Euclidean Steiner Problem

Instance: n points x1,...,2x, Inthe plain.

Problem: Find a shortest network connecting all points x;.

Important: Use of additional branching points is permitted!

(Otherwise: — MST-problem)

—— Named after Jakob Steiner (1796-1863).



Steiner Problem in Graphs

Instance: A graph G = (V, F) and aterminal set K C V.

Problem: A minimum Steiner tree for /{; I.e., a connected subgraph 1’ such that
|
K CV(T)and |E(T)| = minimum.

m terminals

== Steiner tree




Steiner Problem in Networks

Instance:

Problem:

A network (weighted graph) N = (V, E, ¢) suchthat ¢ : ' — R>
and a terminal set X C V.

A minimum Steiner tree for /1; l.e., a connected subgraph I’ such that

K CV(T)and {(T) = Z l(e) = minimum.

m terminals

== Steiner tree




Manhattan Steiner Problem

Instance: n points x1,...,Z, Inthe plain.

Problem:  Find a shortest (w.r.t. the L1-norm) network connecting all points x;.

—— Equivalent to the Steiner Problem in (complete) grid graphs [Hanan '66]



Special Cases

| K| = 2: Shortest Path Problem
— Dijkstra’s algorithm: O(n logn + m)

K = V: Minimum Spanning Tree Problem

— Prim’s algorithm: O(n logn + m)



Steiner Points

Def:. A point v in a Steiner /' is called a Steiner point iff © g? /A and
deg(v) > 3.

Exercise: A Steiner tree contains at most £ — 2 Steiner points.

Exercise: Computation of a minimum Steiner tree is easy if the set of Steiner

points is known.

Corollary: A minimum Steiner tree can be found in ()(7."") time by complete

enumeration of all sets of Steiner points.



Computational Complexity

Karp '72:

The STEINERPROBLEMINNETWORKS is N P-complete.

Garey, Johnson '77:

The MANHATTANSTEINERPROBLEM is N P-complete.

Garey, Graham, Johnson '77:

The EUCLIDEANSTEINERPROBLEM is N P-hard.



Theorem:

is \P-complete.

Proof [PrSt]: reduction from

Let [ be a 3SAT instance with variables x4, . . ., x,, and clauses
C4, ..., C,, such that

Cn

is planar. Consider G y:

paths of length

/ t=3n+2

« = terminals

Then: —






Approximation Ratio 2

e Compute a minimum spanning tree in the distance
network induced by K;

e Embed it in the original graph.

[Choukhmane 78, Kou, Markowsky, Berman '81, ...]

Running time: O(m + nlogn) [Mehlhorn '88]



Tour 1-2-3-4-5-6-7-8

—_— e -—



Approximation Ratios — Improvements

ldea: Compute

— not only shortest paths between any two terminals,

— butmi

nimum Steiner trees for all subsets consisting of

at most r terminals,

and find a

hypergrap

minimum spanning tree in the corresponding
h.

\

% y
IR g

—> optimal solution for r > 4



Steiner Ratios

Forall r > 2 let

H.IN,K] := (K,F;¥{.) where
F. = {fCK|[fl<r},
C.(f) = smt(N,f) foral f e F.

Fact: H,|IN, K] computable in poly. time.

Factt mst(H,.[N, K]) > smt(N, K)

, mst(H,|N, K])
Let p, := inf > VN, K
P inf{aa = smt(N, K) ;
Theorem: o = 2
D :
03 = § [Zelikovsky '93]
1)2°
P2s 4y = (s+1)2° +r [Borchers, Du '95]
2% 4+

Corollary: p, — 1 forr — oo,




Theorem: MST-problem for H,.[N, K] is N'P-complete Vr > 4.

paths of length

/ t=3n+2

« = terminals

[Fact: 3SAT remains /\/ P-complete if each literals occurs at most twice.]



Approximation Algorithms

MAIN IDEA: Compute a “good approximation” of a minimum spanning tree.

ZELIKOVSKY’S ALGORITHM A -

Compute H,.(N) = (K, Fy, ¢;).

Compute H2(N) = (K, Eq,{2).

