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SNTVUXW'Y[ZK\D]_^V`ba�cDdeUf]_gehjibTVU�klamdednapoqgerVsGt�u�gnv2Uwr�x(hyUzi
S
amk

n
gnr{ibUwsmUz`bhw|~}VaKUwh#iyTDUz`bU�Uz�Ggnh�ix�ibTG`bUwUzY�ib\G^;dnU�amk�UwdeUw]�UwrLibh�ke`bam]

S
ibTDx'i�hy\V]�\G^�iya(�wUf`yaL������ibUwh�ibgerVs(x'ded~ibTG`bUwUzY�ib\G^;dnUwh�iyTDgnh

� x�r�a�c{v�geam\Vhydn�XcRUjhyamdnv2Uw}�ger
O(n3)

iyge]�U��0��k�ibTVUjib\G^DdeUwhNiba�cRUjiyUwh�ibUw}�x'`yUj^Dg �b� Uw}�x�cDgni�]�a�`yU� deUzv2Uf`bdn�2|�o0U�a�cDibx�ger�x�r
O(n2)

x�desma�`bgniyTD],�� Uzi
(s1, . . . , sn)

c�U�ibTVU�hyUw�{\DUfr � U�amkRUfdeUw]�UwrLibh�ke`bam]
S
ger�gnr � `bU�x�hygnrDsja�`b}VUf`��%SNTVUwrXo0UqibUfh�iibTVU�ib\G^;dnUwhqx'h�klamdednapoqhw�

� a�`
i = 1, . . . , n − 2 �
j = i + 1

|
k = n

�� TVgednU
k > j ���k
si + sj + sk = 0

iyTDUfr Uz�Gg¡i�oqgnibTXiy`bgn^DdeU
si, sj, sk

���k
si + sj + sk > 0

iyTDUfr
k = k − 1

UfdehyU
j = j + 1

�¢¢

SNTVU `b\VrLibge]�U£geh � deUwx'`bdn�¤�K\Dx�}G`¥x'ibg �§¦ gerVgniyglx�d0hya�`yibgnrDs � x�r¨cRU,}VamrVU ger
O(n

deams
n)
iyge]�Uª©z�« Ufs2x'`b}VgerVs�iyTDU � a�`y`yU � ibrVUwhyhqa�c;h�Uf`yv2UjibTDx'i0ibTVU�klamdedeaªo�gerVs>geh�x�r gerLv�x'`yglx�r{i0ibTDx'iNTVamde}Vh�x'i�c�Uwsmgeramk¬iyTDU�gerVrVUf`NdeaKa�^t%S0TDUz`bU�U®�Ggeh�iyh�rVa¯h�\Dg¡i¥x'cDdeU�iy`bg¡^;dnU�ibTDx'i � amr{i¥x'gerVh

si

x�rV}
s`

kla�`�x'r{�
` < j

a�`
` > k

���r{ibUz`bUwh�ibgnrDsmd¡�2|{ibTVgeh°geh$iyTDU�Uwh�hyUwr{iyglx�dedn��ibTVU�cRUwh�i�x�dnsma�`bgnibTV] � rVapoqr�kla�`�W'Y[ZK\D],�±��iNgeh$oqge}VUwdn�cRUwdngeUfv2Uw}�ibTDx'i>ibTVU�^D`ya�c;dnUw] � x�rVrVa�i>cRUXhyamdnv2Uw}�ger�hy\GcR�K\Dx�}G`¥x'iyg � ibge]�U�|�cD\Gi>hya k²x'`>ibTVgeh!TDx�hcRUwUfr§^V`bapv2Ufr/ger§hyam]�U>v2Uf`y��`bUwh�iy`bg � iyUw}�]�aK}VUwdnh³amk � am]�^D\Gi¥x'ibgnamr�amrVdn�2��´(a�`bUfapv2Uf`w|¬ibTVUf`bU�geh�xo�TVamdeU � dlx�hyh�amk�^V`ba�cDdeUw]�h�ibTDx'i�x'`bU>Uw�K\Vgnv�x�deUfr{i�iba�W'YµZK\V]�\G^ iba��{\Dx�}G`¥x'ibg � ibgn]�Uj`bUw}V\ � ibgeamrVhw¶hy\ � T ^V`ba�cDdeUw]�h0x'`bU�`bUwklUz`y`bUw},iba�x�h 3-Sum-hard
�

