Chapter 2

Low-Distortion Embeddings

Informally speaking, a metric space is a set of points for which we have a rea-
sonable notion of distance between any two points. In this chapter, we will
study questions of the following kind: How well can one kind of metric space
(which we think of as “complicated”) be embedded into another one (which
we think of as “simple”) in such a way that the distances are approximately
preserved? Our presentation is mostly based on Chapter 15 of Matousek’s
book [7] and on [6].

2.1 Metric Spaces and Normed Spaces

This section contains the formal definitions of metric spaces and normed spaces.
You may prefer to jump ahead to the following sections and refer back to the
first one and look up the definitions when they are needed later.

Definition 2.1 (Metrics and Metric Spaces). Suppose we have a set X (finite or
infinite) and a function p : X x X — R such that the following conditions hold for
all x,y,z € X:

1. p(z,y) > 0,and p(z,y) = 0 iffz =y,
2. p(z,y) = ply, v),
3. p(z,2) < plx,y) + ply, 2).

Then pis called a metric and the pair (X, p) is called a metric space. When the metric
p is understood from the context, we will sometimes just speak of the metric space X
and suppress p from the notation.

As we will see below, checking the 3rd property, called the triangle inequal-
ity, is usually the nontrivial part when determining whether a given function
p 1s a metric or not.
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Some Examples.

1. The most familiar case is X = R? with the Euclidean distance p(z,y) =
|z — y||2. In fact, this is an example of a normed space (see below).

2. The Hamming cube, i.e., the set X = {0, 1}¢ with the hamming distance
pu(z,y) = [{i: z; # y;}, which we also already encountered in Chapter 1.

3. If X is the set of all finite strings over some finite alphabet ¥, we can de-
fine the edit distance peqit(z, y) between two strings z, y € X to be the min-
imal number of substitutions (replace one letter by another one), dele-
tions, or insertions needed to transform x into y (or vice versa).

4. If G = (V,E) is a graph, we can define the shortest path metric on the
vertices: For any two vertices v,w € V, we define their distance p(v, w)
as the length of a shortest path in the graph connecting v and w.

Note that if we view the discrete cube as a graph in the usual way, i.e.,
z,y € {0,1} are connected by an edge if they differ in exactly one coor-
dinate, then the resulting shortest path metric is exactly the Hamming
metric.

Usually, one assumes that the graph underlying the shortest path metric
is finite, but in fact one can allow infinite vertex sets as long as any two
vertices are connected by some finite path. Then also the edit distance is
a special case of a shortest path metric, namely on the following graph:
The vertices are all finite strings over the given alphabet, and two strings
x and y are connected by an edge iff x can be obtained from y by exactly
one deletion, one insertion, or one substitution.

If X is a vector space, then it is quite natural to consider metrics that are in
some sense compatible with the operations allowed in a vector space, addition
and scalar multiplication. A metric on X is called translation-invariant if the
distance from z to y is the same as the distance from = + z to y + z, for all
z,y,z € X. For such a translation-invariant metric, it is in fact enough to know
the distance from every point to some fixed point, say the origin 0; this already
determines the metric, because p(x,y) = p(x — y, 0).

If we additionally require that the metric be scaling-sensitive, then we ar-
rive at the definition of a norm:

Definition 2.2 (Norms and Normed Spaces). Let X be a real vector space. A
norm on X is a function || - || : X — R with the following properties:

1. ||z|| > 0 forall z € X, and ||z|| = 0 iff x = 0.

1 X could be infinite-dimensional, although we will mostly be concerned with X = R% the
definiton also makes sense for complex vector spaces.
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2. || Az|| = [A|||z]| for all z € X and X € R.
3 lw +yll < llzll + llyll for all 2,y € X.

Remark 2.3. Any norm defines translation-invariant metric on X by setting
p(z,y) := ||z — y|| (check this!). Conversely, if we start with a metric p with
these additional properties, we can define a norm by ||z|| := p(z, 0).

A viewpoint that is very useful for understanding a norm is by looking
at its “unit ball” By(]| - ||) :== {# € X : ||z|]] < 1}. Observe that the unit ball
determines a norm in the sense that

) 1
Izl = mf{A € Ry : S € Bu(]l - )}
The unit ball of a norm is a centrally symmetric convex set that is bounded
in the sense that it does not contain any infinite ray. If the dimension of X
is finite, then the unit ball is also compact, but in infinite-dimensional spaces,
this need not be the case.

Example 2.4 (p-Norms). For a real number 1 < p < oo, the p-norm || - ||, on R?
is defined by

r=(v1,...,14) € R%

The usual Euclidean norm is the special case p = 2. Observe that as p grows
larger and larger, the influence of coordinates of large absolute value increases.
The definition of the p-norm is extended to the limit case p = oo by setting

|#lloo = max [z

For 1 < p < oo, we write /] for the space R? equipped with the p-norm || - [|,.

As remarked before, when proving that these functions || - ||, are indeed
norms, checking the triangle inequality is the interesting part. Except for the
cases p = 1 and p = oo, this is nontrivial and boils down to the following:

Fact 2.5 (Ho6lder’s Inequality). Let 1 < p,q < oo such that 1/p + 1/q = 1 (where
we interpret 1/o0o = 0); the numbers p and q are called conjugate exponents. Ob-
serve, for instance, that 1 and oo are conjugate exponents, and that 2 is its own con-
jugate exponent. Then, for all x,y € RY,

(= 9)| < [z llpllylly-
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Figure 2.1: The unit balls in ¢3, (3, and (%,

Figure 2.2: The unit balls in ¢3, £3, and /2.

The most important p-norms are the 1-norm, the 2-norm, and the co-norm.
Figures 2.1 and 2.2 show their respective unit balls in dimensions 2 and 3.

Sometimes, it is also convenient to extend these definitions to infinite se-
quences: For a sequence x = (z;)2, of real (or complex) numbers, we define

|zl = {/Zfil |z|Pif 1 < p < oo, and ||x||o := sup; |z;|, and

by = {w = (2:)Z, : ||z, < o0},

2.2 Low-Distortion Embeddings

A metric p on an n-element set X can be specified by writing down all the (3)
pairwise distances (in a symmetric n X n-matrix, say). By contrast, if X is an n-
elements subset of some space Eg, it suffices to write down the d - n coordinates
of the points, and we can still compute the pairwise distances in O(d) steps. If
d is much smaller than n, this is more space efficient. Moreover, it is generally
quite difficult to discern any patterns or structure in a large table of numbers,
while it is often much easier to do so in a low-dimensional normed space.
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As an often quoted example, think of a large number n of different strains
of bacteria; the pairwise distances could be given by comparing the DNA
(the DNA of each strain can be viewed as a word over the 4-letter alphabet
{A,C,G, T}, and we could take the edit-distance) or some other biologically
interesting measure of (dis)similarity. We might be interested in detecting large
clusters of similar bacteria. Or maybe we would like to store the information
about the numerous bacteria that we already know in such a way that when
somebody claims that they found a new one, we can quickly decide whether
it is similar to one in our database.

Such tasks can be generally quite difficult. In contrast, in low-dimensional
Euclidean (and other normed) spaces, efficient geometric algorithms and data
structure (for clustering or nearest-neighbor queries) are available. This raises
the following general question: Given a “complicated” metric space X, can
we represent it in some “simpler” space Y'? For instance, in an ideal situa-
tion, we might be able to isometrically embed (X, p) into the Euclidean plane ¢3,
i.e., to assign to every point z € X a point f(z) € R? such that for any two
points z,y € X, their distance p(z,y) is the same as the Euclidean distance
| f(z) — f(y)|2 between their image points. In this case, we could immediately
visualize X and see clusters and other structures right away:.

It is easy to see that isometric embeddings are generally too much to hope
for. For instance, consider the two 4-point metric spaces defined by the shortest-
path metrics on the two graphs in Figure 2.3. Neither of these two metric

Figure 2.3: Not isometrically embeddable into Euclidean space.

spaces is isometrically embeddable into the Euclidean plane (or indeed into
any /4; this is Exercise 10).

However, for many purposes it suffices if we can find a mapping such
that the distances are approximately preserved, and this leads to a rich theory,
of which we will just scratch the surface.

Definition 2.6. Let (X, p) and (Y, o) be metric spaces, and let D > 1 be a real
number. Amap [ : X — Y is said to have distortion at most D if the following
holds: There exists a real number r > 0 (a “scaling factor”) such that forall z,y € X,

- p(x,y) < U(f(ﬂ?),f(y)) <D-r- p(x,y)
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The distortion of f is defined as the infimum of all D such that the above holds; if no
such D exists, then the distortion of f is co.