1 := 0.

while 771 U ... U T; is not a connected spanning subgraph of H,-(N) do

begin
1 =1+ 1
Choose T; € F,. that minimizes
. Y e — er(Ti) .
fz_l(Tz) " (msto(N;Ty,.., Ty 1) —msta (NI, Ty —1,T5)) !

end;

Compute from 17 U ... U T; a Steiner tree T" for K in N



State of the Art

Author Ratio Running time
Kou, Markowsky, Berman '81, u.a. | 2 O(nlogn + m) [M88]
Zelikovsky '93 2184 O(n?)
Berman, Ramaiyer '94 2~ 1.78 O(n°)

po— Y, B~ 1734 | nF ko
Zelikovsky '95 1+In2~1.69 nf, k — oo
Karpinski, Zelikovsky '95 1.644 nF,  k— oo

Prémel, St. '97 *)
Hougardy, Promel '99

Robbins, Zelikovsky '00

g + e~ 1.667
~ 1.59
1+ 13 ~1.55




MST-Problem i

(1) Unweighted

S
:H

Lovasz '78:

n 3-uniform Hypergraphs

")

Gabow, Stallmann'sé: O (n*)

Lovasz '79 O(m -

(2) Weighted
Camerini, Galbiati, Maffioli '92:

Promel, St. '97:

approximation scheme:

n*), randomized

n® - (Wmax)?), randomized

O logn) ) time,

CS

O((logn)? )tlme
n8:5)

Q

O(nS

(

(m - n"° - wmay ) processors, randomized
(

(e71

processors, randomized



Detour: Pfaffians

Let A = (a;;) be 21 < 21 skew-symmetric matrix.

Let P denote the set of all partitions of {1, ... 27} into
two element sets.

For p = {{’il, ’ig}, ceey {’ign_l, Zgn}} c P let

_ 1 2 - 2n—-1 2n
o(p) = sign . . . ‘ :
11 12 ot 12p—1 12n

mn
Qi1 2,

71=1

The pfaffian of A is defined as

pi(A) = > ap)-p(p)

pEP

Lemma: det(A) = [pf(A)]* and

pf(BABT) = det(B) - pf(A) VB




Lemma [Lov79, CGM92]:

Letn > mand a1, by,. .., am, bm € R?™ and

m
T T
A= sz(azbz — biCL,L- )
i=1
Then: A is a skew-symmetric 2n X 2n matrix and

pf(A) = Z Lig * v T4, det(a,il ‘bh 0 0 \ain|bin).

1<ig<...<in<m N~
=" "= 2n x 2n Matrix




Back to the MST-Problem ...

Let H = (V, F') be a 3-uniform hypergraph on 2n + 1 vertices.

For each hyperedge f € F' choose
arbitrarily two edges e, e¢ C f.

Fact: {f1,...,fn} C Fisaspanningtreein H
— {ef ,€f,...,€f, ,€Ef }isaspanningtreein G.



Defineas, by € R?" as

L ifi € ey, 1 ifi € éy,
(by)i :=

(af)i =
0 otherwise, 0 otherwise.

Let

A=) 2"D(asb} — bsag)
fer

Observe:

=1 ifqag,, by, a;,. b'n IS a spanning tree,
det(a?ﬁl‘bil""aan { 119 Y11 y a9 Vi }

bi,,) =

0 otherwise,



Lemma: Let H be a 3-uniform hypergraph on 2n + 1 vertices and let

w : ' — Ny be a weight function such that H contains a spanning

tree Iy of minimum weight, say wg. Then:
det(A) A0 and  2%*° s the largest power of 2 that divides det(A).

In addition, forall f € Fand Ay = A — Qw(f)(afb? — bfa;z,:):

det(A
f el — —622(w0f ) is even.

|dea of the proof:

det(A) = [pf(A)]* = [ZQw(T) .5T] : where dp € {—1,+1}.



—> There exists a deterministic algorithm that solves the MST-problem — for

hypergraphs with a unigue minimum spanning tree.

Idea: — [Mulmuley, Vazirani, Vazirani '87]
Add to the weight of each edge a “small”’, randomly chosen &;. This changes the

weight of the spanning trees only “a little”, but with probability > 1/2 the

minimum spanning tree is now unique!

Realization: Multiply the weight of each edge with (n?) and add a randomly

chosen value of size O(n?).

—> Algorithm consists essentially of ]F| + 1 many computations of

determinants of 2n X 2n matrices — with entries of (bit) size C’)(n4 - wmax).




Approximation Scheme

ldea: ~~ Scale ...!

(1)

(2)

Let t:= € - Wmax/n and w'(f) = {@—‘ forall f € F.

If T" is a minimum spanning tree in H', then:

1 1
w(T) <t -w'(T)=t -mst(H) <mst(H) + Sln = mst(H) + 5 EWmax.
[OK, if mst(H) > wmax, butthat is not true in general.]

Let wy < ... < wg be the different weights in H.
Set F; := {f e F | w(f) < wz} and H; = (V, Fz)
Then there exists an 4¢ such that w;, < mst(H;,) = mst(H).

— Apply (1) in parallel to all H; and return the smallest of all spanning tree.