Definition 1 ·¹¸»ºw¼�½ª¾²¿wÀ P Á�Â³Ã�ÄµÅRÆAÀ Ä�ÇAÈ2ºfÉ�ÁËÊ�È2Ì�É�¼mÌ»¾ÎÍ¯ÁÏÊj¿wÐK¿wº�Í¯ÁÑÌ»ÂwÒ�È2Ì~Óf¿>¼bÊ�Ã�ÄµÅRÆAÀ�¼bÊ�ÂfÁlÔ{¿
n ÓzÈ2Ì�½w¿!Â�¼2¾ÎÐ�¿®É�Æ�ÂfÁÑÌ�Õ�È Óf¼mÌ»ÂwÒ�È2Ì»Ò$ÌRÆ;À ½w¿fº�¼bÊ�ÁÑÌ»ÂwÒ�È2Ì~Óf¿wÂ¯¼bÊ P Ö×¿zÈVÓ�Ç§¼bÊ O(n) ÂfÁeÔ{¿�ÖØÈ2Ì�É
o(n2) ÈGÉGÉ2Á�Ò�Á�¼mÌ�ÈL¾�Ò�ÁÑÀ§¿�Ù
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� h�x�r§Uz�Gx�]�^DdeU�| � amrDh�ge}VUf`�ibTVU��~`ba�cDdeUw]
GeomBase

tju�gnv2Uwr
n
^RamgerLibh�amr ibTVU!ibTG`bUwU�TVa�`bg¡Y�wamrLi¥x�dRdegerVUwh

y = 0
|
y = 1

|Vx�rV}
y = 2

|Ggeh°ibTVUf`bU�x!rDamr�Y�TDa�`yge�wamr{ibx�d�degerVU�ibTDx'i � amr{i¥x�gnrDh0xpi�dnU�x�h�iibTG`bUwU�amk ibTVUw]£�u�Uwam]£�$x'hyU � x�r�cRU�`yUw}V\ � Uw}/iba,W'YµZK\V]�x�hjklamdednapoqhw� � a�`>x�r§gerVh�i¥x�r � U
S = {s1, . . . , sn}

amkW'YµZK\V],| � `bUwx'ibU!x�r,gnrDh�i¥x�r � U
P
amk%u�Uwam]£�$x�h�U�ger�o�TVg � T,kla�`�U�x � T

si

ibTVUf`yU!x'`bU�ibTG`bUwUj^Ramgnr{ibhNger
P
t

(si, 0)
|
(−si/2, 1)

|Dx�rV}
(si, 2)

����k�ibTVUf`bU#xp`bU#x�rL��iyTV`yUwU � amdedngerVU�x'`°^RamgerLibhNger
P
|DiyTDUz`bUj]�\Vh�icRU�amrVU�ke`bam]�U�x � T�amk°ibTVU�degerVUwh

y = 0
|
y = 1

|±x'rD}
y = 2

��ZKa�hy\G^V^RamhyU�ibTDx'i
p = (si, 0)

|
q = (−sj/2, 1)

|¬x�rV}
r = (sk, 2)

xp`bU � amdndegerVU�x'`���S0TVU¯hydea�^�U�amk�iyTDU�degerVU>ibTG`bam\VsmT
p
x'rD}

q
geh

(−sj/2−si)
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x�rV}¯ibTVUNhydea�^RUNamk;ibTVU�degerVU$ibTG`bam\VsmT

q
x'rD}

r
geh

(sk +sj/2)−1
�±SNTVUNibTG`bUwU0^Ramger{iyhx'`bU � amdedegnrDUwx'`0gek~x�rV} amrVdn�£gek¬ibTVU�i[o0a�hydna�^RUwh�x'`bUjUf�K\Dx�d�|GibTDx'i�gehw|

