4.3 Embeddings Into Normed Spaces

In this section, we discuss low-distortion embeddings of general metric spaces
into (¢ = (R?, | - ||,), with particular emphasis on the cases p = 1,2, cc.

Let (X, p) be a finite metric space. To specify an embedding f : X — ¢,, we
have to define d coordinate functions f; : X — R, 1 <i < d.

Our main approach to construct such functions will be to consider dis-
tances from (nonempty) subsets. More precisely, let ) # A C X. Forz € X, we
define the distance from z to A as

plx, A) = min p(x,a).
In particular, this defines a function f4 : X — R, fa(z) = p(z, A). As a first
application, we consider embeddings into /... For future reference, we note
that

va(@,y) = [fa(@) = fay)l < p(z,y) (4.1)
for all z, y. We leave the proof as an exercise.

Proposition 4.8. Let (X, p) be a metric space with |X| = n points. Then there is
an isometry f : X — (%, ie., a map such that ||f(x) — f(y)|lec = p(z,y) for all
z,y € X.

Proof. We index the coordinates of R™ by the elements a € X and use the
above functions f4 for all singleton sets A = {a}. Thus, we take the functions
fa(x) = p(x,a) (Where we simplify notation and write f, instead of f(,;) and
let f = (fa)aEX X — R™

By (4.1), we have |f,(z) — fa(y)| < p(z,y) for all x,y,a € X. This shows
that || f(z) — f(y)]|cc = maxy | fa(z) — fa(y)| < p(x,y). On the other hand, given
z,y € X, consider a = z, for instance. We have f,(z) = 0 and f.(y) = p(x,v),

e, [f(z) = fW)lloo = | fa(z) = fa(y)] = p(z,y). -

The goal of this section is to prove the following, more general result con-
cerning embeddings into /2.

Theorem 4.9. Let 1 < p < oo. Every n-point metric space (X, p) can be embedded
into some (% with distortion at most O(log n).

We will spell the proof out in detail for the cases p = 1 and p = 2. With mi-
nor modifications the same proof also works for embeddings into (R?, || - ||,)
for any p-norm, 1 < p < co. The proof is probabilistic, and at first seems to re-
quire a target dimension of d = 2" (where n = | X|, as before). Using Chernov
bounds, this can be pushed down to d = O(log®n). Moreover, the proof im-
mediately yields a randomized algorithm to construct such embeddings. We
will say more about this along the way, while leaving some of the details as
exercises.
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Lemma 4.10. Let (X, p) be a finite metric space, let Ay, ..., Ag C X be nonempty
subsets, and let v;(xz,y) = |p(x, A;) — p(y, Ai)|, 1 < i < d. Assume that there are real
numbers D > 1 and oy, ..., aq > 0 such that Zle a; = 1land

d

1
E oV 2> —
=1

Then for every 1 < p < oo, there is an embedding f : (X, p) — (4 with distortion at
most D.

Proof. We give the details for p = 1,2. For 1 < i < d, let fij(x) = p(z, 4;). We
define f : V — R’ by
f(@) = (afi(z), ..., aafa(z)).
By the second assumption on the «; and by (4.1),
1f (@) = F@)h = civi(z,y) < p(x,y).
T <eew)
>p(TY

On the other hand, again by our assumptions on the «; and the v,

I£() = £l = Zazm - 5] = Y awi(e.y) = Solwy)

In the case p = 2, we define

f(z) = (Varfi(x),....vaafa(x)).
Then

|£(a r|2—2amy < (Yo )olay)

7

N——
=1

for all z,y € X. Moreover, by the Cauchy-Schwarz inequality,
1 d d
B 9) < 3 alay) = 3 Va(Vau(zy)
1=1

<(Sa )”2(Zam )" = 1@ - 1wl

=1

=1
For arbitrary 1 < p < oo, one uses the function f(z) = (y/oq fi(2), ..., Yaafs(x))
and Holder’s inequality. The details are left as an exercise. O
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Here is the main technical lemma that allows us to find the sets A; that we
need for the preceding lemma:

Lemma 4.11. Let u,v € X, u # v. Then there exist real numbers Ay, Ao, ..., A, >
Owith Y 31_) A; = 1p(u,v), where ¢ = [logyn| + 1, such that the following holds for
all1 < j <gq:

Let A; be a random subset of X, where we include each point of V' independently
with probability 277. Then

12

-~

VA, (u7 ,U)

Consequently, the expectation of the nonnegative random variable v, (u,v) satisfies
Elv, (u,v)] > LA,

Proof of Lemma 4.11. Fix u,v € X, u # v. Setr, := 1p(u,v). For0 < j < ¢—1,
define 7; to be the smallest radius such that both |B; (u)| > 27 and | B, (v)| > 2/,
where B, (z) = {y € X : p(x,y) < r}. Set r; = min{r,, 7;}. We will show that
the lemma is true with A; :=r; —r;_;.

Fix j € {1,...,q}. We may assume that r,_; = 7,_; < 7, since otherwise
A; = 0 and the conclusion of the lemma holds trivially. Consequently, both
closed balls B, ,(u) and B,,_, (v) contain at least 2/~ points. Let A; be a ran-
dom subset of X with point probability 277. By definition of ;, at least one of
the open balls B} (u) = {z € X : p(z,u) < r;} and B} (v) contains less than 2
points, say | By (u)| < 2/ (this also holds for j = g, since [ X| < 27). Call A; good
if A;NB,, ,(v) #0and A;N B} (u) = 0. The former ball has cardinality at least
2/~1 and the latter at most 2/, and the two balls are disjoint. Therefore,

PrA;NB,, () #0=1-1-279)">1-e2"?" >1-¢1251/3
On the other hand,
Pr[A; N By (u) = 0] > (1—279)% > 1/4,

since 0 < 277 < 1/2. The two events are independent, so we may multiply
their probabilities and conclude that with probability at least 1/12, A; is good.
But then p(u, A;) > rjand p(v, A;) < rj_1, 50 va;(u,v) > Aj. O

Proof that Lemma 4.11 implies Theorem 4.9. For each subset A C X, let v, (u,v) =
|p(u, A) — p(v, A)|. We want to apply Lemma 4.11. For 1 < j < ¢, let m;(A) :=
Pr[A; = A], where A; is the random subset with point probability 277 as in the
lemma. Then by the lemma, for every pair of distinct points u,v € X,

S 5(A) - va(u,v) = Bl (0, 0)] > A,

1
ACX
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Summing over all 1 < j < ¢ and exchanging the order of summation, we
conclude

q

> (; Wj(A)> cva(u,v) > 1—12 ZAj = %Sp(u,v)_

ACX j=1

Dividing by ¢, we obtain

5 (150 o

ACX q

= vaA

for all u,v € X. Moreover, for each j, we have }_ - m;(A) = 1, hence
> acx @4 = 1. Thus, by Lemma 4.10, there is an embedding f : (X,p) —
(R, || - ||2), d = 2", with distortion at most 48¢ = O(logn). O

Remark 4.12. The proof as it stands yields an embedding dimension of d =
2". The target dimension can still brought down to O(log2 n), using Chernov
bounds.

We now describe how this is done. We need the following asymmetric
version of the Chernov bound.

Theorem 3.11 (Asymmetric Chernov bound). Let Y1, ...,Y,, be m independent
random variables on some probability space that take values in {0,1}, and let Y =
Yi+...+Y,,. Then, forall a > 0,

Pr[Y —E[Y]>d] <e?/™ and Pr[y —E[Y] < —a] < e 2/™.

The proof is very similar to the proof for symmetric +1-random variables
(where we assumed Pr[X; = +1] = Pr[X; = —1] = 1/2), except that one
has to replace the estimate < < ¢”*/? by the more complicated estimate
pell=P)T 4 (1 — plep < *°/8, Vahd forallp € [0, 1].

Lemma 4.13. Let (X, p), |X| = n, and ¢ = |logn| + 1 be as before. For each
1 < j < g, consider m = C'log n independent random subsets Ajl-, ..., AT with point
probability 277 each, where C' > 0 is a sufficiently large constant.

Then, with probability at least 1 — 1/n,

1
Ml > )
DD ova () 2 ool v)
holds simultaneously for all u,v € X.
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Proof. Let the sets A;'- be as in the lemma. Fix u,v € X, u # v, let1 <i < m,
and consider the random variables

Ui 1 ifle’?(”?”)ZA]’
Y. R J
J 0 else.

