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Exercise 1 (10 points)

V�W.X
kY[Z\.]_^.`&a8bdc X ]fegZ=h Xjidk.X hmlnZpoqa8crcga�spZ�tpu1erv X�k k Z Xjw Z S1, . . . , Sk a8o n e k�wX u X `FZ X lnx W�y l�` X7wW.X ` X

a1 z S1, . . . , ak z Sk Z&\.x WHwW l w ∑
k

i=1
ai = 0 {}|)e k h~l k l�cru�a8`e wW ] y s W egx W Za8crv X Z k Y[Z\.]�e k

O(n � k2 � cga8u n) o�a8` k X v X�k l k h�e k O(n � k2 � ) oqa8` k a�h.h��
� a wXSwW l w k egZ k a w ^�l�` w a8o wW.X e k ^�\ w l k h wW.X ` X oqa8` X egZ!x�a k Z�egh X ` X hGx�a k Z w l k[w �
Exercise 2 (10 points)
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� a k Zegh X ` wW.X o�a8crcga*s�e k uGZ Xjw�w e k u4t wW.X ` X l�` X n x�l�`&Z�h4`erv�e k u�s�e wW x�a k Z w l k�w v X cga�xje w e X Z�a k l�Z w `Fl�eru W[wW eru W s�l��1�7� X x�l k ](a�h X c wWdX ]�l�Z n ](a*v[e k u�^�a8e k[w Z�a k l$cre k.X Z&\.x W�wW l w ^�a8e k�w pi egZ�l w;w eg] X t l w^�a1Z�e w ega k si + vit � � b�a*v X�wW.X Z X x�l*`FZ��.e X Z7l�^�a8cregx X(WdX cregx�a8^ wX `���� w�W lnZSl�x�ln] X `Fl�^�a8e k[wX h�Z w `Fl�eru W[wh.a*s k s!e wW l�v�e X s�l k u1c X 0 < θ < π l k h kdX�X h.Z w aMZ X�X l�crc wW.X x�l*`FZ�����e k x X(wW.X ^.ercga w egZ7l�o�`Fl�egh�a8oW.X eru W[w Z:��s X crc y b�lnh�x�l�` X�X `=x W a8egx X*�pW.X s l k�w Z w a�� X�X ^G�.��e k u�lnZ�cga*s lnZ�^�a1ZZerb.c X l�crc wWdX�w eg] X �

��l � u1erv X�k l w eg] X e k�wX `v1l�c T = [t0, t1] x�a1]�^d\ wX l�o�\ k x w ega k h(t) a k T s W egx W u1erv X Z wW.X ^�a1Z�e w ega k
a8o wW.X;W.X cregx�a8^ wX `�e k�w eg] X8y Z&\.x W�wW l w e w Z y x�a�a8`&h4e k l wX egZ wW.X cga�s X Z w ^�a1ZZ�erb.c X l k h wW.X x�ln] X `Fl
Z X�X ZSl�crc�x�l�`&ZSl w�X v X `�m](a1] X�k�w � � a wX t7¡��Jx�a1](^d\ wX8y s X lnZ��G��a1\ w a�u1erv X l�o�l�Z w l�cru�a8`e wW ] y
s W egx W h X Zxj`erb X Z wW.X s W a8c X oq\ k x w ega k � k a w a k cr� w a�h X Zxj`erb X l:Z�e k u1c X oq\ k x w ega k v8l�cg\ X*� �

��b � �4\4^.^�a1Z X¢wW.X ` X egZDl!Z^ X�X h:creg](e w vmax a k�wW.X�W eru W s lj� y s W egx W ] X l k Z¤£ i : |vi| ¥ vmax �@¦+§¨^.` X ZZwWdX ]�l*§¨eg]�l�c¤v X cga�xje w � wW egZ WdX cregx�a8^ wX `�]�eru W[w!k.X�X h w a��.��lnZpl7o�\ k x w ega k a8o θ l k h vmax



Exercise 3 (10 points)

� a k Zegh X `�l k l�``Fl k u X ] X�k[w a8o n cre k.X Z�e k(wWdX ^.c2l k.X e k u X�kdX `Fl�c%^�a1Z�e w ega k � � X h4u X a8o wW.X l�``Fl k u X ] X�k[w
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��l � � Xjw (e1, . . . , em) b X;wW.X Z X�� \ X�k x X a8o@l*crc X h4u X Z!a8o � k o�`&a1] c X o w�w a$`&eru W�w l k h�c Xjw ψi := ψ(ei) �� W a�s wW l w ero ei l k h ei+1 oqa8`&] l�^ X l��?v X ` wX § y�wW.X�k ψi > ψi+1 l k h o�a8`�v8l�crc X �Hv X ` w egx X Z
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��b �"! `&a�v X7wW l w ψm −ψ1 z O(nk)
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