We will focus on target spaces Y that are normed spaces. In this case, we
can always take the scaling factor r to be equal to 1 (by replacing f by % - f, if
necessary), even though it will still sometimes be convenient to work with a
different 7.

As an example, consider the metric space defined by the second graph (the
square) in Figure 2.3. If we embed it into the Euclidean plane by mapping
the nodes of the graph to the vertices of the unit square, (0,0), (1,0),(0,1),
and (1, 1) in the obvious way, then the resulting map has distortion v/2: The
distances between adjacent vertices are preserved exactly, and for each pair of
antipodal vertices, their distance in the graph equals two, while the Euclidean
distance equals v/2. More generally, if we take the natural embedding of the
Hamming cube into Euclidean space, i.e., if we consider the set {0,1}% as a
subset of R?, then this inclusion map has distortion V/d: this follows from the
observation that for z,y € {0,1}%, we have py(z,y) = ||z — y||. Moreover, by
the Cauchy-Schwarz inequality, for any z € R¢,

d
2l =Y 1 laal = (1, (1zl)y) < MLllzlizlle = Vlz]le.
=1

Applying this to the difference vectors z = = — y, we see that ||z — y[|2 <
pu(z,y) = ||z — yly < Vd||z — yl|; for all z,y € {0,1}¢, and the upper bound is
attained, for instance, for r = 0 and y = 1.

A concept that is closely related to distortion is that of Lipschitz maps.

Definition 2.7. Let (X, p) and (Y, o) be metric spaces, and let C' > 0 be a real number.
Amap f : X — Y is said to be C-Lipschitz if o(f(z), f(y)) < C - p(x,y) for all
x,y € X. The Lipschitz constant || f||.i, of f is defined as the infimum over all C for
which f is C-Lipschitz.?

Note that a map f with distortion at most D < oo is necessarily injective,
and by replacing Y by f(X) C Y, we may assume that f is bijective. For a
bijective map f : X — Y between metric spaces, the distortion of f equals
I fllLip - 11f~H|uip (Exercise 11). For this reason, maps of finite distortion are also
often called bi-Lipschitz

The study of low-distortion maps between metric spaces is a very active
area of mathematics with numerous applications in computer science.

2The notation is no accident; if Y is a normed space, then the set of all functions f : X — Y
with finite Lipschitz constant forms a vector space, and || f||Li, defines a norm on this space.
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2.3 The Johnson-Lindenstrauss Flattening Lemma

Our first topic is that of dimension reduction for subsets of Euclidean space,
i.e., on low-distortion embeddings from finite subsets of high-dimensional
Euclidean spaces into low-dimensional ones. There are finite subsets of the
d-dimensional Euclidean space /3 that cannot be isometrically embedded into
any lower-dimensional Euclidean space; the most basic example is the set of
vertices of a regular d-dimensional simplex (this is a set of d + 1 points in ¢4
such that all the pairwse distances equal 1). The goal of this section is to prove
the following theorem, which states that the dimension can be significantly
reduced if we allow for a small distortion (1 + ¢).

Theorem 2.8 (Johnson-Lindenstrauss Flattening Theorem). Let X be a set of n
points in the d-dimensional Euclidean space (3, and let 0 < ¢ < 2 be a parameter. Then
there exists a map T : X — (% of distortion at most (1 + ), where®* k = O(e2logn).
In fact, T can be taken as the restriction of a linear map R — R” to X.

Thus, if we do not need to know the precise pairwise distances but can al-
low an error of ¢ = 5% , then we can embed any n-point set in Euclidean space
(for instance, the n vertices of the regular simplex, whose natural habitat is in
dimension d = n — 1) into dimension O(logn). As an immediate application,
this implies a dramatic reduction in storage: To store n points in /3, we need
n® numbers; similarly, we need to store () numbers for the exact pairwise
distances. However, after dimension reduction, it suffices to store O(nlogn)
numbers, and we can still reconstruct the pairwise distances up to an error of
5%.

It may be surprising at the first moment that the original dimension d does
not appear in the bound for the target dimension k. The reason is that for
the purposes of the theorem, we may assume that d < n by restricting our
attention to the affine hull of the point set X (if |X| = n, then the affine hull
aff(X) is of dimension at most n — 1).

The currently best constant for the embedding dimension is (4 + o(1)),
where o(1) — 0 as ¢ — 0. We also remark that the bound for the embed-
ding dimension is almost sharp, for a wide range of n and ¢. The lower-bound
example is the vertex set of a regular (n — 1)-dimensional simplex. This was
shown by Alon and is the subject of Exercises 18, 19, and 20.

The idea for the proof of the Flattening Lemma is to take the map T at
random according to a suitable probability distribution on the space of linear
maps R? — RF, or in other words, to choose a random matrix 7' € R**%.
The main technical step is then to show that for any fixed unit vector u € R,

3A more precise formulation that includes all the quantifiers in the right order is the fol-
lowing: There exist constants C, o > 0 such that for every Os < €y, there is an ng such that for
all n > ng, foralld > 1, forall k > C - e~2logn and for all n-element subsets X of /4, there is a
map g : X — RF of distortion at most 1 + ¢.
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|ul]| = 1, the length of the image, ||T'u||; is sharply concentrated around its
mean. The “classical” proof uses projections onto random k-dimensional sub-
spaces. The proof we will discuss below shows that we can choose the entries
T;; of the matrix 7, to be independently and identically distributed for any
one from a large class of well-beahved probability distributions. For instance,
we can take the 7;; to be independent standard normal random variables, or
even t1-random variables with Pr[T;; = +1] = Pr[T;; = —1] = 1/2, which is
computationally very simple.

24 Measure Concentration for Sums of Indepen-
dent Random Variables

In this section, we prove some technical results concerning random variables
that are strongly concentrated around their expectation, and derive the Johnson-
Lindenstrauss Theorem. All random variables will be real-valued.

The most basic estimate for the probability that a random variable differs
from its expectation is

Fact 2.9 (Markov’s Inequality). Let X > 0 be a nonnegative random variable. Then

E[X]
Pr[X > )\ < 5

forall A > 0.

If X is a random variable (not necessarily nonnegative) for which E[X]
exists and is finite, then we also have estimate the probability that X deviates
from its expectation in terms of the variance

Var[X] := B[(X — E[X])?)] = E[X?] - (E[X])*.

Fact 2.10 (Chebyshev’s Inequality). If X is a random variable for which E[X]
exists and is finite, then
Var[X]

)\2

Pr[| X — E[X]| > A\ <

forall A > 0.

In Markov’s inequality, the estimate for the probability decreases linearly
as A — oo, and in Chebyshev’s Inequality, it decreases quadratically.

In this section, we consider random variables for which there is an expo-
nential decrease. More precisely:
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Definition 2.11 (Subgaussian tails). Let X be a random variable with E[X| = 0.
We say that X has a subgaussian upper tail if there exists a constant a > 0 such
that

PriX > )\ < e 2.1)

forall X > 0.

We say that X has a subgaussian upper tail up to )\, if (2.1) holds for all
0 < A < A. We say that X has a subgaussian tail if both X and —X have
subgaussian upper tails.

Examples 2.12. 1. Let X be a standard normal random variable, i.e., X has
probability distribution function

A
1
Pr[X < Al = ®()) :z/ — e "4t

We have E[X| = 0 (in fact, X is symmetric about the origin) and Var[X] =
1. Note that —¢/'(t) = te¢(t). Thus,

PrX > A = 1 — ®(\) = /Oo S(t)dt
<)

Thus, Pr[X > \] < ﬁe"w/ 2. This is almost, but not quite, of the desired
form. To remedy this, note first of all that by symmetry of the normal
distribution, Pr[X > A] < 1/2 for all A > 0. For A close to 0, more

precisely, for 0 < A < —=, we thus have Pr[X > )] < 1/2 < e~ if we

choose a; := 22, and for A > 1/v/2m, we have Pr[X > )] < e~ with
as = 1/2, so the smaller of these two a’s works for all \.

igp(t)dt: —3/:0 ()t = @.
>1

2. Let X be a balanced +1 random variable, i.e., Pr[X = +1] = Pr[X =
—1] =1/2. Then

Pr[X > )\ = for 0<A<1, and

DO | —

PriX >\ =0 for A>1/2,

and this can easily be brought into the desired form.
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We will also need the following standard estimates for the exponential
function:

l+z<e* forall zeR (2.2)

e" <142z forall ze]l0,1] (2.3)

" <l+z+2* forall <1 (2.4)
€TC ¢ forall z€R 2.5)
e*<1/x forall z>0. (2.6)

All of these are easy to prove using the power series expansion e” = Y 77 | 2" /k!
for the exponential function.

