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DH>�A8IK?EJ(CE=WC�LHdOIKh S�A8I�F =mA0Y

3 + 3n − 3 = 3n a �

Corollary 3 � ¥ �s� �_�V� ���r�W�´�W�q�o O¡ n �¢�£�c�_��£� ¤ 2 ª�� ���V��ªV K�q�V�{��� ª_�@��¬���� O(n2) �{�£���s� �x¬� ¥ �{��{�# W�j�{�����1�T¯
	�I�dudO=W>uP8IKJECEDHJEg�A8IK?EJ(CE>�DHJ ¤ d

 	�IKhzP(RH=��BDGMlY�IKL�Sed@dfS-JEgK=Wh#=VJZMO>mDHJ
Θ(nd)

p��WIKJE=\IKL°Sn<ZY �P8=VduP�RHS-JE=�DG>
O(nd−1) a

�



5 The Power of Duality;�<(=dO=_SeRNA�=_S-?BMlYXS-JEC´P8I�k�=Vd�IKL�RHDHJE=�Sed@dOS-JEgK=Wh#=WJZM@>}A8=WUWIKh#=W>�SePEP�SedO=VJZM�DHJ´UVIKJZMO=��0M²IKL)P8IKDHJ1M
↔

RGDHJE=�CE?(S-RHD]M Y a� =WUWS-RHR�MO<E=t>uMfS-JEC(SedOC CE?(S-RHD]M Y MudfS-JE>@LTI�dOh MO<(SeMzh�SeP(>�SXP8IKDGJZM
p = (px, py)

MOI´MO<E=�RGDHJE=
p � : y = pxx − py

S-JECtSRHDHJE=
g : y = mx + b

MOIMO<E=�P�IKDHJZM
g � = (m, −b) a � M~DG> aWaVa

� � JEUWDHCE=WJEUW=mPEdO=W>@=�d@FrDHJEgJ
p � g ⇐⇒ g � � p � a

��� dOCE=Vd~PEdO=V>@=Vd@F0DHJEgJ p
DH>4SeA8I�F =

g ⇐⇒ g � DH>�SeA8I�F = p � a
� b JEI�MO<E=Vd²k4S_Y�MOItMO<EDHJB¾�IKL4CE?(S-RHD]M Y�DH>oDGJ©MO=VdOh#>oIKL°M@<(=zP�SedOSeA8IKRTS��

: y = 1
2
x2 a�± I�dSP8IKDGJZM

p
IKJ��\p8MO<E=QCE?(S-RxRHDHJE=

p � DH>}M@<(=oMOS-JEgK=WJZM^MOI�� SeM
p a²± I�d�SzP8IKDHJ1M

p
JEI�MmIKJ���pUWIKJE>@DGC(=�doMO<E=\F =Vd@M@DHU_S-R)P(d@I v =WU�MODHIKJ

p 	 IKL p
IKJ1MOI
�[QMO<E=z>@RHI�P8=V>oIKL

p � S-JEC p 	 � Sed@=\MO<E=>OSeh#=�p�v ?(>wM
p � DH>4>@<EDHLHMO=WC�?EP�MO<E=�CED��%=VdO=WJEUW=�DHJ

y
�{UWI0I�d@C(DGJ�S�MO=W> a;4<E=zLTIKRGRHI�k~DHJEgnPEdOI�A(RH=Vh#>�UWS-J�S-RHRcA8=z>@IKR]F =WC DHJ

O(n2)
M@DHh#=�S-JEC >uP�S-UW=\AZY©UWIKJE>uM@d@?(U�MODHJEgMO<E=�C(?(S-RjSedudfS-JEgK=Wh#=WJ1M a

General position test.  D]F =WJ n
P�IKDHJZMO>�DHJ ¤ 2

p8Sed@=QS-JZYsMO<BdO=W=QIKLxMO<E=Wh UWIKRHRHDHJE=_S�d2�¼y#�^?(S-R�°CEIMO<BdO=W=�RHDHJE=W>4h#=W=VM4DHJ�SP�IKDHJZM2��|
Minimum area triangle.  DGF =WJ n

