<���
and � �·� �X�E���m�N�*�¸�¹�?� � �]�E� º0�c���<�<º0� follows.

When » and ¼ differ, ®]»¶½´�®]¼ holds for 50% of all ®�¾a­À¿<Á?²[Â . The
probability, that »�®f´p¼ ® for �0Ã randomly chosen ® is �NÄ ÁÆÅ{Ç
� ÃNÄ�È .
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ÉeÊaË,Ì*Í
as “pictures”

Î[Î[Î[ÎÆÎ[Î£Î[Î[Î[Î[ÎdÏÐÎ[Î[Î[ÎdÏ(Î£Î[Î[Î[ÎXÏÆÏÒÑ Ñ Ñ

x x’ x’’
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From small to large differences

Ó?ÔHÕ�Ö]×hØ¢ÙÛÚÜ Ý8ÓXÙ�Ö£ÞàßáÓXÙAâCÖ]ã�äzåÀæ<ç�è.é

x x’

Z(x) Z(x’)

x’’

Z(x’’)

But
Ý¶ÓXÙ1Ö

is very big!

11

Orthogonal vectors

For êìë�í?î,ï�ð]ñ8ò�ó�ôAõ let
ö�÷Àø0ù íXê�ð8úàû�ó�ü�ë�í?î ï ð ñ8ý êAüMûÿþ�õ��

LEMMA ý ö�÷(ø0ù íXê�ð ý û � ñ�� � for êìë�í?î ï ð ñ ò�ó�ôAõ .

PROOF For �Òû í�� �	� �
�
� � � ñ ð�ëÿí?î ï ð ñ , let � � úiû
í�� � � �
�
��� ñ�� � ð . We have ü
�fû�ü � � ��� ü ñ � ñ .

Consider an ê ë í?î ï ð ñ with ê ñ �û�þ . The mapping
î�� î defined by ���� ê ñ � is a bijection. Thus for
every �Tû¬í����[ð ñ�� ���� � ë2í?î ï ð ñ�� � there is exactly one �
with

ê³í�� �	� ���
� � � ñ�� �	� ��ð�ûjê � � � ê ñ � ûÿþ �
namely �{û�ê � �ñ í�� ê � ��ð . Consequently ý ö�÷Àø0ù íXê1ð ý ûý í?î ï ð ñ�� � ý û � ñ�� � .
If ê2ë£í?î ï ð ñ ò8ó�ôAõ , then there is an ê�� �û�þ , and we
can argue similarly.

Observe, that �� "!$#�%'&)( �+*-,/.�0 !'# � &)( !
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Finite Geometry

Lines and points in the plane: There is exactly one line
through any two points. Every two lines intersect in
exactly one point – or they are parallel (affine plane).

Planes and lines through the origin 1 in 243 : Any two
lines span a unique plane. Any two planes intersect in
exactly one line – always! (projective plane).

General principle (Abstraction): Let 5 be a set and68789;:
. The set system <�5>= 6@? with the following

properties:ACB�D =�E�FCGIH 5 9KJMLONPRQ G 6 L Q4S B�D =TE	F�=ACBVU = Q FCG H 6 9 J LXW U�Y Q W	Z\[ = andP�] 7 5 L < W ] W	Z_^ ?a` < A Q G 6 LbW Q Yc] W"d 9e? =
is called a projective plane.
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A finite “plane” with f points

g h ikj�l�m)l�nkl�o�l�p	lTq�l�r�st h i	i)j�l�nklur�s�lvikj�l�o�lTqbs�l�ikj�l�m)l�pws�likm)l�o�lxr�s�lvikn)l�o�l�pws	l
ikpwlTq�l�r�s	l�i)m)l�nklTqbs	s
Fano plane

a

b d c

e
f g

There is a y{z"| z -free bipartite graph with }�~ vertices
and �K} edges corresponding to the Fano plane (how?).
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Construction of projective planes

