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2.5 Floating point numbers

��� � �� � �� � ��� � � �� � �! � � "� # � �� � � � �� � $ � �� % �� � # � & # � � % � $

& � &� �' #�( � � � � ) � � % � � �  �! � & �� � �( � �� � & # � " � � �� � � � ��

� $ � �� # �� ( � &� " � & # � &�  � #� � $ �  * � � � � ) � � % � � � �� & ��

 �! � &� # � % "� � &( � �� $� �� � � � �+ � � �� & � $� % �� � �� � � �� � � � �� � $

� �� # �� �� � � � � & # % �� % � � $� � � & %� � � ,! �- $� �� � � �� $� ���.

/ & # �� &� 0� � � 1 � " " 2�. 345 � #� , & � &(

2

6

2
π

= 7
8

� 7

2 = 10
7

� � & # 1
π

= 5/16

89: ;< =

> � �  � % � �� & # � % �  � � �� ?� � � � &( + � � & � & � � @� � �' + � 

float

� & #

double$� � � + + � �A � �� � � &( � � � " & � � @� �  . B� � ) � " " "� � � & � @� � � ?� � � � &( + � � & �

& � � @� �  ' � � � � &( � &� � � "� � & # � @� � � � �� /C C C  �� & #� � # <D 4 � �� � #�- %� � @� � )�  + � % � , % ?� � � � &( + � � & � & � � @� �  ' �� � . E� ) � " " + � � & � � � �

� ��  �� � &( � � � & # )� � F &�  � � $ ?� � � � &( + � � & � & � � @� �  � & # ( �! � ' � �� �� � � ( � � #� " � &� �� � ! � � # %� � �� & + � � $� " " � & %� �+ � � � &( ) � � � ?� � � � &( + � � & �

& � � @� �  .

G HIJ KL J MIN O PJ Q RI QN I IS T I US PV S PJ O L WX HN IJ H I P OY P O H O H I ZN L QN X [

fahrenheit.CPJ \ I K O P L J ]�^ ]�_ Y I [ X `I [ PS O X `IS ^ WL N Ia X [ Z UI _ 28

RI QN I IS T I US PV S XN I

82.4

RI QN I I SWX HN IJ HI P O�_ bV OJ L O

82

XS L V O ZV O bc

fahrenheit.C^ d H I N I XS L J eL N O H PS [ PS O X `I PS O H X O

O H I PJ O I QIN R P M PS P L J I [ Z UL c I R PJ O HI ZN L QN X [S P [ Z U c f KV OS L gh O HI eN X K O P L J X U Z XN O ^ G H X O

Y I J I I R PS X O c Z I O H X O X U UL Y S V S O L N I ZN IS IJ O XJ R K L [ ZV O I Y P O H eN X K O P L J X UJ V [ b I N S U P `I

82.4^ WL N O H PS _ Ti i ZN L M P R IS OY L ?� � � � &( + � � & � & � � @� � O c Z IS

float

X J R

double^ jJ R I I R_P eY I S P [ Z U c N I Z U X K I O HI RI K U XN X O PL J

int celsius

PJ

fahrenheit.C

bc float celsius_O H I N IS V U O PJ Q ZN L QN X [ L V O ZV OS

82.4

eL N XJ PJ ZV O MX UV I L e

28^ W UL X O PJ Q Z L PJ OJ V [ b IN S

X US L S L U MI XJ L O HIN ZN L b U I [ O H X OY I H X RY P O H O HI O c Z I S

int

XJ R

unsigned int

k

floatXJ R

double

H X MI X [V K H U XN QIN MX UV I N XJ QI XJ R XN I O HIN I eL N I S V P O X b U I eL N fS IN P L V S h

KL [ ZV O X O PL J S ^ jJ eX K O�_ KL [ ZV O X O PL J S Y P O H lL X O PJ Q Z L PJ OJ V [ b IN S XN I MIN c eXS O L J [L R IN J

Z U X O eL N [_ RV I O L S Z I K P X U Pm I R ZN L K IS S L N S ^

Fixed versus floating point.

j e c L V O H PJ ` X b L V O HL Y O L N I ZN IS IJ O R I K P [ X UJ V [ b I N S U P `I

82.4V S PJ Q X na I RJ V [ b IN L e RI K P [ X U R P Q P OS opq R P Q P OS _ S X c r _ X J X O V N X US L UV O PL J PS O H PS k c L V

Z X N O P O PL J O HI pq X MX P U X b UI R P Q P OS PJ O L s R P Q P OS b I eL N I O H I RI K P [ X U Z L PJ O�_ S X c _ XJ Rt R P Q P OS

X e O IN O HI R I K P [ X U Z L PJ O ^ d H IJ c L V K XJ N I ZN IS IJ O X U U R I K P [ X UJ V [ b IN S L e O HI eL N [

6∑

i=−3

βi10i,

Y P O H

βi

u

{0, . . . , 9}

eL N X U U

i^ d H PS PS K X U UI R X ,A � # + � � & �� � + � � � & �� � �� &^

pq q vw � � � �� �� � � 
 
x � �	 � 
 �

d H IN I XN I _ HL Y I MIN _ OY L L b M PL V S R PS X R MXJ O X QIS L e X na I R Z L PJ ON I ZN I S IJ O X O PL J ^ yJO H I L J I H XJ R_ O H I MX UV I N XJ QI PS MIN c U P [ P O I R^ GI H X MI X UN I X R c S I I J PJ \ I K O P L J ] ^ ]�^ z O H X O

O H I U XN QIS O

int

MX UV I PS S L S [ X U U O H X O P O H XN R U c X U UL Y S XJ c PJ O IN IS O PJ Q KL [ ZV O X O P L J S o XS

XJ Ia X [ Z UI _ ON c L V O {N L QN X [ p L J S L [ I U XN QIN PJ ZV O r ^ | na I R Z L PJ ON I ZN IS IJ O X O PL J PS

I MIJ Y L N S I PJ O H PS N IS Z I K O�_ S PJ K I P ON IS IN MIS S L [ I L e L V N ZN I K PL V S R P Q P OS eL N O HI eN X K O P L J X U

Z X N O X e O IN O H I RI K P [ X U Z L PJ O�_ I MIJ P e O HI S I R P Q P OS XN I J L O~} L N J L O eV U U c } J I I R I R o XS PJ

82.4

r ^ d H I S I KL J R R PS X R MXJ O X QI PS K UL S I U c N I U X O I R k I MIJ O HL V Q H O H I OY L J V [ b IN S
82.4

XJ R

0.0824

H X MI O HI S X [ I J V [ b IN L eS P QJ P n K XJ O R P Q P OS oJ X [ I U c t r _ O H I U X O O IN J V [ b IN PS J L O

N I ZN IS IJ O X b UI Y P O H L J U c 3

R P Q P OS X e O IN O HI RI K P [ X U Z L PJ O ^ � IN I _ Y I XN I Y XS O PJ Q O HI

7

R P Q P OSb I eL N I O H I R I K P [ X U Z L PJ O�_ bV OY I XN I U X K ` PJ Q R P Q P OS X e O IN O H I R I K P [ X U Z L PJ O ^| ?� � � � &( + � � & �� � + � � � & �� � �� &N IS L U MIS b L O H PS S V IS bc N I ZN IS IJ O PJ Q X J V [ b IN S P [ Z U c

XS P OS S I� V I J K I L e RI K P [ X U R P Q P OS o X J PJ O I QIN K X U U I R O HI  �( & � , %� & # r _ + " � O H I PJ eL N [ X O P L JfY HIN I O H I R I K P [ X U Z L PJ O PS h ^ dI K HJ P K X U U c _ L J I Z L S S P b P U P O c O L N I X U P m I O H PS PS O L S O L N I X J

�A + � &� & �S V K H O H X O O HI N I ZN I S IJ O I RJ V [ b I N PS L e O H I eL N [

 �( & � , %� & #�� 10

��� �� �� �

.

WL N Ia X [ Z U I _

82.4 = 824� 10−1,

0.0824 = 824� 10−4.

2.5.1 The types float and double

d HI O c Z IS

float

XJ R
double

XN I eV J R X [ IJ O X U O c Z IS ZN L M P RI R bc T i i _ XJ R O HI c S O L N I

J V [ b IN S PJ lL X O PJ Q Z L PJ ON I ZN IS IJ O X O P L J ^G H P UI O HI eV J R X [ IJ O X U O c Z I S

int

XJ R

unsigned int

XN I [ I XJ O O L X Z ZN L a P [ X O I O H If [ X O H I [ X O P K X U O c Z IS h � XJ R �_ N IS Z I K O P MI U c _ O HI QL X U L e b L O H

float

XJ R

double

PSO L X Z ZN L a P [ X O I O H I S I O � L eN I X UJ V [ b I N S ^ \ PJ K I O H IN I XN I [V K H [L N I N I X UJ V [ b IN SO H XJ PJ O I QIN S _ O H PS QL X US I I [S I MIJ [L N I X [ b P O P L V S o XJ R UIS S N I X U PS O P K r O H XJ ON c PJ Q O L

X Z ZN L a P [ X O I ��_ S X c _ Y P O H X nJ P O I MX UV I N XJ QI ^ � I MIN O HI U IS S _ O H I OY L O c Z IS

float

XJ R

double

X N I MIN c V S I eV U PJ ZN X K O P K X U X Z Z U P K X O PL J S ^ d HI lL X O PJ Q Z L PJ ON I ZN I S IJ O X O PL J X U UL Y S

MX UV IS O H X O XN I [V K H U XN QIN O H XJ XJ c MX UV I L e O c Z I

int

XJ R

unsigned int^ jJ eX K O�_ O H I

MX UV I N XJ QIS L e O HI lL X O PJ Q Z L PJ OJ V [ b IN O c Z IS

float

XJ R

double

XN I S V � K P IJ O PJ [L S O

X Z Z U P K X O PL J S ^�X UV IS L e O HIS I OY L O c Z IS XN I N I eI N N I R O L XS ?� � � � &( + � � & � & � � @� �  _ Y H IN I

doubleV S V X U U c X U UL Y S H P Q HIN oJ X [ I U c _ #� � @ "� r ZN I K PS P L J PJ X Z ZN L a P [ X O PJ QN I X UJ V [ b IN S ^yJ O HI O c Z IS

float

XJ R

double

Y I H X MI O HI S X [ I XN P O H [ I O P K_ N I U X O P L J X U_ XJ R XS S P QJ �[ IJ O L Z IN X O L N S XS L J PJ O I QN X U O c Z IS _ Y P O H O HI S X [ I XS S L K P X O P M P O P IS XJ R ZN I K I RI J K IS ^ d H I

L J U c Ia K I Z O PL J PS O H X O O HI [L RV UV S L Z IN X O L N S

%

X J R

%=

XN I X MX P U X b U I eL N PJ O I QN X U O c Z IS

L J U c ^ d H PS [ X `IS S IJ S I _ S PJ K I R P M PS PL J L MIN

float

XJ R

double

PS [ I XJ O O L [L R I U O HI ON V IR P M PS PL J L MIN �Y H P K H H XS J L N I [ X PJ RI N ^
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 �� �� � pq p

� P `I PJ O I QN X U O c Z I S _ O H I lL X O PJ Q Z L PJ OJ V [ b IN O c Z IS XN I � � � � � �� � � % �' + � _ X J R O H PS

KL [ Z U I O I S O HI U PS O L e eV J R X [ IJ O X U X N P O H [ I O P K O c Z I S PJ T i i ^

Literals of type float and double.