P8IKDGJZMO>xDGJ ¤ 2
p�k~<�S�McDH>xMO<E=ih#DHJEDHh�?Eh�S�dO=_S~M@dODHS-JEgKRH=�>uP�S-JEJE=WCA0Y\S-J1Y�MO<BdO=V=~IKL�MO<E=Wh � ± I�d°S-JZY�F =Vd@M@=��#IKL%M@<(=�CE?�SeR�S�d@dfS-JEgK=Wh#=WJ1M~y�P(d@DHh�S-R�qRHDHJE=iMO<BdOIK?EgK<\Mlk�IP8IKDHJ1MO>

p
SeJ(C

q
|�[(JEC MO<E=#UWRHIK>@=W>wMoP8IKDHJ1M²F =Vd@M@DHU_S-RHR]Y©SeA�I�F =��eA�=WRHI�k MO<BdOIK?EgK<©k}<EDHUf<�S-J DHJBP(?BMRHDHJE=QP�S->@>@=V>\y£PEdODHh�SeR�~UWRGIK>@=W>uM�RHDHJE=SeA8I�F =��eA8=VRHI�k P�SedOS-RHRH=WRxM@InMO<E=�RHDHJE=QMO<BdOIK?EgK<

p
S-JEC

q
M@<�S�MP�S->@>@=V>�MO<BdOIK?EgK<tSeJtDHJBP(?EM�P8IKDGJZM�| a

Ham-sandwich cuts.  DGF =WJ#Mlk�Io[(JEDGMO=~>u=VMO>
R
S-JEC

B
IKL8P8IKDHJZM@>WpZUVIKJ(>wM@dO?EUVM4S²RHDGJ(=4MO<(SeM�A(DH>u=WUVMO>A8I�MO<´>@=VMO>Wp:MO<(SeM²DG>Wp:DGJ©=WDGMO<E=Vd²I�P8=WJ <(S-RHLHP(RTSeJ(=CE=V[(JE=WC©A0YXMO<E=\RGDHJE=M@<(=�dO=zSed@=\JEIth#I�dO=MO<(S-J

|R|/2
P8IKDGJZMO>�LHdOIKh

R
S-JECtJEI\h#I�d@=mM@<�SeJ

|B|/2
P�IKDHJZMO>�LHdOIKh

B a;4<EDH>~J(=V=WCE>}MO<E=oUWIKJEUW=VPEMmIKL
k
��RG=VF =WRH>^DHJ6S�d@dfS-JEgK=Wh#=WJ1MO>²y{S�P8IKDHJ1M}DH>~SeM^RH=VF =VR

k
DHL MO<E=VdO=S�dO=SeM~h#IK>uM

k − 1
RHDGJ(=V>4A8=VRHI�k S-JEC6SeM~h#IK>uM

n − k
RHDHJE=W>~SeA8I�F =²DGMf| a � ?BP(P�IK>@=²k}RGIKg�MO<(SeM~J(I�M k�IP8IKDHJ1MO>�<�SWF =�MO<E=�>OSeh#=

x
��UVI0I�dOCEDHJ(SeMO= a y � MO<E=Vd@k~DH>@=�pjdOI�MfSeM@=�MO<E=P(RTS-JE=�DGJE[(JEDGMO=V>@DHh�S-RHR]Y a | b RH>@I>@?BPEP8IK>@=mk}RHIKgQMO<(SeMiA�I�MO<
|R|

S-JEC
|B|

SedO=�I0CEC a y � M@<(=�d@k}DH>u=�p�v ?(>wM�dO=Vh#I�F =mIKJE=^P8IKDHJZM4LHdOIKh MO<E=>@=VM4SeJ(C�I�A(>@=VduF =}MO<(SeM°MO<E=~A(DH>@=VUVMODHIKJ�S->iCE=V[(JE=WCnSeA8I�F =}dO=Wh�SeDHJE>)F-S-RHDHCzk~<E=WJnS-CEC(DGJ(g�MO<E=~P8IKDHJ1MA�S-UO¾ a |;4<E=oh#=VC(DHS-J�RH=�F =WR:IKL `
(B)

CE=V[(JE=W>�M@<(=�A�DG>@=WUVMODGJ(g�RHDHJE=W>4LTI�d
B

S-JEC�>@DGJ(UV=
|B|

DH>~IZCECjpEA8I�MO<MO<E=RH=WLHMOh#IK>wM�S-JEC�MO<E=dODHgK<ZM@h#IK>uM}P(DH=WUW=IKL)MO<EDH>mRH=VF =WR)SedO=CE=V[(JE=WC´AZYXM@<(=>OSeh#=QRHDHJE=LHdOIKh
B
pMO<E=^IKJE=~k}D]MO<#h#=WCEDTS-Jz>uRHI�P8= a � DHh#DHRHSedORGYQLTI�d `