Let � be a field. For �����{���-�����k��� , let����� ��� �����v� for some �������
For ���I�$�	�� '�)¡� '�)¢�£¥¤4¦ ¢ , §¨¤�¦ , let §©�-ª«�I�$§¬���� '§©�)¡v '§©�)¢T£ .
� is an equivalence relation with equivalence classes­ ��®¯�°�±�)�{��� � ���k���²�¯���������
for �����������k��� .
¦³�²´ ¢ : µ/�·¶� ·¸� �¹º£·»��+¼��¬¶� ·¸" �¹º£� x�·¶" �¹k ·¸w£x½ .¦³�²¾ : µ �º» is the line through ¿ and � (without ¿ ).
If À �ÁÀ��ÃÂ is finite, then for all �Ä�Å�-�4�4�k��� we haveÀ ­ ��®TÀ��ÆÂ³ÇÉÈ , and consequently there areÂ � ÇÊÈÂ�ÇÊÈ �ÆÂ ¸�Ë Â Ë È
equivalence classes.
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Construction – continued

For each Ì«Í�Î choose the vector, whose last nonzero
coordinate is Ï as a representative.Ð³Ñ²Ò�Ó

: There are Ô�Õ equivalence classes with representativesÖØ×Ù Ú�Û·Ü"Ý·Ü"Ý Ô
Þ Ý�Û·Ü"Ý Ô Ý ÔºÞ ÝxÛ·Ü"Ý·ß"Ý Ô
Þ ÝÛ Ô Ý·Ü"Ý Ô
Þ Ý�Û Ô Ý Ô Ý ÔºÞ ÝxÛ Ô Ý·ß"Ý Ô
Þ ÝÛ·ß"Ý·Ü"Ý Ô
Þ Ý�Û·ß"Ý Ô Ý ÔºÞ ÝxÛ·ß"Ý·ß"Ý Ô
Þ ÝÕ²à Û·Ü"Ý Ô Ý·Ü Þ ÝxÛ Ô Ý Ô Ý·Ü Þ ÝxÛ·ß�Ý Ô Ý·Ü Þ ÝÔáà Û Ô Ý·Ü"Ý·Ü Þ
Now letâ ã°ä å ÌæÍ�Î ã Í�ç�è Õ�é åkê�ë	ëì ã°ä å
íwî ïºðÁã Í�ç�è Õ é åkê�ë	ë�ñ

wobei
í î ï)ð ã°äÃå Ìóò"ÎMç âôã Í�ò ä�õeë

.

Observe thatö ÷�ø ù·úûö Ñ ö ü-ý/þTÿ Û ï Þ ö�� Ô� � Ô Ñ ��� � Ô� � Ô Ñ ��� Ô��
points and lines are interchangeable; through each point there
are ��� Ô lines.

PROOF OMITTED. For each
Ð

, Û
	�Ý�� Þ forms a projective plane.
For

ö Ð ö Ñ ��
�� there are ��������� Ô points, the same number
of lines, every line has ��� Ô points, and every point lies on ��� Ô
lines. This holds for every finite projective plane!
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What else? Why?

Every finite projective plane has ����������� points and lines,
for some ���� . � is then called the order of the plane (i.e. if! "#!%$ � , then

"
creates a projective plane of order � ).

The Fano plane, created by the field & � , is the smallest projective
plane. According to the characterization of finite fields there exist
finite projective planes for all � $('*) , ' prime; i.e. for example
when � $,+�-
.�-�/0-
1�-
2�-
3�-
4�- �5� - � .�-767676 . Whether this is possible
for other � is not known. Already Euler wanted to show that � $8

is not possible; this only was achieved around 1900 by Tarry.
Only by the end of the last century it became feasible to show
with an enormous use of computer power that � $ �:9 cannot
be the order of a projective plane. The case � $ � + is still open.