� P O IN X US L e O c Z IS

float

XJ R

double

XN I [L N I K L [ Z U P K X O I R

O H XJ U P O IN X US L e O c Z I

int

L N

unsigned int^ WL N Ia X [ Z UI _ 1.23e-7 PS X MX U P R

double

U P O IN X U_N I ZN IS IJ O PJ Q O HI MX UV I

1.23� 10−7^ � P O IN X US L e O c Z I

float

UL L ` O HI S X [ I XS U P O IN X US L e O c Z I

double_ eL U UL Y I R bc O HI U I O O IN

f

L N

F^jJ P OS [L S O QIJ IN X U eL N [_ X

double

U P O IN X U KL J S PS OS L e XJ � & ��( � � + � � �_ eL U UL Y I R b c X$� � % � �� &� " + � � � oS O XN O PJ QY P O H O HI #� % � �� " + � � & �

.

r _ XJ R XJ �A + � &� & � �� " + � � � oS O XN O PJ Q

Y P O H O H I U I O O IN

e

L N

E

r ^ d H I U P O IN X U

1.23e-7

H XS X U U L e O H IS I Z XN OS ^

� L O H O H I PJ O I QI N Z XN O XS Y I U U XS O HI eN X K O P L J X U Z XN O o X e O IN O H I RI K P [ X U Z L PJ O r X N I

S I� V IJ K IS L e R P Q P OS eN L [

0

O L

9_ Y H IN I � &� L e O H I [ [ X c b I I [ Z O c _ U P `I PJ

.1

o [ I XJ PJ Q

0.1

r XJ R PJ

1.

o [ I XJ PJ Q

1.0

r ^ d H I Ia Z L J IJ O P X U Z XN O o X e O IN O H I UI O O IN

e

L N

E

r PS X US L X

S I� V IJ K I L e R P Q P OS _ ZN I K I R I R bc XJ L Z O P L J X U

+

L N

-^ C � � �� � O HI eN X K O P L J X U Z XN O � � O H I

Ia Z L J I J O P X U Z XN O [ X c b I L [ P O O I R^ d HV S _ 123e-9 XJ R

1.23

XN I MX U P R

double

U P O IN X US _ bV O

123

PS J L O�_ PJ L N RIN O L X ML P R KL J eV S P L J Y P O H

int

U P O IN X US ^d H I MX UV I L e O HI U P O IN X U PS L b O X PJ I R b c S K X U PJ Q O H I eN X K O P L J X U RI K P [ X U MX UV I R I nJ I R bcO H I PJ O I QIN Z XN O XJ R O HI eN X K O P L J X U Z X N O bc 10e_ Y H IN I

e

PS O HI oS P QJ I R r R I K P [ X U PJ O I QINPJ O H I I a Z L J IJ O P X U Z XN O o RI nJ I R X S

0_ P e O H I Ia Z L J IJ O P X U Z XN O PS [ PS S PJ Q r ^

dL S HL Y lL X O PJ Q Z L PJ OJ V [ b IN S PJ X K O P L J _ UI O V S Y N P O I X ZN L QN X [ O H X O f K L [ ZV O IS h XeV U U c � lI R QI RN I X UJ V [ b IN _ J X [ I U c O HI �V UIN KL J S O XJ O

∞∑

i=0

1

i!
= 2.71828 . . .

�L V [ X c N I K X U U O H X O O H PS S V [ KL J MIN QIS � V P K ` U c _ S L Y I S HL V U R X UN I X R c QI O X QL L R X Z ZN L a �P [ X O PL J eL N O HI �V UIN KL J S O XJ OY HIJ Y I S V [ V Z O H I nN S O pq O IN [S _ S X c ^ {N L QN X [ pq RL IS

Ia X K O U c O H PS ^

�

// Program: euler.C

�

// Approximate Euler’s constant e.

��
�

#include <iostream >

	�



int main ()

�

{




// values for term i, initialized for i = 0

�

float t = 1.0f; // 1/i!

��

float e = 1.0f; // i-th approximation of e

� �
� �

std::cout << "Approximating the Euler constant ...\n";

� �

// steps 1,...,n

� �

for ( unsigned int i = 1; i < 10; ++i) {

pq ] vw � � � �� �� � � 
 
x � �	 � 
 �

� 	

e += t /= i; // compact form of t = t / i; e = e + t

� 


std::cout << "Value after term " << i << ": " << e << "\n";

� �

}

� 

� �

return 0;

��

}

Program 10:

+ � � (  �� � "� ��. �

G HIJ c L V N V J O H I ZN L QN X [_ P OS L V O ZV O [ X c UL L ` U P `I O H PS ^
Approximating the Euler constant ...

Value after term 1: 2

Value after term 2: 2.5

Value after term 3: 2.66667

Value after term 4: 2.70833

Value after term 5: 2.71667

Value after term 6: 2.71806(poten

Value after term 7: 2.71825

Value after term 8: 2.71828

Value after term 9: 2.71828j O S I I [S O H X O Y I RL QI O X QL L R X Z ZN L a P [ X O P L J L e O H I �V UIN K L J S O X J O PJ O H PS Y X c ^G H X ON I [ X PJ S O L b I Ia Z U X PJ I R PS HL Y O HI [ Pa I R Ia ZN IS S PL J

e += t /= i

PJ U PJ I p z PSRI X U OY P O H O H X O KL J O X PJ S L Z IN XJ RS L e O c Z IS

unsigned int

XJ R

float^ � L O I O H X OS PJ K I

O H I XN P O H [ I O P K XS S P QJ [ IJ O L Z IN X O L N S XN I N P Q H O � X S S L K P X O P MI o dX b UI p L J { X QI � ] r _ O H PS

Ia ZN IS S PL J PS P [ Z U P K P O U c Z XN IJ O HIS Pm I R XS

e += (t /= i)^ G HI J I MX UV X O I R PJ P O IN X O P L J

i_P O O H IN I eL N I nN S O R P M P R IS
t

bc i

o KL N N I S Z L J R PJ Q O L O HI S O I Z eN L [

1/(i − 1)!

O L

1/i!

r _ XJ R

O H IJ P O X R RS O HI N I S V U O PJ Q MX UV I

1/i!

O L O HI X Z ZN L a P [ X O PL J

e^

2.5.2 Mixed expressions, conversions, and promotions

d HI lL X O PJ Q Z L PJ OJ V [ b IN O c Z IS XN I R I nJ I R O L b I [L N I QIJ IN X U O H XJ XJ c PJ O I QN X U O c Z I ^d HV S _ PJ [ Pa I R KL [ Z L S P O I Ia ZN IS S PL J S _ PJ O I QN X U L Z IN XJ RS QI O KL J MIN O I R O L O HI N IS Z I K O P MIlL X O PJ Q Z L PJ O J V [ b IN O c Z I oS I I X US L \ I K O P L J ]�^ ] ^ sY H IN I Y I nN S O S XY O H PS [ I K H XJ PS [eL N [ Pa I R Ia ZN IS S PL J S L MIN O HI O c Z IS

int

XJ R

unsigned int

r ^ d HI N IS V U O PJ Q MX UV I PS O H I

N I ZN IS IJ O X b UI MX UV I &� � � � � O L O H I L N P Q PJ X U MX UV I ^ jJ Z XN O P KV U XN _ P e O H I L N P Q PJ X U PJ O I QIN

MX UV I PS PJ O HI MX UV I N XJ QI L e O H I N I U I MXJ O lL X O PJ Q Z L PJ OJ V [ b IN O c Z I _ O H I MX UV I N I [ X PJ S

V J K H XJ QI R^ j e O H IN I XN I OY L J I XN I S O MX UV I S _ P O PS P [ Z UI [ IJ O X O P L J � RI nJ I RY H P K H L J I PS

K HL S I J ^d H PS PJ Z XN O P KV U XN Ia Z U X PJ S Y Hc O H I K H XJ QI L e

int celsius

O L

float celsius

PJ O HI

ZN L QN X [

fahrenheit.C

UI X RS O L O H I b I H X M P L N Y I Y XJ O k RV N PJ Q I MX UV X O P L J L e O H I Ia ZN IS �S P L J

9 * celsius / 5 + 32_ X U U PJ O I QN X U L Z IN XJ RS XN I I MIJ O V X U U c KL J MIN O I R O L

float_ S L

O H X O O H I K L [ ZV O X O P L J O X `IS Z U X K I I a K UV S P MI U c L MIN O H I O c Z I

float^jJ O H I ZN L QN X [

euler.C_ Y I H X MI O H I S X [ I ` PJ R L e KL J MIN S PL J k PJ O HI [ Pa I R Ia ZN IS S PL J

t /= i_ O HI

unsigned int

L Z IN XJ R

i

QI OS KL J MIN O I R O L O H I O c Z I

float

L e O H I L O HIN
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 �� �� � pq t

L Z IN XJ R

t^d H I O c Z I

double

PS R I nJ I R O L b I [L N I QIJ I N X U O H XJ O H I O c Z I

float^ d HV S _ X KL [ Z L S P O I

Ia ZN IS S PL J PJ ML U M PJ Q L Z IN XJ RS L e O c Z IS

float

XJ R

double

PS L e O c Z I

double^ G HI J S V K H

XJ I a ZN I S S P L J QI OS I MX UV X O I R_ XJ c L Z I N XJ R L e O c Z I

float

PS + � � �� �� # O L

double^ �I K X U U

eN L [ \ I K O PL J ] ^t ^ ] O H X O ZN L [L O PL J PS X O IN [ V S I R O L R IJ L O I K IN O X PJ ZN P M P UI QI R KL J MIN S PL J SPJ Y H P K HJ L PJ eL N [ X O PL J QI OS UL S O ^ jJ Z XN O P KV U XN _ O HI MX UV I N XJ QI L e

double

[V S O KL J O X PJO H I MX UV I N XJ QI L e

float^jJ S V [ [ XN c _ O HI H P I N XN K Hc L e XN P O H [ I O P K O c Z IS eN L [ O H I U I XS O QIJ I N X U O L O H I [L S O

QIJ I N X U O c Z I PS

bool

�

int

�

unsigned int

�

float

�

double^

GI X UN I X R c `J L Y O H X O X KL J MIN S PL J [ X c X US L QL eN L [ O H I [L N I QIJ IN X U O L O H I UIS S

QIJ I N X U O c Z I _ S I I \ I K O P L J ]�^ ] ^ s^ d H PS H X Z Z IJ S eL N Ia X [ Z UI PJ O H I RI K U XN X O PL J S O X O I [ IJ O

int i = -1.6f;

G H IJ X lL X O PJ Q Z L PJ OJ V [ b IN PS KL J MIN O I R O L XJ PJ O I QIN _ O H I eN X K O PL J X U Z XN O PS R PS K XN RI R^j e O H I N IS V U O PJ Q MX UV I PS PJ O H I MX UV I N XJ QI L e O HI O XN QI O O c Z I _ Y I QI O O H PS MX UV I _ L O H IN Y PS I

O H I K L J MI N S P L J PS V J RI nJ I R^ jJ O H I ZN I M P L V S Ia X [ Z U I _ O H PS N V U I PJ P O P X U Pm IS

i

Y P O H

−1

o XJ R

&� �Y P O H O HI J I XN IS ON I ZN IS IJ O X b U I MX UV I

−2

r ^G HIJ

double

MX UV IS XN I KL J MIN O I R O L

float_ Y I X Q X PJ QI O O H I J I XN IS ON I ZN IS I J O X b UI

MX UV I oY P O H O P IS bN L `IJ PJ XJ P [ Z U I [ IJ O X O PL J � R I Z IJ R IJ OY X c r _ � & "�  O H I L N P Q PJ X U MX UV IPS U XN QIN L N S [ X U U IN O H XJ XJ c

float

MX UV I ^ jJ O H PS U X O O IN K XS I _ O H I KL J MIN S P L J PS V J R I nJ I R^

2.5.3 Explicit conversions

T L J MIN S P L J S b I OY I IJ PJ O I QN X U XJ R lL X O PJ Q Z L PJ OJ V [ b IN O c Z IS XN I KL [ [L J PJ ZN X K O P K I ^WL N Ia X [ Z U I _ O HI KL J MIN S PL J L e X J L J J I Q X O P MI

float

MX UV I

x

O L O HI O c Z I

unsigned intKL N N IS Z L J RS O L O HI Y I U U � `J L Y J ?� � � $� & % � �� & �

x

� O H X ON L V J RS RL Y J O L O H I J Ia O PJ O I QIN ^T L J MIN S I U c _ P O K XJ [ X `I S IJ S I O L Z IN eL N [ XJ PJ O I QN X U KL [ ZV O X O PL J L MIN X lL X O PJ Q Z L PJ O

J V [ b IN O c Z I _ P e O H PS U X O O IN O c Z I H XS X U X N QIN MX UV I N XJ QI ^

�a Z U P K P O KL J MIN S PL J X U UL Y S O L KL J MIN O X MX UV I L e XJ c XN P O H [ I O P K O c Z I R PN I K O U c PJ O L

XJ c L O HIN XN P O H [ I O P K O c Z I _ Y P O HL V O O H I R I O L V N L e RI nJ PJ Q XJ Ia ON X MX N P X b UI U P `I PJ

int i = -1.6f;

dL L b O X PJ O HI

int

MX UV I N IS V U O PJ Q eN L [ O HI

float

MX UV I

−1.6_ Y I K XJ

S P [ Z U c Y N P O I O H I I a ZN I S S P L J

int(-1.6f)^d H I QIJ IN X US c J O Xa L e XJ Ia Z U P K P O KL J MIN S PL J _ X US L K X U U I R X %� � �A + � �  �� &_ PS