We will show that if we choose the entries of the projection matrix 7" as
independent random variables with a uniform subgaussian tail (this means
that the same constant a works for all random variables), zero expectation and
variance 1, then we get the following version of the Johnson-Lindenstrauss
Flattening Theorem:

Theorem 2.13 (Johnson-Lindenstrauss Theorem, technical version). Let n €
N,0<e<1/2,and 0 < § < 1. Ifweset k := C - %1n(2/4), where C is a suitable
constant to be determined later, and if X;;, 1 < i < k, 1 < j < n are independent
random variables with E[X;;] = 0, Var[X;;] = E[X}] = 1 and a uniform subgaussian
tail* then the matrix T := ﬁ[Xij] has the following property:

For any fixed unit vector u € R", |lully = 1 = 3, u7 the length of the image
vector Tu € R* is close to 1 with high probability in the sense that

Prll —e <||[Tulls <14¢]>1-46.

Let us first see how this implies Theorem 2.8: Suppose we are given and n-
point set S C R? and an error parameter 0 < ¢ < 2. The goal is to exhibit a map
T : X — RF of distortion at most (1 + ¢), where k = O(¢?Inn). As remarked
above, w.l.o.g. we may assume thatd = n. Let& :=¢/4 < 1/2and ¢ := 1/n”
Let k = O(Z2In(2/6) = O(¢2Inn) as in Theorem 2.13 and let T : R® — R be
the corresponding random linear map. Fix a pair z,y € S, © # y, of distinct
points in S and let u := mw — y) be their difference, rescaled to length 1.

By Theorem 2.13, with probability at least 1 — 1/n?, we have

1—2<||Tulp<1-¢

Moreover, by linearity, Tu = —L— (T« —Ty). Thus, multiplying the inequality

lz—yll2

by ||z —yl|» and dividing by 1 —&, we see that with probability at least 1 —1/n?,

4e, PriX;; > )\ < e~ for all \ > 0, with the same constant a for all X;; the constant C
in the definition of k depends on a
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the rescaled linear map 7" := éf is “good” for x and y in the sense that

1+¢€
=l =yl < (1 +e)llz = yllo,

lz = yllz < Tz = Tyll> <
— &

where we are using the estimate 1= < 1+4&for 0 < £ < 1/2. Since there are (})
pairs in total, with probability at least 1 — (}) /n? > 1/2, the map T is good for
all pairs simultaneously. This shows that Theorem 2.13 implies Theorem 2.8.

In order to prove the former, we need a few auxiliary lemmata concerning
the concentration of sums of independent random variables. The first three
lemmata generalize the proof of the well-known Chernov bounds.

Lemma 2.14 (Moment generating function and subgaussian tails). Let X be a
random variable with E[X] = 0. If E[e*X] < e for some constant C and all X > 0
then X has a subgaussian upper tail. If E[e*X] < e for all X € (0, \o] then X has
a subgaussian upper tail up to 2C .

We leave the proof as an exercise. Here is a partial converse (under the
additional condition Var[X] = 1):

Lemma 2.15. Let X be a random variable with E[X] = 0 and Var[X| = E[X?] = 1.
If X has a subgaussian upper tail then E[e*X] < e for all A\ > 0, where C depends
on the constant a in the tail estimate.

Proof. We formulate the proof in terms of conditional expectations.® Recall that
for (finitely or countably many) mutually exclusive events A; with . Pr[A;] =
1 and a random variable Y, we have E[Y] = } . E[Y[A;] Pr[4;]. Let A > 0 and
apply this to the random variable Y = ¢**. We split the expectation according
totheevents Ag = {A\X <1}and A; ={j < AX <j+1},j=1,2,3,..:

E[e*] = E[eM|X < 1/\]Pr[X < 1/)]

+) EleMj < AX <j+1]Prfj < AX <j+1],

AN J/

Jj=1 J4+1< 25 N 2 /32
<eitl<e?s <Pr[X>j/A]<e=ai®/

where a is the constant in the definition of the subgaussian tail. For the first
conditional expectation, we use (2.4): e** <1+ XX + A2X? for AX < 1, hence

E[|X < 1/A] PrAX < 1] < E[LHAX +A’X?] = 1A E[X] +A° E[X?] = 1422,

NV N S~——
<E[14+AX4+A2X2[AX<1] =0 =1
Equivalently, we can phrase it in terms of the distribution function F(t) := Pr[X < {]

and Lebesgue Lebesgue-Stieltjes integration [ g(t)dF(t) = E[g(X)], as we did in class (where we
assume that the function g is measurable, so that the integral makes sense). Lebesgue-Stieltjes
integration and conditional expectations are really just two formal ways of saying the same
thing.
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For the second part, we have to estimate the series
o0
Z eI(2—aj/>?) (2.7)
j=1

If A <\/a/2, we have
2 —aj/N\ < —a/(2)\?) < =2

for all j. Therefore, in this case our series is dominated from above by the
convergent geometric series

o© i —a/(2)\?
> <6_a/m2)>] 1 i /(2)@ < 267/ < 4N/,
— 6*(1

Jj=1

where we used the crude upper bound e~**) < ¢=2 < 1/2 in the second-to-
last step and (2.6) in the last one. Therefore, E[e* X] < 14+ 24-4)?/a < ¥ (1H4/a),
as desired.

On the other hand, if A > \/a/2 then the largest terms of the series are those
with j close to A\?/a, and the series in (2.7) is at most e©X*); more precisely, for
J > 3)\*/a, we have 2 — ja/)\* < —1, and the tail of the series satisfies

o
DTG LRI S P S S C/

1—et
j>322/a j=0

Moreover, the function y +— y(2 — ya/\?) is maximized (for y > 0) at y = \?/a.
. . 2 2
Thus, ¢/(219/%) < ¢ (2=7a/3 = A/a for a]] j. Therefore, the initial part of the

series satisfies
[3A%/a]

Z ej(Q—ja/)\Q) < (3)\2/606)\2/& < 64)\2/(1.

j=1
Hence, also in this case E[e* < 14 A2 4 8)\%/a + ¢*/@ = OV, O

Lemma 2.16 (Generalized Chernov Bound). Let X;, ..., X,, be independent ran-
dom variables with a uniform subgaussian tail and satisfying E[X;] = 0 and Var[X;| =
E[X?) = 1foralli. Ifuy,...,u, are real coefficients with u} + ... + u? = 1 (in other
words, the vector v = (uy, ..., u,) € R" satisfies ||u||s = 1) then the sum

Y =uXq+... +u, X,

satisfies E[Y] = 0, Var[Y'| = 1, and has a subgaussian tail.
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Proof. We will use the fact that for a product Z = [ [, Z; of independent random
variables, E[Z] = [[, E[Z;]. The first statement, E[Y] = 0, is immediate by
linearity of expectation. Consequently,

Var[Y] = Zu2EX2 > wBXX;) =1
1<z76]<n
1 v
= =0

since E[X; X;] = E[X;|E[X,] = 0for: # j, by independence. Next, by Lemma 2.15,
we have E[e*¥i] < ¢“Y forall A > 0 and all 4, with a uniform constant C. Thus,

i=1

so Y has a subgaussian upper tail by Lemma 2.14. The subgaussian lower tail
follows symmetrically by applying the same argument to —Y'. O

In the special case that the X; are independent balanced +1 random vari-
ables and u; = 1/4/n, we retrieve the standard

Corollary 2.17 (Chernov Bound). Let X3, ..., X,, be independentmndom variables
with Pr[X; = +1] = Pr[X; = —-1] = 1/2, and let X : f > Xi. Then X has a
subgaussian tail, i.e.,

Pr[> X > MW =Pr[)_X; < —AV/n] < e

for some constant a > 0 independent of n (as a matter of fact, a = 1/4 works).
The following lemma captures the essence of Theorem 2.13:

Lemma 2.18. Let Y1, ..., Y} be independent random variables with E[Y;] = 0 and
Var[Y;] = 1 for all i and with a uniform subgaussian tail, i.e., Pr[Y; > \] < e=*" for
all X > 0, with the same constant a for all Y;. Then

1
ZI:ﬁ<}/12+...+Yk2—]€)

has a subgaussian tail up to \/k.

