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	�L�gwgR@[AwS;LNMGEGFKMGj�D;LNBGM(EGA�FKM § d

 	�LNk|S(UK@��1FIPo]�LNO�VhgCgiVXMGjN@[k#@ZM,PRApFKM
Θ(nd)

s��[LNMG@_LNO³Vq?,] �S;@ZgwS�UKVXMG@�FIA
O(nd−1) d

�



5 The Power of Duality>�?(@gR@bVhUQD�@bVXB1Po]\VXMGE·S;L�n�@Zg�LNO�UKFKMG@�VhgCgRVXMGjN@[k#@[M,PCA�D;@[Y[LNk#@[A�VhSGS�VhgR@ZM,P�FKM·YZLNM,PR@��JPµLNO)S;LNFKM3P
↔

UIFKMG@�EGB(VXUKF`P ] d� @[Y[VXUKU�PR?G@9AwPiVXMGE(VhgRE EGB(VXUKF`P ] PwgiVXMGACOWL�gRk PR?(VhP|k�VhS(A�V\S;LNFIM,P
p = (px, py)

PRL·PR?G@�UIFKMG@
p � : y = pxx − py

VXMGE9VUKFKMG@
g : y = mx + b

PRLPR?G@�S�LNFKM,P
g � = (m, −b) d � P�FIA d[dZd

� � MGY[FKEG@[MGY[@pSGgR@[AC@�gCHuFKMGjJ
p � g ⇐⇒ g � � p � d

��� gREG@Zg�SGgR@ZAC@ZgCHJFKMGjJ p
FKA6VhD;L�H @

g ⇐⇒ g � FKA�VhD;L�H @ p � d
� e MGL�PR?G@Zgµn6Vb]¡PRL9PR?GFKM1Á¡LNO6EGB(VXUKF`P ]¡FKArFIM¬PR@ZgRk#ArLNO³PC?(@|S�VhgRVhD;LNUWV��

: y = 1
2
x2 d�´ L�gVS;LNFIM,P

p
LNM��_s;PR?G@TEGB(VXUzUKFKMG@

p � FKA�PC?(@rPRVXMGjN@[M,PaPRL�� VhP
p dµ´ L�g�V|S;LNFKM3P

p
MGL�PpLNM���sY[LNMGACFIE(@�grPR?G@_H @ZgCPCFKYbVXU)S(gCL x @[Y�PRFKLNM

p 	 LNO p
LNM3PRL
�[TPR?G@|ACUKL�S;@ZArLNO

p � VXMGE p 	 � VhgC@_PR?G@ARVhk#@�s�x B(AyP
p � FKA6AC?GFKOKPR@[E�BGS�PR?G@�EGF��%@ZgR@[MGY[@�FKM

y
�}Y[LJL�gCE(FIM�V�PR@[A d>6?G@|OWLNUIUKL�n�FKMGjqSGgRL�D(UK@Zk#A�Y[VXM�VXUKUfD;@|ACLNU`H @[E FKM

O(n2)
PCFKk#@�VXMGE AwS�VXY[@_D,]¬Y[LNMGAwPCgCB(Y�PRFKMGjPR?G@�E(B(VXUmVhgwgiVXMGjN@[k#@[M3P d

General position test.  F`H @[M n
S�LNFKM,PRA�FKM § 2

s;VhgC@TVXM,]vPR?1gR@[@TLNOzPR?G@[k Y[LNUKUKFKMG@bV�g2�¿{#�aB(VXU�³EGLPR?1gR@[@�UKFKMG@[A6k#@[@ZP6FKM�VS�LNFKM,P2��~
Minimum area triangle.  FIH @[M n

S;LNFIM,PRAzFIM § 2
s�n�?�V�PfFKAzPR?G@lk#FKMGFKk�BGk�V�gR@bV�PCgRFKVXMGjNUK@�AwS�VXMGMG@[EDJ]_VXM3]�PR?1gR@Z@�LNO�PR?G@[k � ´ L�g³VXM,]�H @ZgCPC@��#LNO%PC?(@�EGB�VhU�V�gCgiVXMGjN@[k#@[M3P�{�S(gCFKk�VXU�tUKFKMG@lPR?1gRLNBGjN?_Pon�LS;LNFKM3PRA

p
VhM(E

q
~�^(MGE PR?G@#Y[UKLNAC@[AyPrS;LNFKM3PµH @ZgCPCFKYbVXUKU`]¬VhD�L�H @��hD�@[UKL�n PR?1gRLNBGjN?¬n�?GFKYi?�VXM FKM1S(B1PUKFKMG@TS�VXACAC@ZA_{¦SGgRFKk�VhU��Y[UILNAC@[AwP�UKFKMG@VhD;L�H @��hD;@ZUKL�n/S�VhgRVXUKUK@[UzPCLqPR?G@�UKFKMG@TPR?1gRLNBGjN?