For a long time finite projective planes – like so many other things
in mathematics – were just considered fascinating objects (for
some mathemticians) without any applications. Today they play
an important role because of the theory of elliptic curves, which
‘exist’ in projective planes. These ‘curves’ are relevant in modern
cryptography.

The incidence graph (between points and lines) of a projective
plane of order � has ; $(+�< �=���>�?�@�:A vertices,

< �����>�?��:A < �?�@�:A�B < ;DC + AFEHGI��JK9 6 .51 ;LEHGI� edges and it is M ��N � -free.
We showed that a M �ON � -free graph with ; vertices can have at
most P� < ;�EHGI�Q�>;RA edges.
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Polynome

Sei S ein Körper. SUTWVYX bezeichnet die Menge der Po-
lynome in der Unbekannten V mit Koeffizienten in S .

SUTWVYX#Z\[^] _`acb�dfe a V a Z e a�g S�h nur endl. viele i[kj�l
m�npo qpr b�std�u�v*u q u q�w v*u q n u q n w v*u q n w�q u q n w�q�w v*uOx7x7x y
Polynome kann man addieren,z|{ a e a V aF}D~ z|{ a5� a V a
} Z\[ { a z e a ~ � a } V a
multiplizierenz { a e a V a }#� z { a � a V a } Z\[ { a5� a V a

wobei � a Z\[ { a�:b�d e � � a��Y� .
und an einer ‘Stelle’ � g S auswerten:{U�acb�d e a � a g S�h���Z\[������ z ]*��Z e a i[�jQl���]�j�l }� heisst Grad des Polynoms.� o qpr

ist also einerseits eine Menge von Vektoren über
�

mit
Operationen

w
und � , andererseits eine Menge von Funktionen�����

. In
m n o qpr

sind
q n

und
q

gleich als Funktionen
m n � m n

,
aber nicht als Vektoren: � d�u
d�u|v�u
dfx7x7x ���b � d�u�v�u
d�u
dfx7x7x � . (Es
gibt nur � Funktionen

m n�� m n
.)

z SUTWVYX�h ~�} ist eine Gruppe.
z SUTWVYX�h ~ h ��} ist ein Ring.
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Ringe |¡£¢¥¤K¢§¦©¨
, eine Menge

¡
mit Operationen¤«ª0¡­¬�¡¯®°¡
und

¦±ª0¡­¬�¡�®²¡³¢
heisst Ring, falls

(1)
 |¡£¢¥¤´¨

eine abelsche Gruppe ist,

(2)
¦
assoziativ ist und es ein Neutralelement gibt,

(3) und das Distributivgesetz gilt:
Für alle µ ¢t¶*¢|·�¸´¡

µ ¦� |¶¹¤º·p¨¼»   µ ¦*¶:¨�¤k  µ ¦*·p¨  µ ¤º¶:¨#¦p·¼»   µ ¦*·p¨�¤½ |¶�¦*·p¨L¾
 |¿¹¢¥¤K¢:¦�¨

,
 |¿ÁÀÂ¢ ÃÄ�ÅÇÆ#È ¢ ÉÄLÅ�Æ#È ¨ , Ê>ËÍÌ , sind Ringe.

Die Matrizen
 |¿�ÎYÏ±Î�¢%¤K¢:¦�¨

bilden einen Ring, in dem
die Multiplikation nicht kommutativ ist.

Für jeden Körper Ð , bilden die Polynome
  ÐUÑWÒÔÓ ¢§¤>¢:¦©¨

einen Ring (als Vektoren und als Funktionen).
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Verschicken von Nachrichten

Gegeben sei eine Folge Õ|Ö�×FØ%Ù�Ú¹Û×cÜ�Ý von Þ Nachrichten
mit Ö ×�ßÍàRÝ . Wähle á�â¼ã�ä , ã prim, so dass á´åºÞ
und á�åºæ�ç�è�×fÖ�× , und fasse die Ö�× als Elemente voné�ê

auf.