� o� � �� r

Y HIN I � PS X O c Z I _ XJ R� � �� PS XJ Ia ZN IS S PL J ^ d H I K XS O Ia ZN IS S PL J PS MX U P R P e XJ R L J U c P e

O H I KL N N IS Z L J R PJ Q KL J MIN S PL J L e� � �� O L O H I O c Z I � o XS PJ

T x =

� � � � r PS RI nJ I R^WL N K I N O X PJ f KL [ Z U P K X O I Rh O c Z I J X [ IS �_ P O PS J I K IS S XN c O L Z XN IJ O H IS P m I �_ U P `I PJ O H I

K XS O I a ZN I S S P L J

(unsigned int)(1.6f)^

pq � vw � � � �� �� � � 
 
x � �	 � 
 �
2.5.4 Value range

WL N PJ O I QN X U O c Z IS _ O HI XN P O H [ I O P K L Z IN X O PL J S [ X c eX P U O L K L [ ZV O I KL N N I K O N IS V U OS L J U cRV I O L L MIN � L N V J R IN lL Y ^ d H PS PS b I K X V S I O H I MX UV I N XJ QI L e I X K H PJ O I QN X U O c Z I PS X

%� & � �( � � � S V bS I O L e ��_ Y P O HJ L f HL U IS h PJ b I OY I IJ ^WL N lL X O PJ Q Z L PJ OJ V [ b I N O c Z IS _ O H PS PS J L O ON V I kY P O H nJ P O I o XJ R I MIJ Y P O H K L V J O X b UI r

MX UV I N XJ QI _ P O PS P [ Z L S S P b UI O L N I ZN I S IJ O X S V bS I O L e �Y P O H [L N I O H XJ L J I I U I [ IJ O bV O

J L HL U IS ^ jJ KL J ON XS O�_ L MIN � L N V J R IN lL Y S XN I U IS S L e XJ PS S V I k O H I N I ZN IS I J O X b UI MX UV IS

V S V X U U c S Z XJ X HV QI PJ O IN MX U_ [V K H U XN QI N O H XJ eL N PJ O I QN X U O c Z IS ^ j e c L V ZN PJ O O H I U XN QIS O

double

MX UV I L J c L V N Z U X O eL N [ M P X O H I Ia ZN IS S P L J

std:: numeric_limits <double >::max()

c L V [ P Q H O eL N Ia X [ Z UI QI O O HI L V O ZV O

1.79769e+308^ �I K X U U O H X O O H PS [ I XJ S

1.79769�

10308_ X ZN I O O c U XN QI J V [ b I N ^

� I O V S X Z ZN L X K H O H I PS S V I L e HL UIS Y P O H X MIN c S P [ Z UI ZN L QN X [ O H X O XS `S O H I V S IN O LPJ ZV O OY L lL X O PJ Q Z L PJ OJ V [ b IN S � & # O HI PN R P gIN IJ K I ^ d H I ZN L QN X [ O H IJ K HI K `S Y H I O H INO H PS PS PJ RI I R O H I KL N N I K O R P gIN I J K I ^ {N L QN X [ p p Z IN eL N [S O H PS O XS `^

�

// Program: diff.C

�

// Check subtraction of two floating point numbers

��
�

#include <iostream >

	



int main()

�

{




// Input

�

float n1;

��

std::cout << "First number =? ";

� �

std::cin >> n1;

� �
� �

float n2;

� �

std::cout << "Second number =? ";

� 	

std::cin >> n2;

� 

� �

float d;
� 


std::cout << "Their difference =? ";

� �

std::cin >> d;

��
� �

// Computation and output

� �

std::cout << "Computed difference - input difference = "

� �

<< n1 - n2 - d << ".\n";

� �

return 0;

� 	

}

Program 11:

+ � � (  � # ��. �



��� ��� �� �� �	 
 � � � 	 
 � 

 �� �� � pq z

� IN I PS XJ Ia X [ Z UI N V J S HL Y PJ Q O H X O O H I X V O HL N S X N I X b UI O L KL N N I K O U c S V b ON X K O

1eN L [

1.5^

First number =? 1.5

Second number =? 1.0

Their difference =? 0.5

Computed difference - input difference = 0.

�V O O H I X V O HL N S K XJ X Z Z XN IJ O U c &� � KL N N I K O U c S V b ON X K O

1

eN L [

1.1 k

First number =? 1.1

Second number =? 1.0

Their difference =? 0.1

Computed difference - input difference = 2.23517e-08.

G H X O PS QL PJ Q L J HIN I � | e O IN RL V b UI K H I K ` PJ Q L V N [ IJ O X U XN P O H [ I O P K_ Y I [V S O KL J K UV R IO H X O P O �S O HI %� �+ � �� � XJ RJ L O V S Y HL K XJ J L O KL N N I K O U c S V b ON X K O ^ dL V J RIN S O XJ RY Hc _Y I H X MI O L O X `I X S L [ IY H X O K UL S IN UL L ` X O lL X O PJ Q Z L PJ OJ V [ b IN S PJ QIJ IN X U^

2.5.5 Floating point number systems

| , & � �� ?� � � � &( + � � & � & � � @� �  ' � � � PS X nJ P O I S V bS I O L e �_ R I nJ I R b c eL V N J V [ b IN S

2

�

β

u � o O H I @� � r _ 1

�

p

u � o O H I + � � % � �� & r _ e � �� u � o O H I  �� " "� � �A + � &� & � r

XJ R

e ��� u � o O HI "� � ( � � �A + � &� & � r ^d H I S I O �

(β, p, e � �� , e �� � )

L eN I X UJ V [ b IN S N I ZN IS IJ O I R b c O H PS S c S O I [ KL J S PS OS L e X U U

lL X O PJ Q Z L PJ OJ V [ b IN S L e O H I eL N [

s�

p−1∑

i=0

diβ
−i� βe,

Y HIN I

s

u

{−1, 1}_ di

u

{0, . . . , β − 1}

eL N X U U

i_ XJ R

e

u

{e � �� , . . . , e ��� }^d H I J V [ b IN

s

PS O H I  �( &_ O H I S I� V IJ K I

d0d1 . . . dp−1

PS K X U U I R O HI  �( & � , %� & # 	
 _ XJ R

O H I J V [ b IN

e

PS O H I �A + � &� & �^GI O c Z P K X U U c Y N P O I X lL X O PJ Q Z L PJ OJ V [ b IN PJ O HI eL N [

�

d0.d1 . . . dp−1

� βe.

WL N Ia X [ Z U I _ V S PJ Q b XS I

β = 10_ O HI J V [ b IN

0.1

K XJ b I Y N P O O IJ XS

1.0� 10−1_ XJ R XS

0.1� 100_ 0.01� 101 X J R PJ [ XJ c L O H IN Y X c S ^d H I N I ZN IS IJ O X O P L J L e X J V [ b IN b I KL [ IS V J P� V I Y H IJ Y I N IS ON P K O L V N S I U MIS O L O H I

S I O ��

(β, p, e � �� , e ��� )

L e &� � � � " �
 � #J V [ b IN S _ P^ I ^ O H I L J IS Y P O H

d0

�

= 0^ d HI RL Y J S P RI

L e O H PS PS O H X OY I UL S I S L [ I J V [ b IN S o PJ Z XN O P KV U XN O H I J V [ b IN

0_ bV O U I O �S J L OY L N N c

X b L V O O H PS J L Y r ^ � L N I ZN I K PS I U c _ J L N [ X U Pm X O PL J UL S IS Ia X K O U c O HI J V [ b IN S L e X bS L UV O I

MX UV I S [ X U U IN O H XJ

βe � �� oS I I X US L �a I N K PS I �� r ^

� ���� � ��� �� ��  ! � �� � " "� �#  $ %&' ( )* * &

pq � vw � � � �� �� � � 
 
x � �	 � 
 �

WL N X na I R Ia Z L J I J O

e_ O H I S [ X U U IS O Z L S P O P MI J L N [ X U Pm I RJ V [ b IN PS

1.0 . . . 0� βe = βe,

Y H P UI O HI U XN QIS O L J I PS 	+

(β − 1).(β − 1) . . . (β − 1)� βe =

p−1∑

i=0

(β − 1)β−i� βe =

,

1 −

,

1

β

- p -
βe+1 < βe+1.

d H PS [ I XJ S O H X O O HI J L N [ X U P m I RJ V [ b IN S XN I fS L N O I R bc Ia Z L J IJ O h ^� L S O lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [S V S I R PJ ZN X K O P K I XN I @ � &� � ' _ [ I XJ PJ Q O H X O O H I cH X MI b XS I

β = 2^ jJ X b PJ XN c S c S O I [_ O H I R I K P [ X UJ V [ b IN S
1.1

XJ R

0.1

XN I J L ON I ZN I �S IJ O X b U I _ XS Y I Y P U US I I J I a O. K L J S I� V IJ O U c _ IN N L N S XN I [ X RI PJ KL J MIN O PJ Q O HI [ O L lL X O PJ Q

Z L PJ OJ V [ b IN S _ XJ R O H PS Ia Z U X PJ S O HI S ON XJ QI b I H X M P L N L e {N L QN X [ p p ^

Computing the floating point representation.

jJ L N RI N O L KL J MIN O X Q P MIJ Z L S P O P MI 	/ R I K P [ X U

J V [ b IN

x

PJ O L X J L N [ X U Pm I R b PJ XN c lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [ � �

(2, p, e � �� , e ��� )_ Y InN S O KL [ ZV O I P OS @ � &� � ' �A + � & �� &
x =

∞∑

i=−∞
bi2

i, bi

u

{0, 1}

eL N X U U
i.

d H PS PS S P [ P U XN O L O H I b PJ XN c Ia Z XJ S PL J L e X J X O V N X UJ V [ b IN XS R PS KV S S I R PJ \ I K O PL J ] ^ ] ^ 0�^d HI L J U c R P gI N IJ K I PS O H X OY I H X MI O L X U UL Y X U UJ I Q X O P MI Z L Y IN S L e

2_ S PJ K I

x

K XJ b I

XN b P ON XN P U c K UL S I O L

0^ d HI b PJ XN c Ia Z X J S P L J L e

1.25

eL N Ia X [ Z UI PS

1.25 = 1� 2−2 + 1� 20.

GI O H IJ RI O I N [ PJ I O H I S [ X U UI S O XJ R U XN QIS O MX UV IS L e

i_ i

XJ R

i_ eL N Y H P K H

bi

PS J L J m IN LoJ L O I O H X O
i

[ X c b I
−∞_ bV O

i

PS nJ P O I S PJ K I

x

PS nJ P O I r ^ d HI J V [ b IN

i− i+ 1

u �1

{∞}PS O HI J V [ b IN L e �( & � , %� & � # �( � � L e

x^G P O H
di := bi−i

_ Y I QI O

d0

�

= 0

XJ R

x =

i∑

i=i

bi2
i =

i−i∑

i=0

bi−i2
i−i =

i−i∑

i=0

di2
−i� 2i.

d H PS P [ Z U P IS O H X O

x

u � �

(2, p, e � �� , e �� � )

P e XJ R L J U c P e

i − i < p

XJ R

e � �� �

i

�

e ��� ^

�� V P MX UIJ O U c _ P e O HI b PJ XN c Ia Z XJ S PL J L e

x

H XS X O [L S O

p

S P QJ P n K XJ O R P Q P OS _ XJ R O H I

Ia Z L J I J O L e O H I J L N [ X U Pm I RN I ZN IS IJ O X O P L J PS Y P O H PJ O H I X U UL Y X b U I N X J QI ^jJ KL [ ZV O PJ Q O H I b PJ XN c I a Z XJ S PL J L e

x > 0_ U I O V S XS S V [ I eL N S P [ Z U P K P O c O H X O

x < 2^d H PS PS S V � K P IJ O O L Ia Z U X PJ O H I PS S V I Y P O H O H I RI K P [ X UJ V [ b IN S

1.1

XJ R

0.1_ XJ R X U U L O HIN

�23 4 " 5� 6 � �# � �� ∑n

i=0 xi = (xn+1 − 1)/(x − 1)