(R) a � DHJEUW=}A8I�M@<nRGDHJE=W>�DHJ1MO=VdO>u=WUVMmy{JEIoMlk�IoP8IKDHJ1MO><(SWF =4MO<E=�>OS-h#=
x
��UVI0I�dOCEDHJ(SeMO=-pK>@I�JEI�M k�I�RHDHJE=W>c<(SWF =�MO<E=4>@S-h#=i>@RHI�P8=_|�pKMO<E=4h#=VC(DHS-JRH=VF =WRH>Nh�?E>uMDHJ1MO=VdO>@=VUVM}Se>�k�=VRHR{pBSeM�SQP8IKDHJ1Mik}<EIK>@=mCE?�SeRjUVI�d@dO=W>uP�IKJ(CE>�MOI�SRGDHJE=}MO<(SeM�A�DG>@=WUVMO>�A8I�MO<

R
S-JEC

B a
�



Sorting all Angular Sequences.

Theorem 4 �^ K�q�V�w¬E�W��� �-�_� P  O¡ n �8 K�£�q���n�£� � ¥ ���j��� �c�-¯��c K�´�t�� K�£�q� q � P � �W� cP(q)¬E�W�c  �@��� ¥ ��ªW�£�Vª ���T� �\�e�����:�W�cªV�n O¡~�8 K���q����¡��W K� S \ {q}  K�V¬E�W�W��¬©ª�  �%�q�@�W�WªW�  �ª��9���{�-�n� �W  �%�x¬
q �u�£�  K��¬E�W�t�1�z� ¥ �WÂ ��  �%��¬ �V���W�cªV  ���q�@�W�W��¬ �_Â��6�V� Â´�������u�q�£��� � �W  ���x¬ q �r¯\����� cP(q) «
q � P «�ª�  �£���Vª_�{� ¨ �_�¢Â3ª�� ���W�s  ���u� �£�c��¬��£� O(n2) �{���´�-¯
Proof.

	�IKJE>@DHCE=VdmMO<E=QPEdOIKv =WUVMODGF =CE?(S-R
P � IKL P aQb J©S-JEgK?ERTSedm>wk�=W=VP Sed@IK?(JEC�S�P�IKDHJZM

q � PUWI�d@d@=W>uP8IKJECE>�M@<(=�dO=�MOIsS#M@dfSWF =VdO>OSeR
IKL)MO<E=�RHDGJ(=
q � LHdOIKh RG=WLHM�M@IsdODHgK<1M a y b UWIKRHRH=VUVMODHIKJXIKL�RHDGJ(=V>MO<BdOIK?EgK<�S}>@DHJEgKRH=�P�IKDHJZM

q
UWI�d@d@=W>uP8IKJECE>xMOI�S}UWIKRHRH=VUVMODHIKJQIKLEP8IKDHJ1MO>xIKJ�S}>@DHJEgKRH=°RHDGJ(=

q � SeJ(C�>@RHI�P�=UWI�d@d@=W>uP8IKJECE>4M@I
x
��UWIZI�dOCEDHJ(SeMO= a | 	�RH=WSedORGY p0M@<(=�>@=��Z?E=WJEUW=²IKL:DHJZMO=�dO>@=WUVM@DHIKJsP8IKDGJZMO>4S-RHIKJEg�S-RHR8RGDHJE=W>DHJ

P � U_S-J A8=#I�AEMfS-DGJ(=VC©A0Y UWIKJE>uMudO?EUVMODHJEgtMO<E=�Sed@dOS-JEgK=Wh#=WJZM²DHJ
O(n2)

MODHh#= a � J MO<E=\PEdODHh�S-RP(RTS-JE=�p8SeJZY�>@?EUf<´>u=��0?E=WJEUW=�UWI�d@dO=V>uP8IKJECE>mM@IsSeJXI�d@C(=�d�IKLNMO<E=odO=Wh�SeDHJEDHJEg�P8IKDHJ1MO>^S-UVUWI�dOCEDHJEgzMOIMO<E=�>@RHI�P8=mIKL:M@<(=�UWIKJEJE=WUVMODGJ(g�RHDHJE=��ZMOI�UVIKJ(>wM@dO?EUVM4MO<E=�UWD]dOUW?ERTSed�>@=G�0?E=WJEUW=²IKL:P8IKDHJZM@>�S->4M@<(=�Y�S�dO==WJEUWIK?EJZM@=VdO=WC�SedOIK?EJEC
q
p�k�=o<(SWF =oMOIz>wP�RGDGM~MO<E=o>u=��0?E=WJEUW=QI�AEMfS-DGJ(=VC�LHdOIKh MO<E=oCE?(S-R:DHJZMOI�MO<EIK>@=P8IKDHJ1MO>�MO<(SeM^Sed@=�MOI\M@<(=�RH=WLHM~IKL