p
VXMGE

q
PC?�V�PS�VXACAC@ZA�PR?1gRLNBGjN?9VhM9FKM1S(BGP�S;LNFIM,P�~ d

Ham-sandwich cuts.  FIH @[M#Pon�Lr^(MGFIPR@�Aw@ZPRA
R
VXMGE

B
LNO;S;LNFKM,PCA[s,YZLNM(AyPCgRBGYZP6VµUKFIM(@6PR?(VhP�D(FKAw@[YZPRAD;L�PR?·AC@ZPRA[s=PR?(VhPµFIA[s=FIM¬@[FIPR?G@ZgµL�S;@[M ?(VXUKOKS(UWVhM(@EG@Z^(MG@[E¬DJ]\PR?G@_UIFKMG@PC?(@�gR@|VhgC@_MGL9k#L�gR@PR?(VXM

|R|/2
S;LNFIM,PRA�OKgRLNk

R
VXMGE9MGL_k#L�gC@pPC?�VhM

|B|/2
S�LNFKM,PRA�OKgRLNk

B d>6?GFKA�M(@Z@[EGA�PR?G@rY[LNMGY[@ZSGPpLNO
k
��UI@ZH @[UKAaFKM�V�gCgiVXMGjN@[k#@[M3PRAµ{}V�S;LNFKM3P�FKA�VhPaUK@ZH @ZU

k
FKO2PR?G@ZgR@V�gR@VhP�k#LNAwP

k − 1
UKFIM(@ZA6D;@ZUKL�n VXMGE�VhP�k#LNAwP

n − k
UKFKMG@[A�VhD;L�H @µFIPi~ d � B1S(S�LNAC@µn�UILNj�PR?(VhP�M(L�P n�LS;LNFKM3PRA�?�V[H @�PR?G@�ARVhk#@

x
��YZLJL�gREGFKM(VhPR@ d { � PR?G@ZgCn�FKAC@�smgRL�PiVhPC@�PR?G@S(UWVXMG@�FIMG^(MGFIPR@ZACFKk�VXUKU`] d ~ e UKACLACB1SGS;LNAC@pn�UKLNjTPR?(VhPlD�L�PR?
|R|

VXMGE
|B|

VhgR@�LJEGE d { � PC?(@�gCn�FKAw@�s�x B(AyP�gR@Zk#L�H @pLNMG@aS;LNFKM,P6OKgRLNk PR?G@AC@ZP6VhM(E�L�D(AC@ZgwH @�PR?(VhP³PR?G@�D(FKAC@ZYZPRFKLNM�VXAlEG@Z^(MG@[EqVhD;L�H @�gR@[k�VhFKMGA)HXVXUKFKE|n�?G@[MqVXEGE(FIM(j�PR?G@�S;LNFKM3PD�VXYRÁ d ~>6?G@rk#@ZE(FKVXM�UK@�H @[U=LNO c
(B)

EG@Z^(MG@[A�PC?(@�D�FIAC@[YZPRFIM(j�UKFKMG@[A6OWL�g
B

VXMGE�ACFIM(YZ@
|B|

FKA�L,EGEmsGD;L�PR?PR?G@UK@[OKPRk#LNAyP�VXMGE¡PR?G@gRFKjN?,PCk#LNAwP�S(FK@[Y[@LNO)PR?GFKApUK@ZH @[U)VhgR@EG@Z^(MG@[E·D,]\PC?(@ARVhk#@TUKFKMG@OKgRLNk
B
sPR?G@aLNMG@�n�F`PR?#k#@[EGFWVXM|AwUKL�S;@ d � FKk#FKUKVhgRUI]TOWL�g c

(R) d � FKMGY[@�D;L�PC?qUIFKMG@[A�FKM3PR@ZgRAw@[YZPp{}MGLrPon�LrS;LNFKM3PRA?(V[H @6PR?G@�ARVXk#@
x
��YZLJL�gREGFKM(VhPR@XsNACL�MGL�P n�L�UKFKMG@[Af?(V[H @�PR?G@6ACVXk#@lACUKL�S;@b~�sNPR?G@6k#@ZE(FKVXMUK@ZH @[UKAQk�BGAwPFKM3PR@ZgRAC@ZYZP�VhA�n�@ZUKU}s1VhP�VTS;LNFKM3Pln�?GLNAC@pEGB�VhUmYZL�gCgR@[AwS�LNM(EGA�PRL�VUIFKMG@�PR?(VhP�D�FIAC@[YZPRA�D;L�PR?