Let us first see how this lemma implies the theorem:

Proof that Lemma 2.18 implies Theorem 2.13. Let u = (uy, ..., u,) € R" be a fixed
unit vector, i.e., >, u? =1, and let k = Ce~?1n(2/0), the random variables X;;,
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and the matrix T = ﬁ[Xij] € R**" be as in the theorem. Foreach 1 < i < k,

the it" coordinate of T'u is equal to

1 n
( ) \/E ; 770
—_——
By the generalized Chernov bound of Lemma 2.16, the random variable Y;
satisfies E[Y;] = 0, Var[Y;] = 1, and has a subgaussian tail. Moreover,

1 1
HTM@—1=EO?+u”+yf_ky:;§Z
where Z is the random variable considered in Lemma 2.18 above. By that
lemma, we have

Pr||Tulls > 14¢] < Prf||Tul2 > 1+ 2] = Pr[Z > 2:VE]
efa(25\/E)2

—4ae?Ce~21n(2/6)

<
<

— ¢ 674116' In(2/9) ’

where we used the fact that ¢ < 1/2 to be in the admissible range for the
subgaussian tail. Thus, if we choose C' = -, we get Pr[||Tull>» > 1 +¢] < §/2.
The computation for Pr[||Tu|s < 1 — ¢] < §/2 is analogous. O

Thus, it remains to prove Lemma 2.18. To this end, we need another auxil-
iary lemma similar to that used in the proof of the generalized Chernov bound.

Lemma 2.19. let Y be a random variable with E[Y] = 0, Var[Y] = 1 and with a
subgaussian tail. Then there exist constants C' > 1/2 and Xy > 0 such that

E [e’\(YQ’l)] < N pd R |:€A(17Y2)] < oCN2
for0 < X < A

Proof. We start with the first inequality. Observe that E[Y*] is bounded from
above by a constant; this follows from the subgaussian tail of Y and from
Lemma 2.15, since t* = O(e! + ¢7*) for all ¢t € R.

First note that E[e*\"~D] = ¢ *E[¢)Y’]. As in the proof of Lemma 2.15,
we split the expectation into conditional expectations according to whether
AY?2<1lor\Y?>1:

E[™] = E[MA\Y? <1]- PrAY? < 1]

< E[1+A\Y? 4+ A2
<1+ A+0(\?)

S\ /

+ > Bk < AY? <k +1]-Prlk +1 < AY? > ]
k=1 g

S €k+1 S €2k < efak/)\
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We define )\, (whose existence is claimed in the lemma) as Ao := a/4. Then, for
0 <X <Xy, wehave k(2—a/)\) < —ka/(2)). Thus, the series is dominated by a
convergent geometric series Y .-, ¢* = t&, where ¢ = e~ 2x. As in the proof of
Lemma 2.14, this is bounded from above by e=1/% = O(\?). Thus, we obtain
E[e’] = 14+ X+ 0(\2) < 29 and hence E[e*Y’ 1] = ¢9(), as desired.
For the second expected value, we can directly use (2.4) and obtain E[e "] <

E[1-AY24X2Y4] = 1-A+0(\?) < e MON) and hence E[e*1-Y)] = O, [

Proof of Lemma 2.18. Let Z = ﬁ and )¢ in the preceding lemma. Then, for
0 < X < Vk)\o, we have

IN

k
E[e’] = E [e<A/ﬂ><Y5+---+Y;3—k>] =1]® [ewmw—l)]

=1

k
2 2
( e /k:) oS

Thus, by Lemma 2.14, Z has a subgaussian upper tail up to 20vk > Vk. The
argument for the lower tail is analogous. O

2.5 Semidefinite Programming

Semidefinite programming means optimizing a linear function (of the matrix
entries) over the set of all positive definite n x n-matrices subject to finitely
many linear inequalities. It is powerful technique in the design of approxi-
mation algorithms. Here, we will illustrate is by means of one application,
the Goemans-Williamson approximation algorithm for the MAXCUT problem.
Our discussion is based on Chapter 7 of the lecture notes [2] and on the survey
article [5]. We first recall the definition of positive definite matrices:

Definition 2.20. Let A = [a;]},_; € R™" be a symmetric matrix (ie., A" = A,
or in other words, a;; = aj; for all i, j). A is called positive semidefinite, denoted
by A = 0, if the quadratic form defined by A is nonnegative, i.e., if t* Az > 0 for
all x € R™ (where -T denotes the transpose, here turning a column vector into a row
vector, so that matrix multiplication makes sense).®

We recall from linear algebra that a symmetric real n x n-matrix A has n real
eigenvalues Ay, ..., \, € R with corresponding eigenvectors uy, ..., u,, Au; =
Aiu;, that form an orthonormal basis of R”, i.e., the u; are pairwise orthogonal,
of euclidean length ||u;||; = 1. Equivalently, there is an orthogonal matrix U €
R"™*", i.e., one that satisfies UTU = I, such that UT AU is the diagonal matrix
with entries \q, ..., \,.

Observe that the requirement that A be symmetric is not a real restriction: For any square
matrix A, 27 Az is a real number, so 27 Az = (27 Az)T = 2T ATx. Thus, if 27 Az = 27 Az,
where A := 1(A + A7) is the symmetrization of A
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Lemma 2.21. Let A = [a;;] € R™™ be a symmetric matrix. Then the following
statements are equivalent:

(i) A=0.
(ii) All eigenvalues of A are nonnegative: Ay, ..., \, > 0.

(iii) There is a matrix B € R¥", for some d > 0, such that A = BT B. In other
words, there are vectors by, ..., b, € R (the columns of B) such that a;; =
(b;, bj) forall i, j.

We leave the proof of this lemma as an exercise. The matrix B in (iii) is
called a Gram matrix for A, and the factorization A = BT B a Gram decompo-
sition. Observe that n vectors always span a linear subspace of dimension at
most n, so we may assume d < n. A special kind of Gram decomposition is the
Cholesky decomposition that is studied in numerical analysis: For every symmet-
ric positive semidefinite matrix A € R"*", there is a unique upper triangular
matrix U € R"*" (i.e., u;; = 0 for j > i) such that A = UTU. If the input matrix
A is positive definite and has rational entries, the matrix U can be computed
efficiently, i.e., in time polynomial in n and in the bit sizes of the entries of
A. To be more exact, the entries of the matrix U may be irrational” but can be
computed efficiently to arbitrary precision (see [8], for instance).

A semidefinite program (SDP) is an optimization problem of the following
form: Optimize (maximize or minimize) a linear function }_, ; ¢;jz;; of the en-
tries of the matrix X = [z;;] over all symmetric positive semidefinite matrices
X € R™" that satisfy a finite number of linear inequalities in the matrix en-
tries, i.e., finitely many inequalities Zij bijrrij < Br, 1 < k < m. Thatis, the
numbers c¢;;, b;;;, and [, are given and specify the semidefinite program. There
are many possible equivalent forms to write an SDP, for instance as

minimize ¢’z =cix1+...cnTm 28)
subjectto z1A4; + ... +x,A, — B =0, '

where A,,..., A, B are given symmetric n X n matrices and ¢ € R™ is a
given vector. (It is a useful exercise to convince yourself that every SDP can be
brought into this form.) Observe that in the special case that 4, ..., A,,, B are
diagonal matrices, the SDP is equivalent to a linear program.

Fact 2.22. Semidefinite programs can be solved efficiently. More precisely, there is
an algorithm that, given an SDP with rational coefficients b, and (3, and an error

“For instance, if A is the diagonal matrix with 2’s on the diagonal, then U is a diagonal
matrix with v/2 on the diagonal. The standard Cholesky decomposition algorithm requires
the computation of n square roots and O(n?) additions and multiplications.
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parameter ¢ > 0, computes a rational positive definite n x n-matrix Y such that
> i bijryi < By for all k and

Z CijYi; < opt +¢€,

1,J
where opt is the optimal value of the SDP, i.e., the infimum of ), ; cijxi; over all
positive definite matrixes X satisfying all constraints of the SDP® The runtime of the

algorithm is polynomial in n, log(1/<), and in the bitsizes of the coefficients [3;;;, and
b

We will not prove this or discuss the algorithm (the relevant buzzword is
“interior point methods”); instead, we will discuss an application that exem-
plifies how semidefinite programming can be used to design approximation
algorithms for hard optimization problems.

An Approximation Algorithm for MAXCUT

A cutina graph G = (V, E) is a partition V = S U (V' \ S) of the vertex set into
two disjoint parts. The size or weight of the cut is the total number of edges
across the cut, i.e., |[E(S, V' \ S)|, where E(S,V'\ §) = {{u,v} € E:ue Sve
V\ S}

The MAXCUT problem is the combinatorial optimization problem of find-
ing a cut of maximum size in a given graph G. The decision version of the
problem’ is NP-complete. Here, we present a (randomized) polynomial-time
approximation algorithm, due to Goemans and Williamson, that uses semidef-
inite programming and achieves an (expected) approximation ratio of roughly
0.878. That is, given a graph G, the algoritm computes a cut, making some
random choices along the way, such that the expected number of edges across
the computed cut is at least 0.878 times the maximum size of any cutin G.