Betrachte nun das Polynom

ãëÕOì�Ø�í\â Ù�Ú¹Ûî
×cÜRÝ Ö × ì × ß é�ê�ï ìYð�ñ

Wir verschicken òóåôÞ ‘Packete’ Õtõ5ö�ãëÕtõ�ØpØ , õ ß é ê .
Aus je Þ dieser Paare (Stützstellen) lassen sich die
Koeffizienten des Polynoms vom Grad ÷@Þ,øúù rekon-
struieren, und damit die ursprünglichen Nachrichten.

Was für beliebige Körper zu beweisen wäre!
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Beispiel

Nachrichten: û�ü
ýtþëýtÿ��

Wir wählen� û � ����� ü	�
þ � � ÿ ��

������������ û�� ��� ü

ý � û�� ���kÿëý � û ÿ���� ü
ý � û þ����kþÁý � û�ü ������! #"%$�&' )(+*-,�.)"/* 
 . 
 "%$103254 � &' )(�*768*769$�03254 � &;:

Verschickt werden die Packeteû��
ý
ü ��ý û�� ý%ÿ���ý û ÿëý ü ��ý û þÁý%þ���ý û�ü ý<����ý û�= ý���� .

Kommen nur drei Packete an, z.B.

û��
ý%ÿ���ý û þëýtþ�� undû�ü

ý>��� so kann man immer noch das Polynom � û � �
und damit die Folge der Koeffizienten

û�ü
ý%þëý|ÿ�� rekon-

struieren.
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Filterpolynome

Für jedes ?	@BADC , seiEGFIHKJ�L�M�N OPGQ!RTSVU<W FYX HKJ[Z]\^L`_aOPGQ!RTSVU<W FYX H ? Z]\^L�bdc @�ADC!e J8f�g
ein Polynom vom Grad hji Z'k . Für ? g�l @BA C giltEGFIHmlGL�Non k falls ? Npl

, undq
sonst.

LEMMA Für jede Funktion r M A C�s A C gibt es genau
ein Polynom t HKJ�L @�A C e J�f vom Grad hji Z'k mitu ?
@BA C M t H ? L�N r H ? Lwv
BEWEIS Setzet HKJ�LxM�N yF Q!RTS r H ? LGEGFTHKJ�L�v
Eindeutigkeit folgt, weil es i C Funktionen A Czs A C ,
und ebensoviele Polynome vom Grad hji Z{k in A[C!e J�f
gibt.

22

Beispiel

|+}�~�p�1� �a�����Y�����/� :�����K��� � �K�z���[��K���K�� ���K�z���1��K���K�� ��� � � � � �[� � � � � � �[�� �K� � � �Y�� ��� �� �z���]� � ��� � � ���p� � � � � � �� � � � � �� � �K��� � �K�z� � ���K�z� � ��� � � � � �d� � � � � � �d�� � � � � � �� � �K��� � �K�z� � ���K�z� � ��� � � � � �d� � � � � � �d�� � � � ���
Für �-  �¢¡£¤�1�¥��¡£¦�T�d�-¡£¤� erhalten wir§ �K��� � � � � � � � � �`� � � � � � � � ���d� � � � � � ������ � � � � � � � � � � � � �>� � �¨� � � � � � � � �>�z� � � �� � � � � � �z� �{�¨� �z� �
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Die Polynome ©�ª1«Y¬3­ einfacher

Für ª	®B¯+° giltª °G±[²]³o´¶µ/· falls ª ³ µ , und¸ · sonst,

weil ¹-º ¸
die Ordnung der multiplikativen Gruppe» ¯+°d¼w½ µ�¾^·G¿ÁÀ ist. Folglich giltÂGÃ »KÄ À ³ ¸ º »KÄ º ª À °G±[²]Å