6 � � x 7

= 1�89 � :� "  !� � � # 3 � �$ � �� �� � � ";  " 53 4 " 5� $  :� 3  "

s <



��� ��� �� �� �	 
 � � � 	 
 � 

 �� �� � pq s

K XS I S K XJ b I N I RV K I R O L O H PS K XS I bc S I Z XN X O I U c R I X U PJ QY P O H O H I U XN QIS O I MIJ PJ O I QIN

S [ X U UI N L N I� V X U O L

x k Y N P O PJ Q

x = y + 2kY P O H

k

u

N

XJ R

y < 2_ Y I QI O O HI b PJ XN c

Ia Z XJ S PL J L e

x

bc K L [ b PJ PJ Q O HI Ia Z XJ S PL J S L e

y

XJ R

2k^WL N

x < 2_ Y I H X MI

x =

0∑

i=−∞
bi2

i = b0 +

−1∑

i=−∞
bi2

i = b0 +

0∑

i=−∞
bi−12

i−1 = b0 +
1

2

0∑

i=−∞
bi−12

i

︸ ︷︷ ︸
=:x

�

.

d H PS P R IJ O P O c ZN L M P RIS X S P [ Z UI X U QL N P O H [ O L KL [ ZV O I O HI b PJ XN c I a Z XJ S P L J L e

x^ j e

x

�

1_ O HI [L S OS P QJ P n K XJ O R P Q P O

b0

PS

1_ L O HI N Y PS I P O PS

0^ d HI L O H IN R P Q P OS

bi_ i

�

−1_K XJ S V bS I� V IJ O U c b I Ia ON X K O I R bc X Z Z U c PJ Q O H I S X [ I O I K HJ P� V I O L

x

�

= 2(x − b0)^� L PJ Q O H PS eL N

x = 1.1 c P I U RS O H I eL U UL Y PJ QS I� V IJ K I L e R P Q P OS ^

1.1 → b0 = 1

2(1.1 − 1) = 2� 0.1 = 0.2 → b−1 = 0

2(0.2 − 0) = 2� 0.2 = 0.4 → b−2 = 0

2(0.4 − 0) = 2� 0.4 = 0.8 → b−3 = 0

2(0.8 − 0) = 2� 0.8 = 1.6 → b−4 = 1

2(1.6 − 1) = 2� 0.6 = 1.2 → b−5 = 1

2(1.2 − 1) = 2� 0.2 = 0.4 → b−6 = 0
...

GI J L Y S I I O H X O O H I b PJ XN c Ia Z XJ S P L J L e O H I RI K P [ X UJ V [ b I N

1.1

PS Z IN P L R P K k O HI KL N N I �S Z L J R PJ Q b PJ XN c J V [ b IN PS

1.00011_ XJ R P O H XS PJ nJ P O I U c [ XJ c S P QJ P n K XJ O R P Q P OS ^ \ PJ K I X U U

J V [ b IN S PJ O H I lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [S �

(2, p, e � �� , e ��� )

X J R � �

(2, p, e � �� , e �� � )H X MI X O [L S O

p

S P QJ P n K X J O R P Q P OS _ P O eL U UL Y S O H X O

x = 1.1

PS J L ON I ZN IS IJ O X b U I PJ X b PJ XN clL X O PJ Q Z L PJ OJ V [ b IN S c S O I [_ N I Q XN R UIS S L e

p, e � �� XJ R

e ��� ^ d H I S X [ I PS ON V I eL N

x = 0.1^

The Excel 2007 bug.

GI H X MI S HL Y J PJ O HI ZN I M P L V S Z XN X QN X Z H O H X O P O PS P [ Z L S S P b UI

O L K L J MI N O S L [ I K L [ [L J RI K P [ X UJ V [ b IN S o U P `I

1.1

L N

0.1

r PJ O L b PJ XN c lL X O PJ Q � Z L PJ O

J V [ b IN S _ Y P O HL V O [ X ` PJ QS [ X U U IN N L N S ^ d H PS H XS O H I I [ b XN N XS S PJ Q KL J S I � V IJ K I O H X O O H I

O c Z IS

float

XJ R

double

XN I V J X b U I O L N I ZN IS IJ O O HI MX UV I S L eS L [ I L e O H I PN U P O IN X US ^� I S Z P O I O H PS ZN L b U I [_ X HV QI J V [ b I N L e R I K P [ X U � O L � b PJ XN c KL J MIN S P L J S O X `I Z U X K I L J

KL [ ZV O IN S Y L N U RY P RI _ O HI [ PJ V O I c L V N I X R O H PS ^ WL N Ia X [ Z UI _ Y HI J I MIN c L V IJ O IN X

J V [ b IN PJ O L X S ZN I X RS H I I O _ c L V RL P O PJ R I K P [ X U eL N [ X O ^ �V O K H XJ K IS XN I H P Q H O H X O

PJ O IN J X U U c _ O H I J V [ b IN PS KL J MI N O I R O L XJ RN I ZN IS IJ O I R PJ b PJ XN c lL X O PJ Q � Z L PJ O eL N [ X O ^d HI S [ X U U IN N L N S O H I [S I U MIS XN I V S V X U U c J L O O H I ZN L b UI [. bV O O H I N IS V U O PJ Q fY I PN Rh

lL X O PJ Q � Z L PJ OJ V [ b I N S Ia ON I [ I U c K UL S I O L S L [ I fJ P K I h R I K P [ X U MX UV I [ X c Ia Z L S I L O H IN

ZN L b U I [S PJ O HI ZN L QN X [^|N I K IJ O S V K H PS S V I O H X O H XS N I K I P MI R X UL O L e X O O I J O PL J PS `J L Y J XS O HI O HI C A %� "

3� � < @ � ( ^ �S IN S H X MI N I Z L N O I R O H X O O HI [V U O P Z U P K X O P L J L e

77.1

Y P O H

850

PJ � P KN L S L e O

�a K I U RL IS J L O c P I U R

65, 535

o O H I [ X O HI [ X O P K X U U c KL N N I K ON IS V U O r bV O

100, 000^

pq 0 vw � � � �� �� � � 
 
x � �	 � 
 �

� P KN L S L e ON I X K O I R O L O H PS bc X R [ P O O PJ Q O HI bV Q_ bV O X O O H I S X [ I O P [ I Z L PJ O PJ Q L V O

O H X O O H I %� � + � �� #! � " � � PS KL N N I K O�_ XJ R O H X O O HI IN N L N L J U c H X Z Z IJ S Y H IJ O H PS MX UV IPS # � + "� ' � # PJ O H I S HI I O ^ � V O HL Y K XJ P O H X Z Z I J O H X O O H I J P K I PJ O I QIN MX UV I

65, 535
PSPJ KL N N I K O U c R PS Z U X c I R � GI U U_ P O RL I S J � O H X Z Z I J k Y HIJ c L V [V U O P Z U c

65, 535

Y P O H
1_ eL N

Ia X [ Z UI _ O HI N IS V U O PS KL N N I K O U c R PS Z U X c I R XS

65, 535^d H I Z L PJ O PS O H X O O H I KL [ ZV O I R MX UV I PS &� �

65, 535_ bV OS L [ I L O H IN J V [ b IN Ia ON I [ I U c

K UL S I O L P O ^ d H I N I XS L J PS O H X O X S [ X U U bV O V J X ML P R X b U I I N N L N PS [ X RI PJ KL J MIN O PJ Q O H IRI K P [ X U MX UV I

77.1

PJ O L O HI lL X O PJ Q � Z L PJ OJ V [ b IN S c S O I [ PJ O IN J X U U c V S I R bc �a K I U k U P `I

1.1

XJ R

0.1_ O HI J V [ b IN

77.1

H XS J L nJ P O I b PJ XN c N I ZN IS IJ O X O PL J ^d H PS IN N L N K X J L e KL V N S I J L O b I fN I Z X PN I Rh bc O H I [V U O P Z U P K X O P L J Y P O H
850_ S L �a K I U QI OS

X MX UV I L J U c MIN c K UL S I O L

65, 535^ d H PS Y L V U R b I X K K I Z O X b UI _ bV O Ia X K O U c eL N � � � MX UV Io XJ R p p L O HIN S _ X K KL N R PJ Q O L � P KN L S L e O r _ O H I R PS Z U X c eV J K O P L J X U P O c H X S X bV Q^ � X O V N X U U c _P e L J U c p ] fY I PN Rh J V [ b I N S L V O L e X U U lL X O PJ Q � Z L PJ OJ V [ b IN S XN I X gI K O I R bc O H PS bV Q_ P O

PS I XS c J L O O L RI O I K O O H I bV Q RV N PJ QN I QV U XN O I S OS ^G H P UI � P KN L S L e O I XN J I R � V P O I S L [ I N P R P KV UI eL N O HI �a K I U ]q q s bV Q o eL N Y H P K H P O

� V P K ` U c L gIN I R X na r _ P OS HL V U R PJ X U U eX PN J IS S b I X R [ P O O I R O H X OS V K H bV QS KL V U R I XS P U cH X MI L K KV N N I R PJ S L e OY XN I L e L O HIN MIJ RL N S XS Y I U U^

Relative error.

j eY I XN I J L O X b U I O L N I ZN I S IJ O X N I X UJ V [ b IN

x

Ia X K O U c XS X b PJ XN c lL X O PJ Q

Z L PJ OJ V [ b IN PJ O H I S c S O I [ � �

(2, p, e � �� , e ��� )_ P O PS J X O V N X U O L X Z ZN L a P [ X O I P O bc O H IlL X O PJ Q Z L PJ OJ V [ b IN &� � � � � O L
x^ G H X O PS O H I I N N L N Y I [ X `I PJ O H PS X Z ZN L a P [ X O PL J �

\ V Z Z L S I O H X O

x

PS Z L S P O P MI XJ R H XS b PJ XN c Ia Z XJ S P L J

x =

i∑

i=−∞
bi2

i = bi.bi−1 . . .� 2i,

Y HIN I

bi = 1^

d H IN I XN I OY L J X O V N X UY X c S L e X Z ZN L a P [ X O PJ Q

x

Y P O H

p

L N U IS S S P QJ P n K XJ O R P Q P OS ^ yJ I

Y X c PS O L N L V J R RL Y J _ N IS V U O PJ Q PJ O HI J V [ b IN

x = bi.bi−1 . . . bi−p+1

� 2i =

i∑

i=i−p+1

bi2
i.

d H PS ON V J K X O IS X U U O H I R P Q P OS

bi, i

�

i − p_ X J R O H I IN N L N Y I [ X `I PS

x − x =

i−p∑

i=−∞
bi2

i � i−p∑

i=−∞
2i = 2i−p+1.

| U O IN J X O P MI U c _ Y I KL V U RN L V J R V Z O L O H I J V [ b IN ��

x = x + 2i−p+1

�	 
� 5� !� " �� 5� � � " 5� " " 5  $ � � # 3 � � 5� $ � " # � $ "

p

$  :�  
 � �� " �  :  " $ < � 5  $  $ " � ��  6

b
i−p+1

= 0 � $  � � �

" 5� � " 5� � � �  "  �� � 6

2i−p+1 � � � $ � �� � " � 4 �� � �  :  " " � " 5� � " # � $ "

p − 1

$  :�  
 � �� " �  :  " $ � 6

x < �� �  6

bi−p+1 = 1 � " 5� � � �  "  �� � 6

2i−p+1 �� # �!� $ " 5� �� � $ " $  :�  
 � �� "� �� ��  � � " � 6

2i−p+1 �� � %&� � �� � "� �� �

� � " �� � � � � 4 �  :  " � " " 5� � " 5� �� � � <



��� ��� �� �� �	 
 � � � 	 
 � 

 �� �� � pq �

Y HIN I L V N ZN I M PL V S I N N L N IS O P [ X O I S HL Y S O H X O PJ R I I R_ x

�

x

HL U RS ^d H PS [ I XJ S O H X O

x

PS b I OY I IJ OY L J V [ b IN S O H X O XN I

2i−p+1 X Z XN O�_ S L O HI J I XN IN L e O H IOY L J V [ b IN S PS X O [L S O

2i−p XY X c eN L [

x^ yJ O HI L O H IN H XJ R_ x

H XS S P m I � � "� � �

2i_[ I XJ PJ Q O H X O

|x − x̂|/x

�

2−p,

Y HIN I

x̂

PS O H I lL X O PJ Q Z L PJ OJ V [ b IN J I XN IS O O L

x^ d H I J V [ b IN

2−p_ N I eIN N I R O L XS O H I

�� % � � &� � + � "� &_ PS O HI � � "� � �! � � � � � � [ X R I PJ X Z ZN L a P [ X O PJ Q

xY P O H P OS J I XN IS O lL X O PJ Q

Z L PJ OJ V [ b IN

x̂^d H I ZN I M PL V S PJ I� V X U P O c X US L HL U RS eL N J I Q X O P MI x

XJ R O H I PN KL N N IS Z L J R PJ Q b IS O X Z �ZN L a P [ X O P L J

x̂_ S L O H X OY I QI O O HI QIJ I N X U� � "� � �! � � � � � � eL N [V U X

|x − x̂|

|x|

�

2−p, x

�

= 0.