It will be convenient to work with the following “arithmetization” of the
problem. Suppose we are given a graph G = (V, E). Without loss of generality,

8To be precise, for this statement to be correct, one has to assume that the SDP is feasible
(i.e., that there exists at least one positive semidefinite matrix X satisfying all constraints) and
bounded, i.e., that opt > —oco. Both assumptions will be satisfied in our applications, and in
general, an arbitrary SDP can be transformed into one that is feasible and bounded, and such
that solving the new SDP allows one to decide whether the original one was unbounded or
infeasible. We also remark that, even for a feasible and bounded SDP, the optimum need not
be attained. For example, the if we want to minimize z; subject to the condition that

X1 1
|: 1 X9 :| % 0
(this is an SDP in the form (2.8)), the semidefiniteness boils down to x1,z2 > 0 and z1x2 > 1,

Thus, opt = 0, but this is not attained.
Given a graph G and an integer k, decide whether there is a cut in G of size at least k.

39



assume that V' = {1,2,...,n}. Define coeffients a,;, 1 <i < j <nbya; =1
if {i,j} € Eand a;; = 01if {i,5} ¢ E. Then we can rephrase the problem of
finding a maximum cut in G as the following integer quadratic optimization
problem:

maximize Z aij%, r,e{+1,-1},1<i<n (2.9)

To see that the optimal solution to (2.9) corresponds to a maximum cut in G,
observe that there is a bijection between subsets S C V and +1-vectors z =
(x1,...,2,) € {+1,—1}", namely z < S = {i : ; = +1}. Moreover, HT% is
equal to 1 if z; and z; have different signs, and 0 otherwise. Thus, under the
above bijection,

11—z 1—z;x;
Z aij72 L= Z 9 T = |[E(S, V\ 9)I.
1<i<j<n {i,j}eE
Observe that this immediately gives a very simple randomized approxi-
mation algorithm: Choose random signs X; independently at random with
by independence, and therefore the expected size of the resulting random cut
equals

E

1 - XX 1 - E[X;X; E
5 7]: S o, LB B

— 2 — 2 2
1<i<j<n 1<i<j<n

Since |E(S,V'\ S)| < |E| for any S, this expectation is at least 1/2 times the size
of a maximum cut, i.e., we have a randomized approximation algorithm with
expected approximation ratio at least 1/2.

We will now use geometry and semidefinite programming to get a better
approximation ratio. One way of motivating the improved algorithm is as
follows: We can think of the choices +1 and —1 as 1-dimensional unit length
vectors. We relax (2.9) by allowing unit vectors that live in higher dimensions
(and replacing the product of real numbers by the scalar product):

maximize Z Gj—5 uw, € "1 <i<n, (2.10)

where 3”1 = {u € R" : ||ul|s = 1} is the set of unit vectors in R", i.e., the
(n — 1)-dimensional unit sphere centered at the origin. Observe that there
is no need to consider unit vectors in higher dimensions,'® since the linear

100ne could consider, however, an intermediate problem, where the u; are required to lie in
some $¢71, 1 < d < n. For d = 1, the problem is equivalent to MAXCUT, and hence NP-hard.
Lovész [5] mentions that he is not aware of any specific hardness results, but that he expects
the problem to be NP-hard for any fixed d.
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span of any set of n vectors is always of dimension at most n. Also note that
the optimum of (2.10) is always at least as large as that of (2.9), since we can
interpret any collection of n signs zi,...,z, € {+1,—1} as unit vectors u; =
(2;,0,...,0) € "1, 1 < i < n by simply filling up the remaining coordinates
with zeros.

We remark that one can think of (2.10) in physical terms as the problem
of placing the vertices of the graph on the unit sphere $" !, where there is a
repulsive force between adjacent vertices that grows linearly with the distance
(for instance, the edges could be springs that want to expand), and we want to
minimize the “energy” £ = — 3", . p lui — >,

For our purposes, however, it is more relevant that (2.10) can be rewritten
as semidefinite program. Namely, given uy,...,u, € $" !, we can consider
the positive semidefinite matrix Y = [y;;] given by y;; = (w;, u;) (in particu-
lar with diagonal entries y;; = 1), and conversely, given such a matrix Y, we
can retrieve unit vectors u; by computing a Gram decomposition for Y. The
Gram decomposition is not unique, but we only care about the scalar products
among the u;, and these are uniquely determined by Y.

Thus, we get the following SDP:

maximize Z oy 5 4, Y =0,y =1,1<1<n. (2.11)

1<i<j<n

We could ignore the constant terms in the objective function (since they sum
up to |E|/2) and instead consider the problem of minimizing the linear func-
tion >_,_; a;;yi; to bring the SDP closer to a standard form, but this is imma-
terial. Note also that the constraints are exactly of the required form: Positive
semidefiniteness of the matrix Y, together with some linear inequalities on the
matrix entries (y; = 1 can be expressed by two inequalities y;; < 1 and y;; > 1).

As mentioned above, we can solve this SDP and compute a Gram decom-
position Y = U”Uin polynomial time (more precisely, we can do this to ar-
bitrary precision, an issue which we are going to ignore in the sequel). The
constraints y; = 1 imply that the columns u; of the matrix U are unit vectors,
and so an optimal solution of (2.11) yields an optimal solution of (2.10).

Thus, we have found a set of unit vectors u; € $"~! that is “spread out” in
the sense that on average, adjacent u; and u; are “far” from each other. How
do we use this to obtain a large cut in the original graph? The idea is very
simple: Partition the points u; by a random hyperplane. Equivalently, choose
v € s"~! uniformly at random and define z; := sgn((u;, v)), where sgn(t) = +1
ift > 0andsgn(t) = —1ift <0.

Observe also that the SDP is feasible (take any set of unit vectors and the resulting matrix
of scalar products) and bounded: since the u;’s are unit vectors, we have |y;;| = |(yi,y;)| <1
forall i, j, hence [ 3, _; aijyij| < |E| < occ.
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Thus, the approximation algorithm for MAXCUT consists of the following
steps:

1. Given a graph G, compute an optimal solution Y to the SDP (2.11).

2. Compute a Gram decomposition Y = UTU. The column vectors uy, . . ., u, €
$"~! form an optimal solution for (2.10). As mentioned above, > i< (i %ﬂﬂ

is at least as large as the maximum size of a cutin G.

3. Use “random rounding” by a random vector v € $"!, i.e., define z; :=
sgn((u;, v)). It will follow from Lemma 2.23 below that the resulting cut
has size at least 0.878 times ), _ ;i ij 17%7“”, hence at least 0.878 times the
size of a maximum cut.

In order to make the description of the algorithm absolutely complete and
precise, one would also need to specify how to choose a uniformly random
unit vector v € $" ! algorithmically. Since the entries of v will typically be ir-
rational, we can again only do this approximately (to arbitrary precision. One
of the simplest ways may be to choose a vector w € R" according to the stan-
dard normal distribution (this is simple (again up to arbitrary precision) since
we can choose the entries of w as independent 1-dimensional standard normal
random variables) and then set v = . In fact, one could skip the renormal-
ization and work directly with w, since all we will need is that the distribution
from which we pick the vector is rotationally symmetric.

Lemma 2.23. Let u # « € 3", and let v € R™ be a random vector choosen
to a fixed rotationally symmetric (with respect to the origin) probability distribution
(for instance, the uniform distribution on the unit sphere, or the standard normal
distribution).!?

Set x := sgn((v,u)) and ' := sgn((v, u’)) Then

. {1 - xm’] — Prlea’ = —1] = arccos(u, u') N &1 — <u,ul>’

2 T - 2

where o := inf 1<, 2252) > 0.87856.

Proof. The equality E [1=22] = Prlza’ = —1] is just the definition of the expec-

arccos(u,u’) 1—(ug,uj)
s 2 Q 2

tation of a 0/1-valued random variable. The inequality
follows directly from the definition of «, and the estimate for « is the subject
of Exercise 16.

It remains to prove the middle equation Prza’ = —1] = 2<u)  Consider
first the case that n = 2, i.e., that v and «' are unit vectors on the unit circle in

2Rotational symmetry means that if A C R is a measurable set, and if p is a rotation of R¢
(an orthogonal linear transformation with determinant 1), then Pr[v € A] = Pr[v € pA]. We
also assume that the origin has mass 0, i.e., Pr[v = 0] = 0.
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the plane. We have z2’ = —1 iff the line orthogonal to v separates v and v’
iff v lies in the double wedge formed by the two lines orthogonal to u and «/,
respectively, see Figure 2.4. If § = arctan((u,u’) is the angle between u and
«/, then this double wedge covers an angle of 23. Since the distribiution of v
is rotationally symmetric, the probability that v falls into this double wedge
equals 22 = 3/, as desired.