q
S-JECtMO<EIK>@=�MO<(SeM}SedO=�MOI\MO<E=�d@DHgK<ZM~IKL

q
�%UWIKJEU_S�MO=WJ(SeMODHJEg�A8I�MO<YrDG=WRHCE>iMO<E=�CE=W>@D]dO=WC�>@=��Z?E=WJEUW= a �

6 Segment Endpoint Visibility Graphsb LT?EJEC(S-h#=WJ1MfS-RiPEdOI�A(RH=Wh DGJºh#I�MODHIKJ�P�RHS-JEJ(DGJ(gXDH>�MOI´[(JEC S´>@<EI�d@M_y{=V>uM�|P�SeM@<ºA8=VMlk�=W=WJºMlk�IgKDGF =WJnP8IK>@DGM@DHIKJE>iDHJ�>@IKh#=mCEIKh�S-DHJqpZ>@?BA�v =WUVM4MOI�UW=Vd@MOS-DHJ�UVIKJ(>wM@dfS-DHJ1MO> aNb >�S-J�=��ES-hzP(RH=�p0>@?BP(P�IK>@=k�=�SedO=gKDGF =WJ6Mlk�I#P8IKDHJZM@>
p, q � ¤ 2

SeJ(C´Sz>@=VM
S 	/¤ 2

IKL)I�A�>wMfS-UWRH=V> a � <(SeM�DH>}MO<E=>@<EI�d@MO=V>uMP�SeMO<nA8=VMlk�=W=WJ
p
S-JEC

q
M@<�S�M~SWF IKDHCE>

S
�

Observation 5 � ¥ �m� ¥  K���@�_�V�8�%�1� ¥ �V�_���m�V�W�´���m ��8 K���q���^� ¥ �1�°¬E ��_�}�c  �iªW�W  �W�²���e�_�i O¡
�8  �¢Â1� � K�x�1�i  ���W�u�Eª_���_� �u�½¡�{����Á1�{�V��� �t�£���z��  �®Â �B K�x�1�����1� ¥ � ¥   �-���£�q�@�W�_�w K� ¨ �W���{�uª��_�s� �W�s  ���W�u�Eª_���¨ �W���{�wªV�_��¯
� JE=nIKL4M@<(=�>@DGhzP�RG=W>uMoMlY0P�=nIKL4I�A(>uMfS-UVRH=�UWIKJEUW=WDGF-SeA(RH=#DH>�S�RHDHJE=z>@=VgKh#=WJZM a � J¼gK=WJE=VdOS-R°MO<E=P(RTS-JE=4h�S_YA8=4CEDH>@UWIKJEJE=WUVM
k}DGM@<�dO=W>wP8=WUVM°M@I�MO<E=~I�A(>uMOS-UWRH=W>VpZLTI�d�DHJE>uMfS-JEUW=�p1DHL%M@<(=�Y\LTI�dOh S�UVRHIK>@=WCUW?Bd@F = a
» I�k�=VF =Vd_pBDGLqk�=}d@=W>uM@dODGUVMiMO<E=mI�A�>wMfS-UWRH=V>°MOIQP%SeDGd@k}DG>@=~CEDH>£v IKDHJ1MiRHDHJE=}>u=WgKh#=WJZM@>°MO<E=WJnM@<(=�dO=DH>4S-RGk4SWY0>�SQLHdO=V=�P�SeMO<nA8=VMlk�=W=WJ�SeJZY�Mlk�I�gKDGF =VJsP8IKDHJ1MO> aNb P�Sed@M�LHd@IKh >uMOSed@M�S-JEC�gKI S-R8P8IK>uDGMODHIKJqpA0Y¼MO<E=�SeA8I�F =tI�A(>@=Vd@F-SeMODGIKJ k�=�h�S_Y�dO=W>wM@dODHUVMzIK?EdnS�M@MO=WJ1MODHIKJºUWIKJEUW=�dOJEDHJEg >@<EI�d@MO=W>uM#P�SeM@<(>�MOI>uM@dOS-DHgK<ZM4RHDGJ(=m=WCEgK=W>�UWIKJEJE=WUVMODHJEg�I�A(>uMfS-UWRG=mF =�d@MODHUW=V>Wp�DGJsMO<EDH>�U_S->u=�p�>u=WgKh#=WJZM4=WJECBP8IKDHJ1MO> a