d H PS [ I XJ S O H X O O H I R PS O XJ K I L e

x

O L P OS J I XN IS O lL X O PJ Q Z L PJ O J V [ b IN PS PJ O H I

Y L N S O K XS I ZN L Z L N O P L J X U O L O HI S Pm I L e

x^ d H PS PS b I K X V S I O H I lL X O PJ Q Z L PJ O J V [ b IN S

XN I J L O I� V X U U c S Z X K I R X UL J Q O H I N I X U U PJ I ^ T UL S I O L

0_ O H I PN RI J S P O c PS H P Q H_ bV O O H I

[L N I Y I QL XY X c eN L [

0_ O H I S Z XN S IN O H I c b I KL [ I ^ |S X S P [ Z U I Ia X [ Z UI _ KL J S P R IN O H I

J L N [ X U P m I R lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [

F

�

(2, 3, −2, 2)^ d HI S [ X U UIS O Z L S P O P MI J V [ b I N PS

1.00� 2−2 = 1/4_ XJ R O H I U XN QI S O L J I PS

1.11� 22 = 7

oN I K X U U O H X O O H I R P Q P OS XN I b PJ XN c r ^ d H IR PS ON P bV O PL J L e X U U Z L S P O P MI J V [ b IN S L MIN O HI PJ O IN MX U

[1/4, 7]

PS S HL Y J PJ O H I eL U UL Y PJ Q

Z P K O V N I ^

0 1 2 3 4 5 6 7 8

WN L [ O H PS Z P K O V N I _ P O PS K U I XN O H X O O H I N I U X O P MI IN N L N eL N [V U X K XJ J L O HL U R eL N MIN c U XN QI

x^ � V O X US L P e

x

PS MIN c K UL S I O L m IN L _ O H I N I U X O P MI IN N L N eL N [V U X [ X c eX P U^ jJ eX K O�_ O H IN I PS

X S V bS O XJ O P X U Q X Z b I OY I I J

0

XJ R O HI S [ X U UI S O Z L S P O P MI J L N [ X U Pm I RJ V [ b IN ^ �V [ b IN S

xPJ O H X O Q X Z XN I J L OJ I K IS S XN P U c X Z ZN L a P [ X b U I bc J L N [ X U P m I R lL X O PJ Q Z L PJ OJ V [ b IN S Y P O H

N I U X O P MI IN N L N X O [L S O

2−p^G HIN I PS O H I [ PS O X `I PJ L V N K X U KV U X O PL J S _ O HIJ � d HIN I PS J L [ PS O X `I _ bV O O H I K X U KV U X �O P L J S XN I L J U c X Z Z U P K X b UI P e O HI lL X O PJ Q Z L PJ OJ V [ b IN

x̂

J I XN IS O O L

x

� PJ eX K O X lL X O PJ Q

Z L PJ OJ V [ b IN PJ O H I S c S O I [Y I KL J S P R IN _ P^ I ^ P e P O H XS P OS Ia Z L J IJ O PJ O HI X U UL Y I RN X J QI

{e � �� , . . . , e ��� }^ d H PS eX P US P e

x̂

PS O L L U XN QI L N O L L S [ X U U^

Arithmetic operations.

{ IN eL N [ PJ Q X R R P O PL J _ S V b ON X K O PL J _ [V U O P Z U P K X O PL J _ XJ R R P M PS PL J Y P O H

lL X O PJ Q Z L PJ OJ V [ b IN S PS I XS c PJ O HI L N c k XS O HIS I XN I N I X UJ V [ b IN S _ Y I S P [ Z U c Z IN eL N [O H I XN P O H [ I O P K L Z I N X O P L J S L MIN O HI S I O � L eN I X UJ V [ b IN S . P e O H I N IS V U O PS J L ON I ZN IS IJ O X b U IPJ L V N lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [_ Y I X Z Z U c S L [ I N L V J R PJ QN V UI oS V K H XS K HL L S PJ Q O H I

J I XN IS ON I ZN IS IJ O X b U I lL X O PJ Q Z L PJ OJ V [ b IN r ^

p pq vw � � � �� �� � � 
 
x � �	 � 
 �

jJ ZN X K O P K I _ lL X O PJ Q Z L PJ OJ V [ b IN XN P O H [ I O P K PS J L O [L N I R P � KV U O O H XJ PJ O I QIN XN P O H �[ I O P K^ � I O V S P U UV S ON X O I O H PS Y P O H XJ I a X [ Z U I ^ \V Z Z L S I O H X O

p = 4_ XJ R O H X OY I H X MI Xb PJ X N c S c S O I [. Y I Y XJ O O L Z IN eL N [ O HI X R R P O PL J

1.111� 2−2

+ 1.011� 2−1 .

d HI nN S OS O I Z PS O L � " �( & O HI OY L J V [ b IN S S V K H O H X O O HI c H X MI O HI S X [ I Ia Z L J IJ O ^ d H PS

[ I XJ S O L f R IJ L N [ X U P m I h L J I L e O H I OY L J V [ b I N S _ I ^ Q^ O HI S I K L J R L J I k
1.111� 2−2

+ 10.110� 2−2 .

� L Y Y I K XJ S P [ Z U c X R R V Z O H I OY L S P QJ P n K XJ RS _ � V S O U P `I Y I X R R PJ O I QI N S PJ b PJ XN c

N I ZN IS IJ O X O PL J ^ d H I N IS V U O PS

100.101� 2−2.

W PJ X U U c _ Y I N IJ L N [ X U P m I XJ R L b O X PJ

1.00101� 20.

GI J L Y N I X U Pm I O H X O O H PS Ia X K ON IS V U O PS J L ON I ZN IS IJ O X b UI Y P O H

p = 4

S P QJ P n K X J O R P Q P OS _ S L

Y I H X MI O L N L V J R^ jJ O H PS K XS I _ O H I J I XN I S ON I ZN IS IJ O X b U I J V [ b IN PS L b O X PJ I R bc S P [ Z U cRN L Z Z PJ Q O HI U XS O OY L R P Q P OS k
1.001� 20.

2.5.6 The IEEE standard 754

Value range.
d H I T i i S O XJ R XN R RL I S J L O ZN IS KN P b I O H I MX UV I N XJ QI L e O H I O c Z IS

floatXJ R

double^ j O L J U c S O P ZV U X O I S O H X O O HI MX UV I N XJ QI L e

float

PS KL J O X PJ I R PJ O H I MX UV I

N XJ QI L e
double

S V K H O H X O X

float

MX UV I K XJ b I ZN L [L O I R O L X

double

MX UV I ^jJ ZN X K O P K I _ [L S O Z U X O eL N [S S V Z Z L N O o MXN P XJ OS L e r O HI /C C C  �� & #� � # <D 4 eL N N I Z �N IS IJ O PJ Q XJ R KL [ ZV O PJ QY P O H lL X O PJ Q Z L PJ OJ V [ b IN S ^ �J RIN O H PS S O XJ R XN R_ O H I MX UV I

N XJ QI L e O H I O c Z I

float

PS O HI S I O

F

�

(2, 24, −126, 127)

L e � &( "� + � � % � �� &J L N [ X U P m I R lL X O PJ Q Z L PJ OJ V [ b IN S _ Z UV S S L [ I S Z I K P X UJ V [ b IN S o KL J �MIJ P IJ O U c _ 0

PS L J I L e O HIS I S Z I K P X UJ V [ b IN S r ^ d HI MX UV I N XJ QI L e

double

PS O H I S I O

F

�

(2, 53, −1022, 1023)

L e #� � @ "� + � � % � �� &J L N [ X U P m I R lL X O PJ Q Z L PJ OJ V [ b IN S _ X Q X PJ Y P O HS L [ I S Z I K P X UJ V [ b IN S

X R RI R_ PJ K UV R PJ Q

0^



��� ��� �� �� �	 
 � � � 	 
 � 

 �� �� � p p p

d H IS I Z XN X [ I O IN S [ X c S I I [S L [ IY H X O XN b P ON XN c X O nN S O _ bV O O H I c XN I [L O P MX O I R bc X

KL [ [L J [ I [L N c U X c L V O PJ Y H P K H

32

b P OS eL N [ X [ I [L N c K I U U^ jJ RI I R_ 32

b P OS L e [ I [L N c

XN I V S I R O L N I ZN IS IJ O X S PJ Q U I ZN I K PS P L J J V [ b I N ^ d HI S P QJ P n K XJ RN I� V PN IS ]t b P OS . N I K X U U

O H X O PJ X J L N [ X U P m I R b PJ XN c lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [_ O H I nN S O R P Q P O L e O HI S P QJ P n K XJ R

PS X UY X c S 1_ HIJ K I P OJ I I RJ L O Ia Z U P K P O U c b I S O L N I R^ d HI Ia Z L J IJ ON I � V PN IS XJ L O H IN

8

b P OSeL N N I ZN IS IJ O PJ Q P OS

254 = 28 − 2

Z L S S P b UI MX UV IS _ XJ R XJ L O HIN b P O PS J I I RI R eL N O HI S P QJ ^WL N RL V b UI ZN I K PS P L J J V [ b I N S _ O HI S P QJ P n K XJ RN I� V PN IS z ] b P OS _ O H I Ia Z L J I J O H XS p p

b P OS eL N P OS

2046 = 211 − 2

Z L S S P b UI MX UV IS _ XJ R L J I b P O PS J I I R I R eL N O H I S P QJ ^ jJ O L O X U_O H PS Q P MIS

64

b P OS ^� L O I O H X O PJ b L O H K XS IS _ OY L [L N I Ia Z L J IJ O MX UV IS KL V U R b I X K KL [ [L R X O I RY P O HL V O

PJ KN I XS PJ Q O HI O L O X UJ V [ b IN L e b P OS ^ d H IS I Ia ON X MX UV IS XN I PJ eX K O V S I R eL N N I ZN IS IJ O PJ QO H I S Z I K P X UJ V [ b IN S [ IJ O P L J I R X b L MI _ PJ K UV R PJ Q

0^

Requirements for the arithmetic operations.

d H I Ti i S O XJ R XN R RL IS J L O ZN IS KN P b I O H I X K �KV N X K c L e XN P O H [ I O P K L Z IN X O P L J S L MIN O HI O c Z IS

float

XJ R

double_ bV O O HI j � � �S O XJ R XN R

s z � RL I S ^ d HI N I� V PN I [ IJ OS XN I XS S ON P K O XS Z L S S P b UI k O HI N IS V U O L e XJ c X R R P O P L J _ S V b ON X K �O P L J _ [V U O P Z U P K X O P L J _ L N R P M PS PL J PS O H I N I ZN IS I J O X b UI MX UV I &� � � � � O L O HI ON V I MX UV I ^ j e

O H IN I XN I OY L J I XN IS O MX UV IS o [ I XJ PJ Q O H X O O H I ON V I MX UV I PS H X U eY X c PJ b I OY I IJ O HI [ r _O H I L J I O H X O H XS U I XS OS P QJ P n K X J O R P Q P O

dp−1 = 0

PS K HL S IJ ^ � 	 d HI S X [ I N V UI X Z Z U P IS O L O H I

KL J MIN S PL J L e RI K P [ X U MX UV I S U P `I

1.1

O L O H I PN b PJ XN c lL X O PJ Q Z L PJ ON I ZN I S IJ O X O PL J ^� L N I L MIN _ KL [ Z XN PS L J S L e MX UV IS H X MI O L b I I a X K O V J R IN X U UN I U X O PL J X U L Z IN X O L N S o \ I K �O P L J ] ^t ^ ] r ^

2.5.7 Computing with floating point numbers

GI H X MI S I IJ O H X O eL N XJ c lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [_ O H IN I XN I J V [ b IN S O H X O P O K XJ J L O

N I ZN IS IJ O�_ XJ R O H IS I XN I J L O J I K I S S XN P U c MIN c I a L O P K_ XS L V N Ia X [ Z UI Y P O H O H I R I K P [ X U