Figure 2.4: The probability that a random line separates two vectors equals
twice the angle between them over 27.

In the general case u,u’ € $" !, let F C R" be the 2-dimensional plane
spanned by u and «'. Let v be the orthogonal projection of v onto the plane F.
Note that (u,v) = (u,v) and (v/,v) = (u/,v). Moreover, the distribution of v
is again rotationally symmetric. Thus, the general statement follows from the
2-dimensional case. 0

2.6 Lower Bounds For Euclidean Embeddings

When defining the notion of distortion we remarked that, for example, the
graphs in Figure2.3 are not isometrically embeddable into Euclidean of any di-
mension, and we left the proof of this statement as an exercise. In this section,
we will present a method to prove lower bounds for the minimal distortion
necessary to embed a given metric space into Euclidean space. We will prove
the following:

43



Theorem 2.24. Let C™ := ({0,1}™, py) be the m-dimensional Hamming cube.
Then any embedding f : C,, — (R%,|| - ||2) into Euclidean space has distortion at

least \/m.

Thus, the theorem says that the “natural embedding”, where we simply
consider {0,1}™ as a subset of R™, has the minimal distortion: observe that
for this embedding the lengths of the “edges” are preserved: we have ||z —
yll2 = 1if x and y are adjacent in the Hamming cube, i.e., if py(z,y) = 1; on
the other hand, the distances between all non-adjacent pairs are contracted: if
pu(z,y) = k then ||z — y||; = Vk; the contraction is strongest for the “main
diagonals”, i.e., for pairs of points at maximal Hamming distance. Intuitively,
for any embedding, we either into Euclidean space, either we have to expand
the edges or to contract the main diagonals of the Hamming cube.

To turn this kind of intuition into a rigorous proof, the general proof strat-
egy is the following. Let (V, p) be a finite metric space. For a collection £ C (‘2/) ,
consider the following “average” of squared distances between point pairs in
E:

Z{u,v}EE p(“? U)2
||

aves(p, ) :=

As we will see below, for embeddings into Euclidean spaces, squared distances
are technically very convenient. Now, if £, F' C (‘2/) are two collections of
pairs, we consider the ratio

avey(p, F')

Rre(p) = aves(p, B)

The idea is that we want to capture, in a quantitative way, a certain kind of
“trade-off”, as between the lengths of the edges versus the diagonals in the
case of the Hamming cube.

Any f : V — R? gives induces a second metric on V, the Euclidean dis-
tances between the image points:

o(u,v) == [f(u) = f(0)l2,

and we can also consider the quantities aves(o, E) and Rr (o).

Lemma 2.25. If f has distortion at most D, then

1
5 ire(p) < Rrp(0) < D - Rep(p).

3Recall that the Hamming distance py(z,y) = |{i : ¥; # y;}| between two 0/1-strings of
length m is the number of positions in which they differ.
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Proof. By rescaling the map f, if necessary (the target space is a normed space),
we may assume that p(z,y) < o(z,y) = |f(z) — f(¥)|]l2 < Dp(x,y) for all
z,y € V. Applying the first inequality for pairs in £ and the second one for
pairs in F', we see that avey(o, E) > aves(p, E) and aves(o, F)) < D - aves(p, F).
Thus, Thus,

avey (o, F)

=Wl ) - p
Rr (o) avey(o, E) —

avey(p, F)

fry D .
avey(p, E) R p(p)

If we apply the inequalities defining distortion the other way around, we ob-
tain aves (o, E) < D - aves(p, E') and avey (o, F') > avey(p, F'), and hence

aves (o, I) aves(p, F') 1
R = > I
rE) = 0. B) = D-avesp B) D

Rrx(p)

O

In order to apply this lemma to the Hamming cube, we will need the fol-
lowing simple statement:

Lemma 2.26 (Short Diagonals Lemma). Let py, p2, p3, ps € R%. Then

11 = psll3 + llp2 — pall3 < Iy — p2ll3 + |lp2 — p3ll3 + [Ips — pall3 + llpa — p1l3-

Thus, for any embedding of the vertices of a square into Euclidean space,
the sum squared lengths of the diagonals is at most the sum of the squared
edge lengths. Note first that the inequality is easy to verify in dimension d = 1:
If 21,29, 23,74 € R! are four real numbers then the difference between the
right-hand side and the left-hand side of the inequality is

(l’l — $2)2 + (l‘g — l’3)2 + (l’g — l‘4)2 + (l‘4 - $1)2 - (l‘l - l’3)2 + (JZQ — l‘4)2

=($1—$2+$3—$4)220,

by collecting terms. Moreover, the squared Euclidean norm of a vector in R?
is just the sum of squares of its coordinates. Thus, the lemma follows from
the 1-dimensional case by considering each coordinate seperately. We leave
the details as an exercise. (Hint: First try the three-dimensional case and write
the coordinates of each point as p; = (z;, y;, z;). Then the inequality we want
to prove boils down to three 1-dimensional inequalities, one involving the z’s,
one involving the y’s, and one involving the z’s. The higher-dimensional case
is exactly the same, only that it becomes more cumbersome to write out the
coordinates. The details are left as an exercise.)

Proof. Proof of Theorem 2.24 Let V = {0,1}™, let E = {{u,v} € (}) : pu(u,v) =
1} be the edge set of the Hamming cube (pairs of vertices that disagree in 1 co-
ordinate), and let F' := {{u,a} € (}) : pu(u,u) = m} be the set of “main
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diagonals” of the Hamming cube (pairs of vertices that disagree in all coor-
dinates). Observe that |E| = m2™ ! (every vertex is incident to precisely m
edges) and |F| = 2™~! (every vertex is incident to precisely one main diago-
nal). Moreover, aves(py, E) = 1 and aves(py, F') = m, hence Rp g(pr) = m.

Assume now that there isamap f: C™ — (R, | - ||2) of distortion at most
D. We want to show that D > /m. Note that any map has distortion at least
1, so the case m = 1 is trivial and we will assume m > 2 from now on. Let o be
the metric on V induced by f, o(u,v) = || f(u) — f(v)]]2.

Claim. Z{u,U}EE o(u,v)? = Z{u,ﬂ}EF o(u,u)*.

Before we prove this claim, observe that it implies

2 _ Z{u,ﬁ}EF U(“’ B)Q <m. Z{u,v}EE O'(U7 U)2

T < o o =m - avey(o, F),

aves (o, I)

hence
avey (o, F)

Rpp(o) = ———= < /m.

avey (o, E)
Since Rp g(pr) = m, it follows that Rp (o) < ﬁRF, £(p), so it follows from
Lemma 2.25 that the map f has distortion at least \/m, which is what we want
to prove. So it remains to prove the claim, which we will do by induction on
m.

The base case m = 2 is precisely the Short Diagonals Lemma. For the in-
duction step, we split the vertex set V' = {0,1}"™ into two subsets V;, = {u €
V:iu, =0}and V) = {u € V : u,, = 1}. Note that these two vertex sets
induce two disjoint subgraphs C"', i = 0,1 of C™, each of which is iso-
morphic to the (m — 1)-dimensional Hamming cube. Namely, the edge set
of C" Vis By = {{u,v} € E : u,v € Vi} = {{u,v} C Vi @ pu(u,v) = 1}
Within each C]""!, we have the set of its ((m — 1)-dimensinal) main diagonals
F, = {{u,v} € (}) : pur(u,v) = m — 1}, i = 0, 1. Moreover, we denote the set of
the remaining edges of C"™ (which connect V; and V}) by Ey, := E \ (Ey U Ey),
the set of remaining edges of C"" .

Moreover, consider a main diagonal {u,u} € F in C™. Without loss of gen-
erality, suppose that u € 1, and u € V;. The vertex u has a unique “upstairs”
neighbor v € Vi, {u,v} € Ey C E, and the vertex @ has a unique “downstairs”
neighbor v € V;, {u,0} € Eyn C E, and {v,0} € F is another main diago-
nal in C™. Moreover, the {u,v} € F, and {u,v} € F; form main diagonals
in the (m — 1)-dimensional subcubes, see Figure 2.5. Moreover, by the Short

Diagonals Lemma,
o(u,1)? 4 o(v,0)* < o(u,v)* + o(t,)* + o(u,v)* + o(v, w)*.

When summing up over all pairs {u,u} and {v,v} of m-dimensional main
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Figure 2.5: Two main diagonals with adjacent endpoints form the diagonals of
a square whose sides are two edges of the cube and two facet diagonals.

diagonals with py(u,v) = pu(u,v) = 1, we consider each edge in F, Ey, F,
and F}, respectively, exactly once. Thus,

Z o(u,u)* < Z o(u,v)*+ Z o(u,v)* + Z o(t,v)?