−sj/2 − si = sk + sj/2 ⇐⇒
si + sj + sk = 0

�
� v2Uf`���hyge]�gndlx'`³^V`ba�cDdeUw]�geh

General Position
|~ger�o�TVg � T�amrVU�gehjsmgnv2Ufr

n
x'`ycDgniy`bx'`y��^RamgerLibhx�rV}XTDx�h�iba#}VU � ge}VUqo�TVUfibTVUf`°x�r{��ibTG`bUwU³x'`yU � amdedegnrDUwx'`�� � a�`0x�rXgerVh�ibx�r � U

S
amkW'YµZK\V],| � `bU�xpibU³x�rgerVh�i¥x'r � U

P
amk u�UwrVUf`bx�d�� amhygniygeamr£c{��^V`ba���U � ibgerVs#ibTVU�rK\V]>cRUf`bh

si

amr{iba!ibTVU � \G`yv2U
y = x3

|�iyT;xpigehw|
P = {(a, a3) | a � S}

�ZK\G^D^�amhyU³ibTG`bUwU�amkibTVU³^RamgerLibhw|{hbxw�2|
(a, a3)

|
(b, b3)

|Vx�rV}
(c, c3)

x'`bU � amdedegnrDUwx'`��~S0TVgeh0geh$ibTVU� x�h�Ujgek x�rV} amrVdn�£gek¬ibTVU�hydea�^RUfh�amk iyTDU�degerVUwh0ibTG`bam\VsmT(Uwx � T ^Ax'gn`Namk ibTVUw] x'`bUjUf�K\Dx�d�� ¦�� c;h�Uf`yv2UibTDx'i
a
|
b
|Vx�rV}

c
x'`bU�^;x�gn`yoqgehyU³}Vgeh�ibgnr � i�� ©

(b3 − a3)/(b − a) = (c3 − b3)/(c − b) ⇐⇒
b2 + a2 + ab = c2 + b2 + bc ⇐⇒

b = (c2 − a2)/(a − c) ⇐⇒
b = −(a + c) ⇐⇒

a + b + c = 0 .

Minimum Area Triangle
geh±x�h�iy`bg � i�smUwrVUf`¥x�degn��x'ibgeamr!amkAu�UfrDUz`¥x�d	� amh�gnibgeamr�x�rV}»|�ibTVUf`bUwkla�`yU�|Lx�dehyaW'YµZK\V]¯Y�T;xp`b}»���r

