Motivation: Random Bipartite Graphs

Let G = (AUB, FE), |A| = |B| = n, every possible
edge ab is chosen independently with probability p,
0<p< 1L

Chernoff Bound . If Z, ..., Z; are independent O/1-
random variables, Pr[Z;, = 1] = p, then

2
Pr|> Z, —pm| > A] < De2A%/m
1

Corollary For X C Aand Y C B,
Prile(X,Y) — p|X||Y]]] > &|X]||Y]] < 2¢=2=71XIIY]
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Random Bipartite Graphs Cont'd

Corollary For X € AandY C B,
_02
Prije(X,Y) — p|X||Y]|]] > ¢|A||B|] < 22" XIIY]

Moreover, the number of X's, 4Y23 s 2 . 2 = 4™,
Thus, with prob. 1 — 4™ . 2e726""" 1 (as n — o0),
e(X,Y) — p|X|[Y]| < e|A[|B]

holds for all X C A,Y C B with | X|,|Y| > en.
Remarks. For random graphs, it would actually be

enough to require | X|, |Y| > C+/n for a suitable con-
stant C' depending on &.



Szemerédi’'s Regularity Lemma

One of the most important tools in “dense” combina-
torics.

Message: every graph G is the approximate union
of constantly many randome-like bipartite graph. The
number of parts depends only on the error of the ap-
proximation constant but not the size of G!

For disjoint subsets X,Y C V,

_ B
=R

is the density of the pair (X,Y).

A pair (A, B) of disjoint subsets A, B C V is called
e-regular pair forsomee > Oifall X C A,andY C B
with | X| > ¢|A| and |Y'| > ¢|B| satisfy

[d(X,Y) —d(A, B)| <e.

Remark Just like in a random bipartite graph...



Szemerédi’'s Regularity Lemma

A partition {Vg, V1, ...,V } of Vis called an e-regular
partition if

(2) Vol < elV|

(i) [Vi| = = |V

(#47) all but at most e(é) of the pairs (V;, V;), with 1 <
i < j < k2, are e-regular

Vo Is the exceptional set

Regularity Lemma (Szemerédi) Ve > 0 and V inte-
ger m > 1 Jinteger M = M (e, m) such that every
graph of order at least m admits an e-regular partition
{(Vo,V1,..., Vit withm < k < M.

Was devised to prove that “dense sets of integers con-
tain an arithmetic progression of arbitrary length”.
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History of Szemerédi’'s Theorem

Szemerédi’'s Theorem (1975) For any integer & > 1
and § > O there is an integer N = N (k, ) such that
any subset S C {1,..., N} with |S| > dN contains
an arithmetic progression of length k.

Was conjectured by Erdds and Turan (1936).
Featured problem in mathematics, inspired lots of gre-
at new ideas and research in various fields;

e Case of £ = 3: analytic number theory
(Roth, 1953; Fields medal)

e First proof for arbitrary k£: combinatorial
(Szemerédi, 1975)

e Second proof: ergodic theory (Furstenberg, 1977)

e Third proof: analytic number theory
(Gowers, 2001; Fields medal)

e Fourth proof: fully combinatorial
(RodIl-Schacht, Gowers, 2007)

e Fifth proof: measure theory (Elek-Szegedy, 2007+)

One of the ingredients in the proof of Green and Tao:
“primes contain arbitrary long arithmetic progression”
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Proof of the Erd0s-Stone Thm

Erdds-Stone Theorem. (Reformulation) For any v >

O and integers r > 2, t > 1 there exists an integer

N = N(r,t,~), such that any graph G onn > N ver-
n

tices with more than (1 — ﬁ + 7) (2) edges con-
tains T ;.

Proof strategy:

e Based on an e-regular partition, build a "regularity
graph“ R of G. (Regularity Lemma)

e Show that R contains a K, (Turan’s Theorem)

e Showthat K, C R = T)4,C G



Regularity graph

Given e-regular partition P = {V, Vq,...,V.} of G,
define the regularity graph R = R(P,d)
V(R) ={V1,..., Vi}

ViV, € E(R) it (V;,V}) is e-regular pair with
density d(V;, V;)> d

Goal Choose ¢, m, d such that "most* edges of G go
between the sets V; and V; with V;V; € E(R)

How many edges are not at the "right place“?

# of edges inside V;: at most k(”ék) < %2 < %2
# of edges incident to Vp: atmost en - n = en?
# of edges between non-regular pairs:

at most 5(5) (%)2 < en?

# of edges between pairs of density < d:

at most (g)d (%)2 < dn?



Regularity graph contains an r-clique_______

Conclusion: If e, m, and d is chosen such that

1 v
d+ 2+ — < =
m 2

then "most* edges of G go between sets V; and %
with V;V; € FE(R).

"most* means at least (1 — T_Ll) (g) + In?

On the other hand: # of edges of GG going between
sets V; and V; with V;V; € E(R):

at most |[E(R)| - (%)2

Hence
(125 Q)45 < m()
(1_ril>(2)+% < BB

Choose m = m(~y) such that
(m, K;) < (1—-L2) (™) 4+ 2Im?2
XN, Br) = r—1)\2 o
Then Turan’s Theorem = R contains a K,



Finding 75+

There are r classes V;,, ..., V; suchthat (V;,,V;, ) is
an e-regular pair of density at least d, for every 1 <
a<b<r.

W.l.o.g. the classes are V7, ..., V, (else, relabel).
Set¢:= |Vi|=...=|V;|. Thus, 1=n < ¢ < n/m.

Goal: Finda Ty in G[V1 U --- U V7]

Lemma

Let (A, B) be an =-regular pair with d(A, B) > d
Let Y C B be a subset with |Y| > ¢|B|.

Then

{v e A:dy(v) <(d—e)|Y]|} <elA|

Proof. Otherwise the subsets
Y CBand{v e A:dy(v) < (d—¢)lY|} C A
would contradict the e-regularity of (A, B). O



Finding 75+

(d—e)l=le>er
(r—1)el </l —t
Y
351 CVa, |S1 =t

[Ny.(S1)] > (d—e) fori=2,3,...,

(d—e)2t=1p>¢er
(r—2)el < (d—e)te—t
Y
355 C Vo, [So| =t

[Ny (S1 U S2)| > (d—e)2te fori=3,...

(d—e)r=1t=1p > oy
el < (d—¢e)r=2)tp ¢
J
38,1 C Ve, [Sra| =1t
[Ny, (UiZ150)] > (d— &)= D
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Finding 75+

35, C Ny, (UIZ1S), [Sr] =t

and thus G[S1 U --- U S;] contains a T} , provided
(d—e)r—Dty > ¢

Strongest of the blue conditions:
(d_ 8)(7‘-1)t—1 Z c

Let’s not forget:

d—+ 2 + <

x 3|
N |2

Choose for example: m >
d

o= O

- <Q)t(7“—1)—1
o \2

Green conditions are satisfied by choosing a large
enough threshold vertex number N = N (r, t,~).

r,t,y ~ m,d,e ~ N

*We also needed large m earlier for using Turan’s Theorem.
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