{u,u}eF {u,v}€En {u,v}eFy {a,v}er

Moreover, by the induction hypothesis, the last two sums are bounded from
aboveby >/, 1cp, 0(u,v)?and 3o, oy 0(u,v)? respectively. Since £ = Ey U
FEy U E is a partition, we conclude that

Yo oowa)?< ) o(uw)

{u,a}eF {uv}eFE
as desired. This proves the claim and hence the theorem. O

Remark 2.27. As we have seen, Hamming cubes are examples of metric spaces
with n = 2" elements that cannot be embedded into any Euclidean space with
distortion less than \/m = y/log,(n). The same proof method of quadratic av-
erages can can be used to show that there are n-element metric space cannot be
embedded into any Euclidean space with distortion less than Q(log(n)). Exam-
ples for such metric spaces are constant-degree expander graphs with the shortest
path metric, see [7, Section 15.5]
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2.7 Upper Bounds For Euclidean Embeddings

As remarked at the end of the last section, there are n-point metric spaces that
require a distortion of Q(logn) for any embedding into Euclidean space. The
goal of this section is to prove a matching upper bound, due to Bourgain.

Theorem 2.28. Every n-point metric space (V, p) can be embedded into some Eu-
clidean space (R?, || - ||2) with distortion at most O(logn).

The proof we will present in detail yields a target dimension of d = 2".
With a little bit of more work, this can be pushed down to d = O(log® n). More-
over, with minor modifications the same proof also works for embeddings into
(R4, -]|) for any p-norm, 1 < p < oo, and also yields a randomized algorithm
to construct such embeddings. We will say more about this along the way,
while leaving some of the details as exercises.

We first introduce the notion of a line pseudometric that will play a crucial
role in the proof. Generally, a pseudometriconaset Visamapv:V xV — R
that satisfies all the requirements of a metric (nonnegativity, symmetry, and
the triangle inequality), except that we allow the possibility that v(z, y) = 0 for
x # y. A line pseudometric is a pseudometric of the form v(z,y) = |¢(z) — p(y)|
for somemap ¢ : V' — R.

In fact, we will be working with line pseudometrics of a special kind that
we already encountered when showing that every n-point metric space can
be isometrically embedded into R*" with the || - || norm (Exercise 12): For a
subset A C V of the metric space, define p4(z) := p(x, A) := minges p(z,a)
and v4(z,y) := |p(z, A) — p(y, A)|. These special line pseudometrics have the
additional property that they are dominated by p in the sense that' v4 < p.

We cannot hope to encode too much information about a metric p on V'
by means of a single pseudometric (which we can think of as a 1-dimensional
“projection”), but the following lemma tells us that if we can approximate the
p given metric by a convex combination of line pseudometrics each of which
is dominated by p, then we can use the projections as coordinates for an em-
bedding into Euclidean space.

Lemma 2.29. Let (V, p) be a finite metric space, and let v, . . ., vy be line pseudomet-
rics on V such that v; < p for all i and that

d 1
¢Z1 v > ik

for some coefficients o; > 0 with ), o; = 1. Then there is an embedding f : (V, p) —
(R, || - ||2) with distortion at most D.

“Thatis, va(x,y) < p(z,y) for all 2,3 € X. To see this, consider some a € A with p(y, A)

p(y,a). Then p(z, A) < p(z,a) < p(z,y) + p(y,a) = p(z,y) + p(y, A), hence p(z, A) — p(y, A)
p(x,y). The inequality p(y, A) — p(z, A) < p(x,y) follows symmetrically.

IA I

48



Proof. For 1 <i <d,lety, : V — R be a map inducing the line pseudometric
v;. We define f : V — R? by

f(v) = (Varpr(v), -, Vaapa(v)).

Then, by assumption on the «; and the v;,

1) = F@IE =D awwitu, v)* < (3 ai ) plu,v)
=1 z— 1

for all u,v € V. Moreover, by the Cauchy-Schwarz inequality,
1 d d
Soluv) <3 awi(u,v) = Y var (vVawi(u,v)
1=1 i=1

< (iai)“(gwu,vf)w = 1) = S0

i=1
=1
U

Remark 2.30. Essentially the same proof (with Holder’s Inequality instead of
Cauchy-Schwarz) shows that under the assumptions of the lemma, for any
1 < p < o there exists an embedding of (V, p) into (R, || - ||,,) with distortion
at most D (Exercise 21).

As remarked above, we will use line pseudometrics of the form v4(u,v) =
|p(u, A) — p(v, A)| for subsets A C V. Here is the main technical lemma:

Lemma 2.31. Let u,v € V, u # v. Then there exist real numbers Ay, Ao, ..., A; >0
with 3, A; = p(u,v), where ¢ = |logyn| + 1, such that the following holds for all
l<j=<g¢

Let A; be a random subset of V, where we include each point of V' independently
with probability 277. Then

1

Pr(lp(u, 4)) = p(v, 4)) 2 Aj] 2 5.

(.

-~

va,(u,v)

Consequently, the expectation of the nonnegative random variable v, (u,v) satisfies
Elva, (u,v)] > 54

Before we prove this lemma, let us first see how it allows us to choose
the convex combination of line pseudometrics that yields the desired low-
distortion embedding.
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Proof that Lemma 2.31 implies Theorem 2.28. For each subset A C V, letv,(u,v) =
|p(u, A) — p(v, A)| be the corresponding line pseudometric. We want to apply
Lemma 2.31. For 1 < j < ¢, let m;(A) := Pr[4; = A], where A, is the random
subset with point probability 277 as in the lemma. Then by the lemma, for
every pair of distinct points u,v € V,

LA

Z mi(A) - va(u,v) = Elva, (u,v)] > Tk

ACV

Summing over all 1 < j < ¢ and exchanging the order of summation, we
conclude

Z (Zﬂ'j(A)) cva(u,v) > 11—2jzlAj = %p(u,v).

ACV \j=1
Dividing by ¢, we obtain
1 ¢ 1
5 (43 mnten> o
acv \1 5= q
ZZVCYA
for all u,v € V. Moreover, for each j, we have }_,, m(4) = 1, hence

> acy @4 = 1. Thus, by Lemma lem:convex-comb-line-pseudometrics, there
is an embedding f : (V,p) — (R%| - |l2), d = 2", with distortion at most
48q = O(logn). O

Remark 2.32. The proof as it stands yields an embedding dimension of d = 2".
For embeddings into Euclidean spaces, we can in a second step apply the
Johnson-Lindenstrauss Flattening Theorem and project the n-point set f (V) C
R?" obtained in the first step into R°1°¢™), with an additional distortion fac-
tor of 2, say. For p-norms with p # 2, no Flattening Theorem is available,
but the target dimension can still be brought down to O(log”n): For each
1 < j < g, consider m = O(logn) independent random subsets A]l, oL AT
with point probability 277 each. Using suitable Chernov-type estimates (recall
Lemma 2.16) and the preceding lemmas, one can show that with high proba-
bility, the map f : V' — R™ with coordinate f;;(u) := p(u, A}) has distortion at
most O(logn) with respect to any given, fixed p-norm || - ||, 1 < p < co. Details
are left as Exercise 22.

Since we can check the distortion of a given map (V, p) — (R4, || - ||,) ef-
ficiently (in the most simple-minded way, by computing all the pairwise dis-
tances in the target space), we immediately obtain a randomized algorithm
that computes an embedding with O(logn)-distortion in expected polynomial
time (choose the sets A’ as above, compute the distortion of the resulting map,
and if it is too large, repeat.)
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Remark 2.33 (Euclidean Embeddings and Semidefinite Programming). One
can show that the minimum distrotion D necessary for embedding a given
metric space into Euclidean space can be determined efficiently using semidef-
inite programming (Exercise 24). We mention that using this method, the tar-
get dimension for the embedding cannot be described in advance.

Summarizing, we obtain the following;:

Theorem 2.34. If (V, p) is an n-point metric space and if 1 < p < oo, then there is a
mapping f : (V, p) — (R4, ||-||,,) of distortion at most O(logn), where d = O(log® n);
for p = 2, the target dimension can be reduced to O(logn). Moreover, there is a
randomized algorithm that computes the mapping in expected polynomial time.

Proof of Lemma 2.31. Fix u,v € V, u # v. Setr, := 1p(u,v). For0 < j < ¢ -1,
define 7; to be the smallest radius such that both | B;,(u)| > 2’ and | B;, (v)| > 27,
where B, (z) = {y € V : p(z,y<r}. Set r; = min{r,, 7;}. We will show that the
lemma is true with A; :=r; —r;_;.