By Lemma 4.11, we have E[Y;“”] = Pr[Yj“’”’i = 1] > 1/12 for all u,v,4,j. Let
Yih' =370 Y By linearity of expectation, E[Y;"’] > m/12. We apply the
asymmetric Chernov bound and see that for any particular choice of v, v, and
Jr

Pr[Yju’v < m/24|= Pr[Yj“’v — E[Yj“’v} < —m/24] < e~ 2(m/24)* fm _ o=m/288 1/n*,
if we set m = 4 - 288]og n. Consequently,

Pr[Y;"" < m/24 for some u, v, j] < (Z) (logn +1)/n* < 1/n.

Otherwise, i.e., if Y;"" > m /24 for all u, v, j (this happens with probability at
least 1 — 1/n), we have > VAZ_(u v) > A;m/24,ie.,

ZZVALUU Z%ZA ,0)

7j=1 =1

for all u,v. Dividing both sides by mg, we conclude that with probability at

least 1 — 1/n,
em 1 1
ZZm_qVAZ (u,v) > ﬁp(u v)

for all u, v. O

It follows from Lemma 4.10 that for 1 < p < oo, thereisamap f: X — E;”q
with distortion at most 96¢ = O(logn) obtained by setting f;;(z) = p(x, A})
and f = (3/1/ma) ).

Since we can check the distortion of a given map (X, p) — (R%, || - ||,) ef-
ticiently (in the most simple-minded way, by computing all the pairwise dis-
tances in the target space), we immediately obtain a randomized algorithm
that computes an embedding with O(logn)-distortion in expected polynomial
time (choose the sets A’ as above, compute the distortion of the resulting map,
and if it is too large, repeat.)

Summarizing, we obtain the following;:

Theorem 4.14. If (X, p) is an n-point metric space and if 1 < p < oo, then there
is a mapping f (X, p) — (R, || - ||,) of distortion at most O(logn), where d =
O(log® n).3 Moreover, there is a randomized algorithm that computes the mapping in
expected polynomial time.

3For p = 2, the target dimension can be reduced to O(log n).
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4.4 Approximating Sparsest Cuts

As an application, we will now discuss how to use Theorem 4.14 to obtain an
O(log n)-approximation algorithm for the SPARSESTCUT problem.

Let G = (V, E) be a graph. We recall that a cut in G is simply a partition
V' = AU B of the vertex set V into disjoint subsets. A cut is nontrivial if both
parts are nonempty.

Definition 4.15. The density of a cut V' = A U B is defined as the ratio

e(A, B)
(A, B) = .
Al B]
where e(A,B) = |{e = {u,v} € E : v € Aandv € B, orviceversa}| is the

number of edges connecting A and B.

The SPARSESTCUT problem is the optimization problem of finding a cut of
minimal density for a given graph. The problem (and its generalizations to
weighted graphs and, more generally, to multicommodity flow networks) has
many applications, for instance to VLSI design, see, for instance, [LR99] and
the references therein. Even the basic version described above is NP-complete.

Theorem 4.16. There is a randomized algorithm that, given a graph G = (V, E),
finds a cut V.= A U B whose density is at most O(logn) times the density of a
sparsest cut. The expected runtime of the algorithm is polynomial in the size of the
graph.

(We remark that the current record approximation ratio is O(y/logn)). We
recall the notion of a pseudometric on a finite set V. This is simply a function
p:V xV — R that satisfies all the axioms of a metric, except that distinct
points may have “distance” zero. To be more precise, p is a pseudometric if for
all u,v,w eV,

L p(u,v) > 0;

2. p(u,v) = plv, w);

3. p(u, w) < p(u,v) + p(v, w).

Every cut V. = A U B defines a pseudometric as follows. We can identify
the cut with the function f4 5 : V — {0,1} given by f45(v) = 0ifv € A
and f(v) = 1if v € B. Then the corresponding cut pseudometric is given by
Ta,p(u,v) = |fap(u) — fa,p(v)|. We can express the density of the cut in terms
of this pseudometric. For a subset I C (1), let 74 p(F) := > tuwyer T4,B(W, V).
Then the density of the cut equals
7_A7B(E)

ma((2))
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Thus, finding the sparsest cut is equivalent to minimizing the above expression
over all cut pseudometrics.