R
VXMGE

B d
�



Sorting all Angular Sequences.

Theorem 4 �a£N�t�Z�y¯G�[�¡� �X�b¢ P £R¤ n �;£N�¦�t¢��q�¦� ¢ ¨ ���m��� �f�X²��f£N�·�9��£N�¦�t¢ q � P � �[¢ cP(q)¯G�[�f£ ¢C��¢ ¨ ��[�¦�Z ���W� �_�h�����=�[�fZ�q£R¤��;£N���t¢���¤��[£N� S \ {q} £N�Z¯G�[�[��¯¬�£ �%�t¢C�[�[[� £���9���}�X�q� �[£ �%�z¯
q �w�¦� £N��¯G�[�9�3�|¢ ¨ �[Å ��£ �%��¯ �Z���[�fZ£ ���t¢C�[�[��¯ �bÅ����Z� Å·�������w�t�¦��  � �[£ ���z¯ q �u²_����� cP(q) ®
q � P ®��£ �¦���Zb¢}� « �b�¥Å5�� ���[�v£ ��¢w� �¦�f��¯��¦� O(n2) ¢}���·�X²
Proof.

	�LNMGACFKEG@ZgpPR?G@TSGgRLNx @[YZPRFIH @EGB(VXU
P � LNO P dTe M¬VXMGjNBGUWVhgpAyn�@[@ZS VhgCLNB(MGE¡V�S�LNFKM,P

q � PY[L�gCgC@[AwS;LNMGEGA�PC?(@�gR@�PRLvV#PCgiV[H @ZgRARVhU
LNO)PR?G@�UKFIM(@
q � OKgRLNk UI@[OKP�PCLvgRFKjN?3P d { e Y[LNUKUK@ZYZPRFKLNM\LNO�UKFIM(@ZAPR?1gRLNBGjN?�V�ACFKMGjNUK@�S�LNFKM,P

q
Y[L�gCgC@[AwS;LNMGEGAzPRL�V�Y[LNUKUK@ZYZPRFKLNMTLNOGS;LNFKM3PRAzLNM�V�ACFKMGjNUK@³UKFIM(@

q � VhM(E�ACUKL�S�@Y[L�gCgC@[AwS;LNMGEGA6PCL
x
��Y[L,L�gREGFKM(VhPR@ d ~ 	�UK@[VhgRUI] sJPC?(@�AC@��,BG@[MGY[@µLNO=FKM,PR@�gRAC@[YZPCFKLNMvS;LNFIM,PRA6VXUKLNMGj�VXUKU;UIFKMG@[AFKM

P � YbVXM D;@#L�DGPiVXFIM(@ZE¬DJ] Y[LNMGAwPwgRBGYZPRFKMGj9PR?G@�VhgCgRVXMGjN@[k#@[M,PµFKM
O(n2)

PRFKk#@ d � M PR?G@_SGgRFKk�VXUS(UWVXMG@�s;VhM,]�ACBGYi?·Aw@��JBG@[MGY[@�Y[L�gCgR@ZAwS;LNMGEGApPCLvVhM\L�gCE(@�g�LNOQPR?G@rgR@[k�VhFKMGFKMGj�S;LNFKM3PRAaVXYZY[L�gREGFKMGj|PRLPR?G@�ACUKL�S;@pLNO=PC?(@�Y[LNMGMG@[YZPRFIM(j�UKFKMG@��,PRL�YZLNM(AyPCgRBGYZP6PR?G@�Y[F`gRY[BGUWVhg�AC@G�JBG@[MGY[@µLNO=S;LNFKM,PCA�VXA6PC?(@�]�V�gR@@[MGY[LNBGM,PC@ZgR@[E¡VhgRLNBGMGE
q
s�n�@r?(V[H @rPRL|AyS�UIFIP�PR?G@rAw@��JBG@[MGY[@TL�DGPiVXFIM(@ZE�OKgRLNk PR?G@rEGB(VXU=FKM,PRL�PR?GLNAC@S;LNFKM3PRA�PR?(VhPaVhgC@�PRL_PC?(@�UK@[OKP�LNO

q
VXMGE9PR?GLNAC@�PR?(VhP�VhgR@�PRL_PR?G@�gCFKjN?,P�LNO

q
�%Y[LNMGYbV�PR@[M(VhPRFKMGj�D;L�PR?]uFI@[UKEGAlPR?G@�EG@[ACF`gR@[E�AC@��,BG@[MGY[@ d �

	