In Æ�Ç erhalten wir alsoÂ�È »KÄ À ³ ¸ º Ä�É ³pÊ Ä�ÉÌË ¸Â ² »KÄ À ³ ¸ º »KÄ º ¸ À É ³pÊ Ä�ÉwË Ê ÄÂ É »KÄ À ³ ¸ º »KÄ º Ê À É ³pÊ Ä É Ë�Ä
24



Mehr Filterpolynome

Für Í	ÎBÏÑÐjÒDÓ , seiÔ�Õ)ÖD×Ø Ù�Ú ÛÜ9Ý Ö+Þ>ß ØYà áKâzã7ä^åçæ ÛÜ9Ý Ö+Þ<ß ØYà á Í ã7ä^å�è[é ÎBÒ Ó!ê â�ë+ì
ein Polynom vom Grad íïî Ï�î ãñð . Für Í ì�ò ÎBÏ giltÔ Õ)ÖD×Ø ámòGå Úôó ð falls Í Ú ò , undõ

sonst.

LEMMA ÏÑÐjÒDÓ , ö Ù�Ú î Ï�î . Für jedes ÷ Ù Ïñø¤ÒDÓ gibt
es genau ein ù áKâ�å Î�ÒDÓ ê â�ë vom Grad í'ö ã'ð mitú Í
ÎBÏ Ù ù á Í å Ú ÷ á Í å�û
BEWEIS Setzeù áKâ�å Ù�Úýüþ�Ý Ö ÷ ámòGå Ô�Õ)ÖD×þ áKâ�å¥û
Eindeutigkeit folgt, weil es ÿ�� Funktionen Ï{ø�ÒDÓ , und
gleichviele Polynome vom Grad íñö ã ð in Ò Ó!ê â�ë gibt.
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Nullstellen

�
ein Körper, �����	��
 �
� ��� .� 
���� heisst Nullstelle von � , falls ��� � ����� .

SATZ Ein Polynom �������������
���� � ��� mit  Nullstel-
len hat Grad mindestens  .
BEWEIS Sei ! die Menge der Nullstellen von �"����� ,
also  ��$# !%# . Es gibt genau ein Polynom vom Grad&  ('*) welches alle � 
+! auf � abbildet, also ist
dieses Polynom gleich � . Da �������
��,� , ist sein Grad-  .
FOLGERUNG  �
/. . Zwei Polynome in ��� � ��� vom
Grad  0'1) , die an  Stellen übereinstimmen, sind
gleich.

BEWEIS Stimmen zwei Polynome �"����� und ��23�����
vom Grad  4'5) an  Stellen überein, so ist �"�����6'
�723���	� vom Grad

&  4'8) und hat  Nullstellen, und
folglich �����	�9'0�72:���	����� .
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Polynome und ;=<
>�?A@CB�D�EGFIHKJMLNJ3OKJ:OQP�LNJ3OSRTJ3ONRAPULNJ3OSRAP�OKJ3OSRAP�OQP�LNJWVWVWV X

Für YAZ B	[N\^] Z B	[6_�>`?A@CBaD , definiere YAZ B�[cbd] Z B	[ falls

YAZ B	[9ef] Z B	[�E Z B
?�g B g�h [ji Z B�[

für ein
i Z B	[�_�>`?A@CBaD . O R PkOQPUL

teilt lnm OpoAq=r m Opo
B ? b B g�h \ B ? g�h b B�\

B ? g Bsb h \UB ? g B g�h b t"\vuvuju

b
ist eine Äquivalenzrelation (zu beweisen) mit Äqui-

valenzklassen

@ YAZ B�[^DxwyE,zS] Z B�[�_0>�?A@CB�D{w9] Z B	[cb YAZ B	[S|

Definiere
@ YAZ B	[^D

g @}] Z B	[^D~wyE @ YAZ B	[
g ] Z B	[^D@ YAZ B	[^D"��@}] Z B	[^D~wyE @ YAZ B	[9�S] Z B	[^D�u
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