J V [ b IN

1.1

S HL Y S ^ yJ O H I L O HI N H XJ R_ O HI j � � �S O XJ R XN R s z � QV XN XJ O I IS O H X OY I Y P U U

QI O O HI J I XN IS ON I ZN IS IJ O X b UI J V [ b IN _ XJ R O H I S X [ I HL U RS eL N O H I N IS V U O L e XJ c XN P O H [ I O P K

L Z IN X O P L J _ V Z O L oN XN I r L MIN � XJ R V J RI N lL Y S ^ � P MIJ O H PS _ L J I [ P Q H O b I O I [ Z O I R O L b I U P I MIO H X O O HI N IS V U OS L e [L S O KL [ ZV O X O P L J S PJ ML U M PJ Q lL X O PJ Q Z L PJ OJ V [ b I N S XN I K UL S I O L O H I

[ X O H I [ X O P K X U U c KL N N I K ON IS V U OS _ Y P O HN IS Z I K O O L N I U X O P MI I N N L N ^jJ R I I R_ O H PS PS ON V I PJ [ XJ c K XS IS ^ WL N Ia X [ Z UI _ L V N PJ P O P X U ZN L QN X [

euler.C

KL [ ZV O IS

X ZN I O O c QL L R X Z ZN L a P [ X O PL J L e O HI �V U IN KL J S O XJ O ^ � I MI N O H I UI S S _ S L [ I K XN I H XS O L b IO X `IJ PJ QIJ IN X U^ d HI QL X U L e O H PS S I K O PL J PS O L Z L PJ O L V O KL [ [L J Z P O eX U US _ XJ R O L ZN L M P R I

N IS V U O PJ Q QV P RI U PJ IS eL N fS X eI h KL [ ZV O X O PL J S Y P O H lL X O PJ Q Z L PJ OJ V [ b IN S ^GI S O XN OY P O H O H I nN S O XJ R [L S O P [ Z L N O XJ O QV P RI U PJ I O H X O [ X c X UN I X R c b I L b M P L V S O L

c L V X O O H PS Z L PJ O ^

Floating Point Arithmetic Guideline 1:

� I MIN KL [ Z XN I OY L lL X O PJ Q Z L PJ OJ V [ b IN S eL N

I� V X U P O c _ P e X O U I XS O L J I L e O H I [N IS V U OS eN L [ PJ Ia X K O lL X O PJ Q Z L PJ O KL [ ZV O X O PL J S ^

� � " 5  $  $ � � � �� � �� �' ��� ( � � �� �' 	 � " 5� � � � �� �  � : # � �� $ � �� 3 � � � � 3 �� �  6� � � � $ $ � � 4 <

p p ] vw � � � �� �� � � 
 
x � �	 � 
 �

� MIJ MIN c S P [ Z U I Ia ZN I S S P L J S PJ ML U M PJ Q lL X O PJ Q Z L PJ OJ V [ b I N S [ X c b I [ X O HI [ X O P K X U U c

I� V P MX UI J O�_ bV OS O P U UN I O V N J R P gI N IJ O MX UV IS _ S PJ K I PJ O IN [ I R P X O I N IS V U OS XN I N L V J RI R^ dY L

S V K H Ia ZN IS S PL J S XN I

x * x - y * y

XJ R

(x + y) * (x - y)^ d HIN I eL N I _ O IS O PJ Q O H I

N IS V U OS L e OY L lL X O PJ Q Z L PJ O KL [ ZV O X O P L J S eL N I� V X U P O c V S PJ Q O HI N I U X O PL J X U L Z IN X O L N S
==L N

!=

[ X `IS U P O O U I S IJ S I ^ \ PJ K I I� V X U P O c PS S IJ S P O P MI O L O H I O PJ P IS O IN N L N S _ Y I Y L J � O QI O

I� V X U P O c PJ [L S O K XS I S _ I MIJ P e [ X O H I [ X O P K X U U c _ Y I Y L V U R^

� P MIJ O HI eL N [V U X O PL J L e O H I X b L MI QV P R I U PJ I _ c L V [ X c Y L J RIN HL Y O L O I U UY H I O H IN

X Z XN O P KV U XN lL X O PJ Q Z L PJ O KL [ ZV O X O PL J PS Ia X K O L N J L O ^ �a X K OJ IS S V S V X U U c R I Z IJ RS

L J O HI N I ZN IS IJ O X O PL J XJ R PS _ O H IN I eL N I _ H XN R O L K U X P [ PJ QI J IN X U^ � L Y I MIN _ O HI N I X N I

K IN O X PJ L Z IN X O P L J S Y H P K H XN I I XS P U c S I IJ O L b I Ia X K O ^ WL N PJ S O XJ K I _ [V U O P Z U P K X O PL J XJ R

R P M PS PL J b c X Z L Y IN L e O H I b X S I o V S V X U U c _ 2

r RL J L O K H XJ QI O HI S P QJ P n K XJ R_ bV O L J U c O H I

Ia Z L J I J O ^ d HV S _ O HI S I L Z IN X O P L J S XN I I a X K O�_ V J UIS S O H I c U I X R O L XJ L MIN � L N V J RI N lL Y PJO H I Ia Z L J IJ O ^� L N I L MIN _ P O PS S X eI O L XS S V [ I O H X O O HI U XN QIS O Ia Z L J IJ O PS o [V K H r H P Q H IN O H XJ O H I

ZN I K PS PL J

p_ XJ R PJ O H PS K XS I Y I K XJ X US L Ia X K O U c N I ZN IS I J O X U U PJ O I QIN S L e X bS L UV O I MX UV I

S [ X U UI N O H XJ

βp^ T L J S I� V IJ O U c _ PJ O I QIN X R R P O P L J S _ S V b ON X K O PL J S _ XJ R [V U O P Z U P K X O PL J S

Y P O H PJ O H PS N XJ QI XN I Ia X K O ^d H I J Ia O OY L QV P R I U PJ I S XN I S L [ IY H X O U IS S L b M PL V S _ XJ RY I [L O P MX O I O H I [ bc nN S O

S HL Y PJ Q O HI V J RIN U c PJ Q ZN L b U I [^ d HN L V Q HL V O _ Y I X S S V [ I X b PJ XN c lL X O PJ Q Z L PJ OJ V [ b IN

S c S O I [ L e ZN I K PS P L J

p^

Adding numbers of different sizes.
\ V Z Z L S I Y I Y XJ O O L X R R O H I OY L lL X O PJ Q Z L PJ OJ V [ b IN S

2p XJ R

1^ G H X OY P U U b I O HI N IS V U O � � X O HI [ X O P K X U U c _ P O PS

2p + 1 =

p∑

i=0

bi2
i,

Y P O H

(bp, bp−1, . . . , b0) = (1, 0, . . . , 0, 1)^ \ PJ K I O H PS b PJ XN c I a Z XJ S P L J H XS

p+1

S P QJ P n K XJ O

R P Q P OS _ 2p + 1
PS J L ON I ZN IS IJ O X b U I Y P O H ZN I K PS P L J

p^ �J RIN O HI j � � �S O XJ R XN R s z �_ O H I

N IS V U O L e O HI X R R P O P L J PS

2p

o K HL S IJ eN L [ O H I OY L J I XN IS O K XJ R P R X O IS

2p XJ R

2p + 2

r _ S L

O H PS X R R P O P L J H XS J L I gI K O ^d H I QIJ IN X U Z HIJ L [ IJ L J HIN I PS O H X O X R R PJ Q lL X O PJ Q Z L PJ OJ V [ b IN S L e R P gIN IJ OS P m ISf ` P U US h O H I U IS S S P QJ P n K X J O R P Q P OS L e O H I S [ X U U IN J V [ b IN o PJ L V N Ia X [ Z U I _ � " " P OS R P Q P OS r ^d HI U XN QIN O H I S Pm I R P gIN IJ K I _ O H I [L N I RN X S O P K PS O H I I gI K O ^dL KL J M PJ K I c L V O H X O O H PS PS J L O XJ XN O P n K P X U Z HIJ L [ IJ L J _ UI O V S KL J S P RIN O H I ZN L b UI [

L e KL [ ZV O PJ Q � XN [L J P KJ V [ b I N S ^ WL N

n

u �_ O H I

n � O H 0� � �� & � % & � � @� �

Hn

PS RI nJ I R

XS O H I S V [ L e O HI N I K P ZN L K X US L e O H I nN S O

n

J X O V N X UJ V [ b IN S _ O H X O PS _

Hn =

n∑

i=1

1

i
.

j OS HL V U RJ L Y b I XJ I XS c Ia IN K PS I eL N c L V O L Y N P O I X ZN L QN X [ O H X O KL [ ZV O IS

Hn

eL N

X Q P MI J

n

u ��^ �L V L J U c J I I R X S PJ Q UI UL L ZN V J J PJ Q O HN L V Q H O HI J V [ b IN S

1

V Z O L

n_
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 �� �� � p p t

X R R PJ Q O HI PN N I K P ZN L K X US ^ � V S O XS Y I U U c L V K XJ [ X `I c L V N UL L ZN V J eN L [

n

RL Y J O L

1

XJ R

S V [ V Z O H I N I K P ZN L K X US ^ G Hc J L O _ O H X OS HL V U RJ L O [ X `I XJ c R P gIN IJ K I _ N P Q H O � � I O V SON c b L O H MXN P XJ OS XJ RS I I Y H X OY I QI O ^ d H I ZN L QN X [

harmonic.C

S HL Y J b I UL Y K L [ ZV O ISO H I OY L S V [S XJ R L V O ZV OS O H I [^

�

// Program: harmonic .C

�

// Compute the n-th harmonic number in two ways.

��
�

#include <iostream >

	�



int main()

�

{




// Input

�

std::cout << "Compute H_n for n =? ";

��

unsigned int n;

� �

std::cin >> n;

� �
� �

// Forward sum

� �

float fs = 0;

� 	

for ( unsigned int i = 1; i <= n; ++i)

� 


fs += 1.0f / i;

� �
� 


// Backward sum

� �

float bs = 0;

��

for ( unsigned int i = n; i >= 1; --i)

� �

bs += 1.0f / i;

� �
� �

// Output

� �

std::cout << "Forward sum = " << fs << "\n"

� 	

<< "Backward sum = " << bs << "\n";

� 


return 0;

� �

}

Program 12:

+ � � (  � �� � �� & � %. �

d H PJ ` eL N X S I KL J R XJ RN I K X U UY Hc P O PS P [ Z L N O XJ O O L &� �Y N P O I

1 / i

PJ U PJ I p � XJ R

U PJ I ]p ^ � L Y UI O V S H X MI X UL L ` X O X J Ia I KV O P L J L e O HI ZN L QN X [^

Compute H_n for n =? 10000000

Forward sum = 15.4037

Backward sum = 16.686d HI N IS V U OS R P gIN S P QJ P n K XJ O U c ^ d HI R P gIN IJ K I b I KL [ IS I MIJ [L N I X Z Z XN IJ OY H IJ Y I ON cU XN QIN PJ ZV OS ^

Compute H_n for n =? 100000000

Forward sum = 15.4037

Backward sum = 18.8079

p p � vw � � � �� �� � � 
 
x � �	 � 
 �

� L O P K I O H X O O H I eL N Y XN RS V [ R P RJ L O K H XJ QI _ Y H P K H K XJ J L O b I KL N N I K O ^ �S PJ Q O H I

X Z ZN L a P [ X O PL J

1

2(n + 1)
< Hn −

UJ

n − γ <
1

2n
,

Y HIN I

γ = 0.57721666 . . .