Segment Splitting/Separation
|�o0U,x'`yU smgnv2Uwr x§hyUziXamk

n
degerVU(hyUfsm]�Uwr{ibh�x�rV} TDxwv2U(iba}VU � ge}VU�o�TVUfibTVUf`NibTVUf`bU�Uz��geh�ibh�x�dngerVU�ibTDx'iN}Da{UwhNrDa�i�gerLibUf`bhyU � i�x'r{�£amk¬ibTVU�hyUwsm]�UwrLibh0c;\GiNh�^DdegniyhibTVUw]�gerLiba,i[o0a�rVamr�Y7Uf]�^Di[�§hy\Gc;h�Ufibhw�§S a�hyTVapo iyT;xpi!ibTVgeh#^V`ba�cDdeUw]_geh>W'Y[ZK\V]¯Y7TDx'`b}»|�o0U � x�r\VhyU�Uwh�hyUwr{iyglx�dedn��ibTVU�hbx']�U�`bUw}V\ � ibgnamrXx�h�kla�`�u�Uwam]£�$x�hyU�|2o�TVUf`yUqo0U�gerLibUf`y^V`bUfi�ibTVUq^RamgerLibh$x'deamrVsibTVU!ibTG`bUwU�degerVUwh
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 � geUwrLibdn��hy]Xx'ded��TVamdeUwh��G�!SNTVU>^;x'`yibh�amk�iyTDUdegerVUwh³ibTDx'i�`bUw]Xx'ger§x'keibUf`j^D\Vr � TDgnrDs£ibTVUwhyU�TDamdnUwh�kla�`y]�ibTVU�gerG^D\Vi�hyUwsm]�Ufr{ibh�kla�`�iyTDU�Z{^DdegniyibgnrDs^V`ba�cDdeUw],���qa�`bge�wamrLi¥x�dGh�^Ddeg¡ibh � x�r¯cRU0^V`bUfv2UwrLibUw}�cK�>^D\GiyibgerVs � amrVh�i¥x�rLi�h�ge�wUNs2x�}VsmUfibh%hyam]�Ufo�TVUf`yUcRUf�2amrV}XibTVU�dlx�h�i°TVamdeUfhw|GhyUwU³ibTVU��Dsm\G`bU³cRUwdeaªo#� � TDx'i���hy\	
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�



amkVibTVamhyU0TDamdnUwh � x�r�c�UNU®��^V`bUwhyh�Uw}�ger>ibUf`b]�h~amkDibTVU0}Dgnh�i¥x�r � U$cRUziµo0UfUwr�ibTVU � deamh�Uwh�i±^;x�gn`±amkV^Ramger{iyh¦ ibTDx'i � x'r(cRU � am]�^D\ViyUw}(ger
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Segment Visibility
|�o0U§x'`bU smgnv2Uwr+x�hyUfi
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n
TVa�`bge�wamrLi¥x�d�degerVU�hyUwsm]�UwrLibh(x'rD}5iµo0ahyUwsm]�Ufr{ibh

s1, s2 � S
�!S0TDU>�{\DUfh�ibgeamr gehwt � `yU�ibTVUf`yU>i[o0aX^RamgerLibhw|

p1 � s1

x�rV}
p2 � s2

o�TVg � T� x�r hyUwU�U�x � T§a�iyTDUz`�|�ibTDx'i�gehw|�iyTDU>a�^RUfr§degerVU#h�Uwsm]�Uwr{i
p1p2

}Va{Uwh�rDa�i�gnr{ibUf`yhyU � i�x�rL��hyUwsm]�UwrLike`bam]
S
�/S0TDUX`bUw}V\ � ibgnamr�ke`bam] W'Y[ZK\D] geh!ibTVUXhbx�]�UXx�h�kla�`¯ZKUwsm]�UwrLi�Z{^Ddeg¡iyibgerVsG| �µ\Vh�i�^;\Gi

s1x'cRaªv2U�x�rV}
s2

cRUwdnapo+ibTVU�hyUwsm]�UwrLibhNx�deamrVs>ibTVU�ibTG`bUfUjdegerVUwhf���r
Motion Planning