Step 1: Minimizing the ratio for pseudometrics. The first step of the approx-
imation algorithm consists of relaxing this problem and minimizing the ratio
d(p) == p(E)/p( (g)) over all pseudometrics p. Observe that this ratio does not
change if we multiply p by any constant C' > 0, i.e., 6(p) = §(Cp). Moreover,
the minimum is clearly attained for some pseudometric with p((})) > 0 (else
§ is infinite). Thus, dividing p by p((})), if necessary, we may restrict our at-
tention to pseudometrics such that p((})) = 1.

Observation 4.17. Fix a labeling V' = {vy, ..., v,} of the elements of V. Then there
is an obvious 1-1 correspondence (given by x;; < p(v;,v;)) between pseudometrics p
on V and n x n matrices X = [z;;] € R™*" such that for 1 < 1,5,k <n,

(1) z;; >0
(2°) wij = @y
(3) wip < xij + T
Thus, Step 1 of the approximation algorithm amounts to solving the fol-

lowing linear programming problem:*

minimize 0, ;v iep Tij

overall X = [z;;] € R""s.t. (1) - (3’) hold and (4.3)

Zl§i<j§n z;; = 1.

Step 2: Embedding the solution to Step 1 into (90" with distortion O(logn).
Let py be the pseudometric corresponding to an optimal solution of the linear
program (4.3). Note that 6(po) is a lower bound for the density of a sparsest
cut. Let f : (V, py) — ({ be an embedding with distortion D = O(logn), where
d = O(log’n). Such an embedding exists, and we can find it in randomized
polynomial time, by® Theorem 4.14.

“Recall that linear programming is the problem of maximizing or minimizing a linear func-
tion in finitely many variables subject to finitely many linear inequalities. Linear programs can
be solved efficiently, i.e., in time that is polynomial in the number of variables, the number of
inequalities, and the bitsizes of the coefficients. (In our case, all the coefficients are 0 or 1.)

>Strictly speaking, Theorem 4.14 guarantees such an embedding for metrics, not for pseu-
dometrics. That is not a problem, though. If py is not a proper metric, greedily pick a subset
W C V such that po(u,v) # 0 for all u,v € W with u # v. Thus, for every v € V, there exists a
unique g(v) € W such that po(v, g(v) = 0. If we have low distortion embedding of f : W — ¢¢,
and we can extend it to an embedding of V' by setting f(v) := f(g(v)).
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Let o¢(u,v) := || f(u) — f(v)|: be the {;-pseudometric induced by this em-
bedding. By assumption on f, we have o(£) < po(E) and o,( (")) > Sp0((})),
hence

d(00) < Dd(po)

Step 3. From /,-pseudometrics to cut pseudometrics. We finish by applying
two easy lemmas, whose proofs we leave as exercises:

Lemma 4.18. Let o be a pseudometric induced on an n-element set V by a map f :
V' — (4. Then there exist N < d(n — 1) cut pseudometrics 1y,...,7n on V and
positive coefficients Ay, ..., Ay > 0such that o = M1 + ... + AnTn.

Lemma4.19. Let aq,...,ay > 0,by,...,by > 0,and \y,..., Ay > 0. Then

Aay + -+ Avay .
> min —.
Abi 4 -+ Anby T 1<i<N b;

Using the first lemma, we write the /;-pseudometric 0y as a nonnegative
combination
0'0:)\17'1+...—|—)\N7'N

of cut pseudometrics with N < O(nlog®n) (note that for this step, we do not
really need an embedding dimension that is polylogarithmic, any dimension
polynomial in n would do).

Let 7 € {r,..., 75} be the cut pseudometric minimizing the ratio 6(7) =

"(2)_ 1t follows from the second lemma that §(7) < &(c) < Dé&(po), where

(%))
D = O(logn), and as we noted above, d(py) is a lower bound for the density
of the sparsest cut. Thus, 7 and the corresponding cut V= AU B is indeed an
O(log n)-approximation of the sparsest cut.

48