PS O H I �V U IN � � XS K HIN L J P KL J S O XJ O�_ Y I QI O

Hn
�

18.998

eL N

n = 108^ d H X O PS _ O HI b X K `Y XN RS V [ ZN L M P RI S X [V K H b I O O IN X Z ZN L a P [ X O PL J L e
Hn^G Hc RL I S O HI eL N Y XN RS V [ b I H X MI S L b X R U c � d HI N I XS L J PS S P [ Z U I k |S O H I U XN QIN

S V [ [ XJ RS XN I X R R I R V Z nN S O _ O HI PJ O IN [ I R P X O I MX UV I L e O HI S V [ O L b I KL [ ZV O I R QN L Y So KL [ Z XN X O P MI U c r eXS O ^ | OS L [ I Z L PJ O�_ O HI S P m I R P gIN IJ K I b I OY I IJ O HI Z XN O P X US V [ XJ R O H I

S V [ [ XJ R 1
i

O L b I X R RI R PS S L U XN QI O H X O O H I X R R P O P L J RL IS J L O K H XJ QI O H I Z XN O P X US V [

XJ c [L N I _ � V S O U P `I PJ

2p + 1

� �

=

� �

2p^ d HV S _ N I Q XN R UI S S L e HL Y [ XJ c [L N I S V [ [ XJ RS XN I

X R RI R O L P O�_ O HI S V [S O X c S O H I S X [ I ^jJ KL J ON XS O _ O H I b X K `Y XN RS V [S O XN OS O L X R R V Z O HI S [ X U US V [ [ XJ RS nN S O ^ d HIN I eL N I _O H I MX UV I L e O HI Z XN O P X US V [ QN L Y S o KL [ Z XN X O P MI U c rS UL Y U c _ X U UL Y PJ Q O HI S [ X U US V [ [ XJ RSO L KL J ON P bV O I ^ d HI S V [ [ XJ RS ON I X O I R PJ O HI IJ R L e O HI S V [ [ X O PL J H X MI S O P U U X QL L R

K H XJ K I O L PJ lV IJ K I O HI S P QJ P n K XJ R L e O H I Z XN O P X US V [_ S PJ K I O H I c XN I o KL [ Z XN X O P MI U c r

U XN QI ^ d H I Z HIJ L [ IJ L J � V S O L bS IN MI R U I X RS V S O L L V N S I KL J R QV P R I U PJ I ^

Floating Point Arithmetic Guideline 2:

| ML P R X R R PJ Q OY L J V [ b IN S O H X O KL J S P RI N X b U cR P gIN PJ S P m I ^
Cancellation.

T L J S P RI N O HI � V X RN X O P K I� V X O P L J

ax2 + bx + c = 0, a

�

= 0.

j O PS Y I U U `J L Y J O H X O P OS OY L N L L OS XN I Q P MI J bc

r1,2 =
−b

� 7

b2 − 4ac

2a
.

jJ X ZN L QN X [ O H X O K L [ ZV O IS O H IS I N L L OS _ Y I [ P Q H O O H IN I eL N I Y XJ O O L K L [ ZV O I O HI MX UV I

d = b2 − 4ac

L e O H I # � %� � � � &� & �^ j e

b2 XJ R

4ac

XN I N I ZN IS IJ O X b UI XS lL X O PJ Q Z L PJ O

J V [ b IN S Y P O H ZN I K PS P L J

p_ L V N ZN I M PL V S IN N L N IS O P [ X O IS QV XN XJ O I I O H X O O HI N IS V U O

d̂

L e

O H I nJ X US V b ON X K O P L J H XS S [ X U UN I U X O P MI IN N L N k

|d − d̂|

�

2−p|d|^ d H PS [ I XJ S _ I MIJ P e

d

PS

K UL S I O L m I N L _ d̂

Y P U U b I XY X c eN L [

d

bc � � % � "�  O H XJ O HI R PS O XJ K I L e

d

O L m IN L ^d H I ZN L b U I [ XN PS I S P e O H I J V [ b IN S

b2 XJ R � L N

4ac

XN I J L ON I ZN IS IJ O X b UI XS lL X O PJ Q

Z L PJ OJ V [ b IN S _ PJ Y H P K H K XS I IN N L N S XN I [ X RI PJ KL [ ZV O PJ Q O H I [^ |S S V [ I

b = 2p, a =

2p−1 −1, c = 2p−1 +1

o X U U O HI S I J V [ b IN S XN I Ia X K O U c N I ZN IS IJ O X b UI r ^ d H IJ O H I Ia X K O MX UV I

L e

d

PS

4^ d HI MX UV I

b2 = 22p

PS X N I ZN IS IJ O X b UI lL X O PJ Q Z L PJ OJ V [ b IN _ bV O

4ac = 22p − 4PS J L O�_ S PJ K I O H PS J V [ b IN H XS

2p−2

S P QJ P n K XJ O R P Q P OS o X U U L e O H I [ I� V X U O L

1

r PJ P OS b PJ XN c
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 �� �� � p p z

Ia Z XJ S PL J ^ d H I J I XN I S O lL X O PJ Q Z L PJ OJ V [ b IN PS L b O X PJ I R bc N L V J R PJ Q V Z o X R R PJ Q

4

r _ XJ R

X e O IN O H I o IN N L N � eN I I r S V b ON X K O P L J _ Y I QI O

d̂ = 0^ d HI N I U X O P MI IN N L N L e O H PS KL [ ZV O X O P L JPS O HIN I eL N I

1

PJ S O I X R L e

2−p ^d H I N I XS L J PS O H X O PJ S V b ON X K O PJ Q OY L J V [ b IN S O H X O XN I X U [L S O I � V X U_ O HI [L N I S P QJ P e �P K XJ O R P Q P OS K XJ K I U I X K H L O H IN ^ j e_ L J O H I L O H IN H XJ R_ O H I N I [ X PJ PJ Q U IS S S P QJ P n K XJ O R P Q P OS

X UN I X R c K XN N c S L [ I IN N L N S eN L [ ZN I M P L V S KL [ ZV O X O PL J S _ O H I S V b ON X K O P L J HV QI U c X [ Z U P n ISO H IS I IN N L N S k O HI K XJ K I U U X O P L J ZN L [L O IS O H I ZN I M PL V S U c U IS S S P QJ P n K XJ O R P Q P OS O L [V K H

[L N I S P QJ P n K XJ O R P Q P OS L e O HI N IS V U O ^| Q X PJ _ O H I I a X [ Z U I Y I Q X MI HI N I PS XN O P n K P X U_ bV O b I XS S V N I R O H X O K XJ K I U U X O P L J H X Z Z IJ SPJ ZN X K O P K I ^ � MIJ PJ O H I � V X RN X O P K I� V X O P L J Ia X [ Z UI _ P O [ P Q H O b I O H X O O H I I� V X O PL J S O H X O

KL [ I V Z PJ XJ X Z Z U P K X O PL J H X MI O HI ZN L Z IN O c O H X O O HI PN R PS KN P [ PJ XJ O

b2 − 4ac

PS [V K H

S [ X U UI N O H XJ

a, b

XJ R

c

O HI [S I U MIS ^ jJ O H PS K XS I _ K XJ K I U U X O PL J ) � " " H X Z Z IJ ^d H I R PS KV S S PL J K XJ b I S V [ [ XN P m I R PJ eL N [ L e X O H PN R QV P R I U PJ I ^

Floating Point Arithmetic Guideline 3:

| ML P RS V b ON X K O PJ Q OY L J V [ b I N S L e X U [L S O I� V X U

S P m I _ P e O H IS I J V [ b IN S XN I N IS V U OS L e L O H IN lL X O PJ Q Z L PJ O KL [ ZV O X O P L J S ^

2.5.8 Details

Other floating point number systems.

d H I j � � �S O XJ R XN R s z � RI nJ IS OY L [L N I lL X O PJ Q

Z L PJ OJ V [ b IN S c S O I [S _  � &( "�- �A �� & #� # + � � % � �� & o

p = 32

r _ XJ R #� � @ "�- �A � � & #� # + � �-% � �� & o

p = 64

r _ XJ R S L [ I Z U X O eL N [S L gIN P [ Z UI [ IJ O X O P L J S L e O H IS I O c Z IS ^ d HIN I PS

X US L O HI j � � �S O XJ R XN R 0 z � O H X O X U UL Y S b XS I

β = 10_ eL N L b M P L V S N I XS L J S k O H I R I K P [ X U

eL N [ X O PS O HI L J I PJ Y H P K HY I O H PJ ` X b L V OJ V [ b IN S _ XJ R PJ Y H P K HY I V S V X U U c N I ZN IS IJ O

J V [ b IN S ^ jJ Z XN O P KV U XN _ X b XS I �10

S c S O I [ H XS J L HL U IS PJ O H I MX UV I N XJ QI X O R I K P [ X U

eN X K O P L J X UJ V [ b IN S U P `I

1.1

XJ R

0.1^

IEEE compliance.

G H P UI L J [L S O Z U X O eL N [S _ O H I O c Z IS

float

XJ R

double

KL N N IS Z L J R O L

O H I S PJ Q UI XJ R RL V b UI ZN I K PS PL J lL X O PJ Q Z L PJ OJ V [ b IN S L e O H I j � � �S O XJ R XN R s z �_ O H PS

KL N N IS Z L J R IJ K I PS V S V X U U c J L O L J I � O L � L J I ^ WL N Ia X [ Z UI _ P e c L V XN I ON c PJ Q O L N I ZN L RV K I

O H I K XJ K I U U X O PL J Ia X [ Z UI Y I Q X MI _ c L V [ P Q H OY N P O I

float b = 16777216.0f; // 2^24

float a = 8388607.0f; // 2^23 - 1

float c = 8388609.0f; // 2^23 + 1

std::cout << b * b - 4.0f * a * c << "\n";

XJ R Ia Z I K O O L QI O O H I ZN I R P K O I RY N L J QN IS V U O

0^ � V O P O [ X c I XS P U c H X Z Z IJ O H X O c L V QI O

O H I KL N N I K ON IS V U O

4_ I MI J O HL V Q H c L V N Z U X O eL N [ K U X P [S O L eL U UL Y O H I j � � �S O XJ R XN R s z �^d HI [L S O U P `I U c N I XS L J PS O H X O O HI Z U X O eL N [ PJ O IN J X U U c V S IS X N I Q PS O IN Y P O H [L N I b P OS O L

Z IN eL N [ O HI K L [ ZV O X O P L J ^ G H P UI O H PS S I I [S U P `I X QL L R P RI X PJ QIJ IN X U_ P O K XJ b I eX O X U

eL N X ZN L QN X [Y HL S I eV J K O P L J X U P O c KN P O P K X U U c N I U P IS L J O HI j � � �S O XJ R XN R s z �^

p p � vw � � � �� �� � � 
 
x � �	 � 
 �

�L V ) � " " [L S O U P `I U c S I I O HI K XJ K I U U X O P L J I gI K O PJ O HI eL U UL Y PJ QS I I [ PJ Q U c I� V P MX UIJ O

MX N P XJ O L e O H I X b L MI KL R I ^

float b = 16777216.0f; // 2^24

float a = 8388607.0f; // 2^23 - 1

float c = 8388609.0f; // 2^23 + 1

float bb = b * b;

float ac4 = 4.0f * a * c;

std::cout << bb - ac4 << "\n";

� I N I _ O H I N IS V U OS L e O H I PJ O I N [ I R P X O I KL [ ZV O X O PL J S XN I Y N P O O IJ b X K ` O L

float

MXN P X b UIS _ZN L b X b U c N IS V U O PJ Q PJ O HI Ia Z I K O I RN L V J R PJ Q L e

4ac^ d HIJ O HI nJ X US V b ON X K O PL J N I MI X US

O H I K X J K I U U X O PL J I gI K O ^ � & "�  _ L e KL V N S I _ O H I K L [ Z P U IN R I K P R IS O L `I I Z O H I MXN P X b U I

ac4PJ X N I Q PS O IN Y P O H [L N I ZN I K PS PL J ^ WL N O H PS N I XS L J _ c L V K XJ O c Z P K X U U c ZN L M P R I X K L [ Z P U IN

L Z O PL J O L [ X `I S V N I O H X O lL X O PJ Q Z L PJ OJ V [ b IN S XN I J L O `I Z O PJ N I Q PS O IN S ^G H X O PS O HI [L N X U I L e O H PS � �L V V S V X U U c K XJ J L O eV U U c ON V S O O HI /C C C %� �+ " �� & %�

L e X Z U X O eL N [_ XJ R P O PS J I P O H IN I X S c J L N Y L N O HY H P U I O L ZN I R P K O HL Y lL X O PJ Q Z L PJ OJ V [ �b IN S Ia X K O U c b I H X MI L J X S Z I K P n K Z U X O eL N [^ j O PS [L N I P [ Z L N O XJ O eL N c L V O L `J L Y XJ R

V J RI N S O X J R lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [S PJ QIJ IN X U_ X UL J QY P O H O HI PN U P [ P O X O P L J S ^ d H PS`J L Y UI R QI Y P U U X U UL Y c L V O L P R IJ O P ec XJ RY L N ` XN L V J R ZN L b U I [S O H X O [ P Q H O KL [ I V Z L J

S Z I K P n K Z U X O eL N [S ^
The type long double.