|Go0U#x'`yU�smgnv2Ufr,x>`ya�cRa�i ¦ degerVU�hyUwsm]�UwrLi®©z|Ghyam]�U�UwrLv�gn`yamrD]�Ufr{i ¦ ]�aK}VUwdnUw}x�h�x¯h�Ufi�amk±}Dgnh �µamger{iqdegerVUjhyUfsm]�Uwr{ibhb©z|�x�rV}�x�hyam\G` � U>x'rD}�x�ibx'`bsmUfi�^�amhygnibgeamr»��SNTVU!�{\DUfh�ibgeamr�gehwt
� x�r�ibTVU�`ba�c�a�i�]�aªv2U ¦ cK��iy`¥x�rVhydlxpibgeamr�x�rV}�`ba�i¥x'ibgnamrA© ke`yam] ibTVUqh�am\V` � Uqiba�ibTVU�i¥x'`ysmUfi�^Ramh�gnibgeamr»|o�g¡ibTVam\Vi0Uzv2Uf`�gerLibUf`bh�U � ibgerVs>ibTVU ��oNx'dedeh ��amk¬ibTVU�Uwr{vKgn`bamrV]�UwrLi®�S a�hyTVapo ibTDx'i£´(a�ibgnamr �±dlx�rVrVgerVs�geh�W'YµZK\V]¯Y7TDx'`b}»|0Uw]�^Ddeaª��iyTDU `yUw}V\ � ibgeamr.kla�`�ZKUwsm]�UwrLiZ{^DdegniyiygerVs!ke`bam] x'cRaªv2U���S0TVU�iyTV`yUwU ��^D\Vr � TDUf} ��degerVUwh0kla�`b] ibTVU�}VaKa�`yoNxw��cRUziµo0UfUwr(i[o0a�`yaKam]�hw|U�x � T.]�aK}VUwdnUw}�c{� x � amrVh�i¥x�rLi�rK\V]>cRUf`�amk³hyUwsm]�UwrLibh>ibTDx'i � x'rDrVa�i�cRU h�^Ddeg¡i�|�hygn]�gedlx'`#iya§ibTVUcRam\VrV}Dx'`y�£s2x�}VsmUfibh�x'cRaªv2U��°S0TVUjhyam\G` � U�^Ramhygnibgnamr�geh�ger amrVU�`yaKam],|KibTVU�i¥x'`bsmUfiN^Ramhyg¡ibgeamr(gnr(ibTVUa�ibTVUf`�|{x�rV}�iba#smUzi$ke`bam] hyam\G` � U�iyaji¥x'`bsmUzi�ibTVU�`ya�cRa�i�TDx�h%ibaj^;x�hyh%ibTG`bam\VsmT�x�h�Uw�K\VUwr � U�amk�iyTV`yUwU� amdedngerVU�x'`�TDamdnUwhjger�iyTDU¯}Da{a�` ¦ hy\G^V^RamhyU�ibTVU�}VaKa�`yoNxw� gehjhy\	
 � geUwrLibdn��h�]Xx�ded � am]�^;x'`bUw} iba ibTVUdeUwrVs�ibT�amk ibTVU�`ba�cRa�i®©z�
� a�ibUNibTDx'i�ibTVgeh%}VaKUwh�rDa�i�ge]�^Ddn��x�rL�¯�{\Dx�}G`¥x'ibg � deaªo0Uf`�c�am\DrV}�kla�`$]�a�ibgeamr>^;dex�rVrDgnrDsG|Lx�h%ibTVU]�aK}VUwdnh�kla�`!oqTDg � T�W'Y[ZK\D]�T;x'h#^D`yapv2Uwr�iba cRU¯�K\Dx�}G`¥x'ibg � x'`bU�rVa�i#^�apo0Uf`ykl\Dd�UwrVam\DsmT/iba,h�amdnv2U´(a�ibgeamr �±dlx�rVrVgerVsG��W'YµZK\V] TDx'`b}VrVUwhyh³amrVdn��^D`yapvKge}VUwh�hyam]�U#gnrD}Vg � x'ibgeamr£ibTDx'i³]�a�ibgeamr£^Ddlx�rVrVgerVs

��gehNdeg � Uwd¡��iba���`yUw�K\Vgn`bU��K\Dx�}G`¥xpibg � ibge]�U��

1 Arrangements of Line Segments

Definition 2 · (n, s) Ä���È2Ð�¿wÌ�¸�¼mºªÒ7Ä�Å~Ó�Ç�ÁÑÌDÔ{¿�¾°Â�¿���Æ ¿wÌ~Óz¿(Á�Â(È�Â�¿���Æ ¿fÌ~Óf¿§¼mÐK¿wº�È2Ì ÈL¾ ¸ÇAÈG½w¿�Ò A¼bÊ�ÂfÁlÔL¿ n ÁÑÌ	�NÇ�Á�ÓwÇ