Fix j € {1,...,q}. We may assume that r,_; = 7;_; < r,, since otherwise
A; = 0 and the conclusion of the lemma holds trivially. Consequently, both
closed balls B,, ,(u) and B, _, (v) contain at least 2/~! points. Let A; be a ran-
dom subset of V with point probability 277. By definition of r;, at least one of
the open balls B} (u) = {z € V : p(z,u) < r;} and B} (v) contains less than 27
points, say | By, (u)| < 2 (this also holds for j = g, since [V/| < 27. Call A; good
if AN B, ,(v) # 0and AN B; (u) = 0. The former ball has cardinality at least
2971 and the latter at most 2/, and the two balls are disjoint. Therefore,

Pr[A;N B, (1) #0=1-1-29)">1-e2?" >1-¢12>1/3
On the other hand,
PrA; N B (u) =0] > (1—277)% > 1/4,

since 0 < 277 < 1/2. The two events are independent, so we may multiply
their probabilities and conclude that with probability at least 1/12, A; is good.
But then p(u, A;) > rjand p(v, A;) < rj_1, 50 va,(u,v) > Aj. O

2.8 Exercises

Exercise 10. Consider the two 4-point metric spaces given by the shortest path metrics
on the two graphs in Figure 2.3. Show that neither of these metric spaces can be
isometrically embedded into (3, for any d.

Exercise 11. Let f : X — Y be a bijective map between vector spaces. Show that the
distortion of f equals || f||Lip - | f 7" ||Lip-
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Exercise 12. Show that for every d > 1, there is an isometry f : (4 — (%, (An
isometry is a distance preserving or distortion 1 map, i.e., in our case we require that
1f () = fW)lloo = [l = ylly hold for all 2,y € R™.)

Exercise 13. Suppose you wish to design an algorithm that solves the following
problem: Given a finite set X C (¢, |X| = n, compute the diameter diam(X) :=
maxx,y € X||z — yl||,. What is the runtime of the “naive” algorithm that just com-
putes pairwise distances? Show, using Exercise 12, that there is an algorithm that
computes the diameter of a set of n points in ($ in time O(d2%n). (If d is fixed and n is
large, this improves upon the naive algorithm.)

Exercise 14. Let (X, p) be an arbitrary metric space, | X | = n. Show that there is an
isometry f : X — (2.

Exercise 15. Let A = [a;;| be a symmetric (n x n)-matrix. A is called positive
semidefinite, written A = 0, if v Az > 0 holds for all € R™ (where - denotes the
transpose).

(a) Show that the set SDF,, of positive semidefinite symmetric (n x n)-matrices is
a convex cone, i.e., if A, B € SDF,, and if a, f € R>, then « A+ 3B € SDF,,.

(b) Show that the following statements are equivalent:

(i) A=0.
(ii) All eigenvectors of A are nonnengative.

(iii) For some dimension d, there exist vectors u,, ..., u, € R® such that A is
the Gram matrix of the u;’s, in the sense that a;; = (u;, u;) for 1 <i,j <
n. In other words, A = UTU for some U € R*™™. (A bonus question:
What is the minimal d (as a well-known function of A) such that A can be
written as such a Gram matrix?)

(iv) A can be written as a nonnegative linear combination of matrices of the
form voT, v € R™,

Exercise 16. Define

2 arccos(s) , 2t
a:= inf ——== inf ———.
~1<s<1 w(1—s)  o<t<r (1 — cos(t)

Show that o > 0.87856.
(To avoid ambiguities, we mean the function arccos : [—1,1] — [0, 7] that is the
inverse of the cosine function cos : [0, 7] — [—1,1].)

Exercise 17. Show that the following inequality holds for all vy, v, v3,v4 € R%
lor = vs]l3 + [Jvz — vall3 < flor = wall3 + vz = w33 + llvs — vall3 + [lva — w113

(Hint: The above inequality can be expressed as a sum of 1-dimensional inequalities,
one for each coordinate.)
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The goal of the next three exercises is to show that the bound on the tar-
get dimension in the Johnson-Lindenstrauss Flattening Theorem cannot be im-
proved much.

Exercise 18. (1) Let A = [a;;] be a symmetric real (n x n)-matrix such that a; = 1
for all i and |a;;| < 1//n for i # j. Show that rank A > n/2. (Hint: Let
A, ..., A be the non-zero eigenvalues of A. Show, using traces of matrices, that
Yo N =mnand Y. A} < 2n, and apply the Cauchy-Schwarz Inequality in
a clever way.)

(b) Suppose that A satisfies the assumptions from Part (a), except that A is not
necessarily symmetric. Show that we can still conclude rank(A) > n/4. (Hint:
How do you symmetrize a matrix? By which factor can its rank increase at most
in the process?)

Exercise 19. Let B = [b;;] be a real (n x n)-matrix, and let f(z) € R[z] be a poly-
nomial (in one variable) of degree k. Define a matrix C' = [c;;] by applying f to each
entry of B seperately, i.e., c¢;; = f(b;;) for 1 <1, j < n. Show that

rank(C) < (kjr) < <€<kljr))k.

(Hint: Suppose without loss of generality that the first r rows of B linearly span all
other rows. For integers 0 < ky, ..., k, with >_._ k; < k, define a vector v(k1---kr) ¢

Exercise 20. (a) Let B = [b;;]| be a real (n x n)-matrix such that b; = 1 for all i
and |b;;| < € for i # j, where 1/\/n < e < 1/2. Show that

logn
k(B) > Q| ————— |-
k() > @ 3177
(Hint: Apply Exercises 18 (b) and 19. To what power do you have to raise  to
make it smaller than 1//n?)

(b) Consider the set X = {0,e1,...,e,} C R™ (where the e;’s are the vectors
of the standard orthonormal basis). Suppose that this set of points (with their
Euclidean distances) can be mapped with distortion at most (1 + €) into (5 (i.e.,
into R* with Euclidean distances). Show that then there exist vy, . .., v, € RF
that are “almost orthogonal” unit vectors, i.e., |v;||2 = 1 forall i and |(v;, v;)| <
100¢e (the constant 100 could be improved).

(c) Assuming that there is a low-distortion map as in Part (b) and m <e<1/2

show that |
ogn
k>0 ——— ).
B <62 log(l/e))
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Exercise 21. Extend Lemma 2.29 to arbitrary p-norms || - ||,, 1 < p < oo. That is,
show that if (V, p) is a finite metric space and if vy, . . ., v, are line pseudometrics on V
with v; < p for all i and Zle oY > %pfor some o; > 0 with ). c; = 1 and some
D > 0, then (V, p) can be embedded into (R<, || - ||,) with distortion at most D.

Exercise 22. (a) Let E, ..., E,, be independent events in some probability space,
each of them occurring with probability at least 1/12. Show that the probability
that at most 3 of the events occur at the same time is at most e=“" for some suit-
able constant ¢ > 0. Use Chernov-type bounds or direct estimates of binomial

coefficients.

(b) Adapt the proof of Theorem 2.28 to reduce the target dimension to O(log® n): For
q = |logyn|+ 1isasin Lemma 2.31 and 1 < j < q, pick sets A}, LG ATCV
independently at random, where each v € V' is included into Aj independently
with probability 277. Using Part (a), show that if m = C'logn for a sufficiently
large constant C' > 0, then with high probability,

) PETTCRDERE
i—1 =1 q

forall u,v € V. Conclude, using Lemma 2.29 and Remark 2.30 that with high
probability, the map f : 'V — R with coordinates f(u);; = p(u, A}) has
distortion at most O(logn).

Exercise 23. (1) A cut pseudometric 7 on a set V' is a pseudometric induced by
amap ¢ 'V — {0,1}, ie., 7(u,v) = |¢(u) — (v)| for all u,v € V. Show
that every line pseudometric v on an n-element set V' is a nonnegative linear

n—1

combination of at most n — 1 cut pseudometrics, i.e., v = Y ._ o,T; for some
«; > 0 and cut pseudometrics ;.

(b) Show that if V. C R? and we consider distances in the 1-norm || - ||;, then the
resulting metric on V' can be expressed as a nonnegative linear combination of
at most d line pseudometrics.

Exercise 24. Let (V. p) be a finite metric space. Show that there is an embedding
f:(V,p) — (R || - ||2) of distortion at most D for some target dimension d iff there
is a positive definite matrix Q = [q.,] € RV*V that satisfies

p(1,0)? < Guu + Qoo — 2que < D?p(u,v)?

for all uw,v € V. Conclude that the minimum distrotion necessary for embedding
(V. p) into any Euclidean space can be determined in polynomial time by solving a
semidefinite program.

Observe that with this method, the target dimension cannot be described.
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