Definition 6 �^ K�q�V� ¬E�W�z�s�-�_� S  O¡ n ¬ �{��
- K�£�q�°�¢�£�c��e�w�K���W�q���Q�£��¤ 2 ¯ � ¥ � segment endpoint
visibility graph � (S) �£�z���j�T� �c�\�V�{�V� ��� ¥ ���®���c�����V�_� ¥ ¬E��i�c��¬© K�¼� ¥ �\�-� �K�´�V�q���s�W�x¬_�8 K���q���e¯
� �� ��-�w���´�W�q�o�W�x¬_�� K�£�q��� p � �x¬ q � �W�sª� K�8�c�Vª_�@��¬´����� (S) �½¡#� �x¬© K�q�¢Â��½¡

� � ¥ �\�®���c�\�-� �K�´�V�q� pq �£����� S  K�
� pq � s � {p, q} ¡- K�s� ¨ �W�_ÂX�-� �K�´�W�q� s � S ¯

�



� L)S-RHRj>@=WgKh#=WJ1MO>}Sed@=oIKJ�MO<E=oUWIKJZF =��6<0?ERHR{pBMO<E=²F0DH>@DGA(DHRGDGMlY�g�dfSeP(<�DH>~UVIKhzP�RG=VMO= a � LxMO<E=VY�LTI�dOhP�SedfS-RGRH=WRxUf<EI�dOCE>²IKL�S�UVIKJZF =���P8IKRGY0gKIKJjp�M@<(=FrDG>@DGA(DHRHDGMlY�g�dfSeP(<´UWIKJE>@DG>uMO>�IKL�UWI�P(DH=W>mIKL
K4

pjgKRH?E=WCMOIKgK=VM@<(=�diS-RHIKJEg�I�PEP8IK>@DGMO=4=WCEgK=W>iSeJ(CzM@<(=4MOI�MfS-REJZ?(hA8=Vd
IKL�=WCEgK=W>�DH>�RHDGJ(=WSed)IKJ(R]Y a ;4<E=W>@=�g�dfSeP(<E>SedO= » S-h#DGRGMOIKJEDTS-J a  � |	�IKJE>uMudO?EUVMODHJEg � (S)
LTI�doS�gKDGF =WJ´>@=VM

S
IKL°CEDH>£v IKDHJ1Mm>@=WgKh#=WJ1MO>�DGJ©S#A(d@?EM@=�LTI�dOUV=\k4SWYXMOSe¾ =W>

O(n3)
MODHh#= a y�; Se¾ =²SeRHR�P�S-DGdO>�IKLx=WJECBP8IKDHJ1MO>4S-JECtUf<E=WUO¾tS-RGRjI�M@<(=�d~>@=VgKh#=WJZMO>�LTI�d~I�A�>wM@dO?EUVMODHIKJ a |

Theorem 7 (Welzl 1985) � ¥ ���-� �K�´�W�q���W�x¬_�8 K���q� ¨ �£�V� �W�{�¢�{�{Â����V�_� ¥  O¡ n ¬ �£��
� K���q�^�®���c�n�-�w� ��´�V�q���sª�� � �W��ª� K�q�W�{��� ªW�@��¬6�£� �m K���W�²ª��1�e�� W�j�{�£�X�1� O(n2) �{�£�´�e¯
Proof.

� =t<(SWF =�>@=W=VJ SeA�I�F =s<(I�k S-RHR�>@I�d@MO=VC S-JEgK?(RHSed\>u=��0?E=WJEUW=W>#UWS-JºA8=�I�AEMfSeDHJE=WCºLHdOIKhMO<E=²CE?(S-RqRHDHJE=�Sed@dfSegK=Wh#=WJZM4DHJ
O(n2)

MODGh#= a ;:I�P8IKRHIKgKDHU_SeRHRGYz>wk�=W=VP�MO<E=oS�d@dfS-JEgK=Wh#=WJ1M4LHdOIKh RG=WLHMMOI#dODHgK<1My{UWI�d@d@=W>uP8IKJECE>^MOI�U�<(S-JEgKDHJEgzMO<E=>@RHI�P�=QIKL)MO<E=QPEdODHh�S-RqdfSWYr>mLHdOIKh
−∞

MOI
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p
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O(n2)
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