 Ì~¼(Ò���¼§Óf¼mÌ»Â�¿zÓwÆ�Ò�ÁÑÐ�¿ Ó�ÇAÈ2ºfÈVÓwÒy¿wºªÂ£È2ºw¿¯Ò7Ç�¿�Â'È2À ¿£È2Ì�É

 Ò7Ç�¿wºf¿£Á�Â�Ì~¼/ÈL¾ Òy¿wº�Ì�ÈLÒ�Á�Ì�Õ ÂfÆ½ªÂ�¿��wÆ ¿wÌ~Óz¿�¼bÊ¯Ò7Ç�¿³Ê�¼mº�À . . . a . . . b . . . a . . . b . . . ¼bÊ s + 2Ó�ÇAÈ2ºzÈVÓ�Òy¿wºªÂ�Ê�¼mºXÈ2ÌRÍ a, b � A Ù

� ¿�Ò λs(n) ½w¿¯Ò7Ç�¿�¾²¿wÌ�Õ2Ò7Ç¤¼bÊ�È,¾²¼mÌ�ÕG¿�ÂfÒ (n, s) Ä���È2ÐK¿wÌ�¸R¼mºªÒ7Ä�Å~ÓwÇ�Á�ÌDÔ{¿�¾±Â�¿���Æ ¿fÌ~Óf¿ ¼bÊ�¼mºfÉV¿fº s Ù� a�`!Uz�Gx�]�^DdeU�|
abcbacb

gehjx
(3, 4)

Y���ZLY7h�Uw�K\VUwr � U¯cD\Gi#rVa�i#x
(3, 3)

Y���ZLY7h�Uw�K\VUwr � U¯c�U � x�\VhyU�g¡i� amrLi¥x�gerVh°ibTVU�h�\VcDhyUf�K\VUwr � U
bcbcb

�� Uzi��
= {f1, . . . , fn}

cRU�x � amdedeU � iygeamr�amkN`bU�x�d Y�v�x�de\VUw} � amr{ibgnrK\Vam\Vh�kl\Vr � ibgnamrDh�}VU �DrVUw}¤amrx � am]�]�amr�gnr{ibUf`�v�x�d
I ��� � S0TDU ¾ ¼���¿wº¤¿wÌRÐ�¿�¾²¼w¸R¿���� amk�� geh�}VU �DrDUf}¨x�h>ibTVU�^RamgerLi[o�gehyU]�gerVge]�\V] amk�ibTVU�kl\Dr � iygeamrVh

fi

|
1 � i � n

| aªv2Uf`
I
�XZK\G^V^RamhyU�ibTDx'ijx�r{��^;x�gn`

fi, fj

|
1 � i <

j � n
|�gerLibUf`bhyU � ibh³ger�x'i�]�amh�i

s
^RamgerLibhw�³S0TVUwr

I
� x�r�c�U!}DU � am]�^RamhyUw}�gerLiba�x��DrVgnibU#h�Uw�K\VUwr � U

I1, . . . , I`

amk ¦ ]Xxp��ge]Xx�d � amrVrVU � iyUw};©¬^;gnU � Uwh±amr�U�x � T�amkVo�TVg � T�x�hygerVsmdeU�kl\Dr � iygeamr�ke`yam]�� }VU �DrVUwh
��� � �³U �DrVU#ibTVU>hyUw�K\VUwr � U φ(

�
) = (φ1, . . . , φ`)

|�o�TVUf`bU
fφi

geh³ibTVU>kl\Vr � ibgeamr�ke`bam]!� o�TVg � T}VU �DrVUwh ��� amr Ii

�
W



Observation 3 φ(
�
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Constructing lower envelopes.
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Remarks.
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