d HI T i i S O XJ R XN R ZN IS KN P b I S XJ L O HIN eV J R X [ IJ O X U lL X O PJ Q Z L PJ O

J V [ b IN O c Z I K X U UI R
long double^ j OS U P O IN X US IJ RY P O H O H I U I O O I N

l

L N

L_ XJ R P O PS QV XN �XJ O I I R O H X O O H I MX UV I N XJ QI L e

double

PS KL J O X PJ I R PJ O HI MX UV I N XJ QI L e

long double^� IS Z P O I O H PS _ O HI KL J MIN S PL J eN L [

double

O L

long double

PS J L O RI nJ I R O L b I X ZN L [L O P L Jbc O H I T i i S O XJ R XN R^G H P UI
float

XJ R

double

V S V X U U c KL N N IS Z L J R O L S PJ Q UI XJ R RL V b UI ZN I K PS PL J L e O HIj � � � S O XJ R XN R s z �_ O H IN I PS J L S V K H R I eX V U O K HL P K I eL N

long double^ jJ ZN X K O P K I _

long double

[ P Q H OS P [ Z U c b I X S c J L J c [ eL N

double_ bV O P O [ P Q H O X US L b I S L [ I O H PJ Q

I US I ^ yJ O HI Z U X O eL N [ V S I R bc O HI X V O HL N S _ eL N Ia X [ Z UI _ long double

KL N N IS Z L J RS O L O HI

J L N [ X U P m I R lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [

F

�

(2, 64, −16382, 16384)} O H PS PS Ia X K O U c O H IRL V b U I � Ia O IJ RI R ZN I K PS P L J L e O H I j � � �S O XJ R XN R s z �^

Numeric limits.

j e c L V Y XJ O O L `J L Y O H I Z XN X [ I O IN S L e O HI lL X O PJ Q Z L PJ OJ V [ b I N S c S �O I [S b I H PJ R

float_ double

XJ R

long double

L J c L V N Z U X O eL N [_ c L V K XJ I [ Z UL c O HI

numeric_limitsY I H X MI V S I R b I eL N I PJ O H I ZN L QN X [

limits.C

PJ \ I K O PL J ] ^ ] ^ z ^ � IN I

XN I O H I N I U I MXJ O Ia ZN IS S P L J S O L QI O H IN Y P O H O HI PN [ I XJ PJ QS _ S HL Y J eL N O HI O c Z I

float^
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 �� �� � p p s

Ia ZN IS S PL J o L e O c Z I

int

r [ I XJ PJ Q

std::numeric_limits<float>::radix β

std::numeric_limits<float>::digits p

std::numeric_limits<float>::min_exponent e � �� + 1

std::numeric_limits<float>::max_exponent e ��� + 1

GI N I [ XN ` O H X O

std::numeric_limits<float>::min()

RL IS &� � Q P MI O HI S [ X U UIS O

float MX UV I o b I K X V S I L e O H I S P QJ b P O�_ O H PS S [ X U U IS O MX UV I PS S P [ Z U c O HI J I Q X O P MI L e O HIU XN QIS O MX UV I r _ bV O O HI S [ X U UI S OJ L N [ X U Pm I R + � � � �! � MX UV I ^

Special numbers.

GI H X MI [ IJ O PL J I R O H X O O H I lL X O PJ Q Z L PJ OS c S O I [S ZN IS KN P b I R bc O HIj � � �S O XJ R XN R s z � KL J O X PJ S L [ I S Z I K P X UJ V [ b IN S . O HI PN I J KL R PJ Q V S IS Ia Z L J I J O MX UV ISO H X O RL J L O L K KV N PJ J L N [ X U Pm I RJ V [ b I N S ^yJ O H I L J I H XJ R_ O HIN I XN I O HI #� &� � � � " �
 � #J V [ b IN S L e O HI eL N [

�

d0.d1 . . . dp−1

� βe � ��

,

Y P O H

d0 = 0^ | R IJ L N [ X U Pm I RJ V [ b IN H XS S [ X U U IN X bS L UV O I MX UV I O H XJ XJ c J L N [ X U Pm I R

J V [ b IN ^ jJ Z X N O P KV U XN _ 0

PS X RIJ L N [ X U P m I RJ V [ b IN ^d H I L O HI N S Z I K P X UJ V [ b IN S K XJ J L ON I X U U c b I K X U U I RJ V [ b IN S ^ d HI N I XN I MX UV IS N I Z �N IS IJ O PJ Q

+∞ XJ R

−∞_ XJ R O HI c XN I N I O V N J I R bc L MIN lL Y PJ Q L Z IN X O PL J S ^ d H IJ O HIN I

XN I S I MIN X U MX UV I S K X U UI R

NaN

S o eL N fJ L O X J V [ b IN h r O H X O XN I N I O V N J I R bc L Z IN X O PL J S Y P O H

V J RI nJ I RN IS V U O�_ U P `I O X ` PJ Q O H I S � V XN I N L L O L e X J I Q X O P MI J V [ b IN ^ d H I P RI X b I H PJ R

O H IS I MX UV IS PS O L ZN L M P RI [L N I l Ia P b P U P O c PJ R I X U PJ QY P O H Ia K I Z O PL J X US P O V X O P L J S ^ jJ S O I X R

L eS P [ Z U c X b L N O PJ Q O HI ZN L QN X [Y H IJ S L [ I L Z IN X O P L J eX P US _ P O [ X `IS S IJ S I O L N I O V N J X J

Ia K I Z O P L J X U MX UV I ^ d HI K X U UI N L e O HI L Z IN X O P L J K XJ O H IJ RI K P RI HL Y O L R I X UY P O H O H I

S P O V X O PL J ^

2.5.9 Goals

Dispositional.

| O O H PS Z L PJ O�_ c L V S HL V U R ^ ^ ^

p r `J L Y O HI lL X O PJ Q Z L PJ OJ V [ b IN O c Z IS

float

XJ R

double_ XJ R O H X O O H I c XN I [L N I

QIJ IN X U O H XJ O HI PJ O I QN X U O c Z IS .

] r V J R IN S O XJ R O HI KL J K I Z O L e X lL X O PJ Q Z L PJ O J V [ b I N S c S O I [_ XJ R PJ Z XN O P KV U XN P OS

X R MXJ O X QIS L MIN X na I R Z L PJ OJ V [ b IN S c S O I [.

t r `J L Y O H X O O H I j � � �S O XJ R XN R s z � R IS KN P b IS S Z I K P n K lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [S

V S I R XS [L R I US eL N

float

XJ R

double

L J [ XJ c Z U X O eL N [S .

� r `J L Y O H I O HN I I W UL X O PJ Q {L PJ O |N P O H [ I O P K �V P RI U PJ IS .

z r b I XY XN I O H X O KL [ ZV O X O P L J S PJ ML U M PJ Q O HI O c Z IS

float

XJ R

double

[ X c R I U P MIN PJ �I a X K ON IS V U OS _ [L S O U c RV I O L HL U IS PJ O H I MX UV I N XJ QI ^

p p 0 vw � � � �� �� � � 
 
x � �	 � 
 �
Operational.

jJ Z XN O P KV U XN _ c L V S HL V U R b I X b U I O L ^ ^ ^

o �p r I MX UV X O I Ia ZN IS S P L J S PJ ML U M PJ Q O HI XN P O H [ I O P K O c Z IS

int_ unsigned int_ floatXJ R

double

.

o � ] r KL [ ZV O I O H I b PJ XN c N I ZN IS IJ O X O P L J L e X Q P MI J N I X UJ V [ b IN .

o �t r KL [ ZV O I O H I lL X O PJ Q Z L PJ OJ V [ b I N J I XN IS O O L X Q P MIJ N I X UJ V [ b IN _ Y P O HN I S Z I K O

O L X nJ P O I lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [.

o � � r Y L N `Y P O H X Q P MI J lL X O PJ Q Z L PJ OJ V [ b IN S c S O I [.

o � z r N I KL QJ P m I V S X QI L e lL X O PJ Q Z L PJ OJ V [ b IN S O H X O M P L U X O I S XJ c L e O H I O HN I I W UL X O PJ Q{L PJ O |N P O H [ I O P K �V P RI U PJ IS .

o � � r Y N P O I ZN L QN X [S O H X O Z IN eL N [ KL [ ZV O X O P L J S Y P O H lL X O PJ Q Z L PJ OJ V [ b I N S ^

2.5.10 Exercises

Exercise 42

C ! � " � � �� � �� $� " "� ) � &( �A + � �  �� &  �� + - @ ' -  �� + � � % %� � # � &( �� � �� %� &-! � �  �� & � � "� � $ � �A � # �A + � �  �� & . E� �  � �� � ?� � � � &( + � � & � � � + � � � & � � � �� &

� % %� � # � &( � � /C C C <D 4 � � �� � � � float
%� � � � + � & # � �

F

�

(2, 24, −126, 127)

� & # #� �-@ "� %� � � � + � & # ��

F

�

(2, 53, −1022, 1023). E� � " � �  � �� � �� �

32

@ � � � � � � � # ��

� � + � � � & �

int

! � " � � . 8� 9 =

X r

6 / 4 * 2.0f - 3

b r

2 + 15.0e7f - 3 / 2.0 * 1.0e8

K r

392593 * 2735.0f - 8192 * 131072 + 1.0

R r

16 * (0.2f + 262144 - 262144.0)

Exercise 43
�� �+ � �� � �� @ � &� � ' �A + � & �� & � $ � �� $� " "� ) � &( #� % � � � " & � � @� �  .

� =

0.25

@ =
1.52

% =

1.3

# =

11.1

8� 3 =

Exercise 44

�� � � �� & � � @� �  � & C A � � % � � 4 �� %� �+ � �� &� � � � � ?� � � � &( + � � & � & � � @� �  � & � ��  ' �� � � �

(2, 5, −1, 2)

� & # �

(2, 5, −1, 2). 8 � � =

Exercise 45

E �� � � � � � �� "� � ( � � � & # �� " "� � Z L S P O P MI &� � �� " �
 � # � &( "� � & # #� � @ "�

+ � � % � �� & ?� � � � &( + � � & � & � � @� �  � � % %� � # � &( �� � �� /C C C  � � & #� � # <D 4 � 8� 4 =

Exercise 46

0� ) �� &' ?� � � � &( + � � & � & � � @� �  #� � ��  ' �� � � �

(β, p, e � �� , e ��� )

� & #

�

(β, p, e � �� , e �� � )

%� & �� � & � 8� 4 =

Exercise 47

�� �+ � �� � �� ! � " � � � $ � �� ! � � �� @ "�

d

� $ �� � � �� #� % "� � � � �� & �� �� � � & �

float d = 0.1;

�  � �� � �� /C C C  � � & #� � # <D 4. 8� � =
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Exercise 48

E �� � � � �� 8+ � �� & � �� " = + � � @ "� � ) � � � � �� $� " "� ) � &( "� � + � o � z r

for (float i = 0.1; i != 1.0; i += 0.1)

std::cout << i << "\n";

Exercise 49

E �� � � � �� 8+ � �� & � �� " = + � � @ "� � ) � � � � �� $� " "� ) � &( "� � + � o � z r

for (float i = 0.0f; i < 100000000.0f; ++i)

std::cout << i << "\n";

Exercise 50

E� � �� � + � � ( � � � � �� � � � �+ � � $� � � ( �! � & #� % � �� " � &+ � � & � � @� �

x� 0 <

x < 2� � � &� � � � " �
 � #

float

! � " � � � & ' � �� + "� � $� � �. > �� � � �+ � � �� � " # %� & �� � & � ��8 @ � &� � ' = # �( � � � $ � ��  �( & � , %� & #�  � � � � � &( ) � � �

1� � & # � �� 8 #� % � �� " = �A + � &� & �. B� �

�� ' �  � �� � �� � � �� ?� � � � &( + � � & � & � � @� �  ' �� � � & #� � "' � &( � �� � ' + �

float

�� @� �

β = 2. 8 � � = 8� 5 =

Exercise 51

> �� & � � @� �

π

%� & @� #� , &� # � �� � � ( �! � � �� � � & , & � ��  � � . 0� � � � � �� )� � $ � �� �.

π

4
= 1 −

1

3
+

1

5
−

1

7
+� � �

π

2
= 1 +

1

3
+

1� 2

3� 5
+

1� 2� 3

3� 5� 7
+� � �

E� � �� � + � � ( � � � $� � %� �+ � � � &( � & � + + � � A � �� � �� & � $

π� @� � # � & � �� � $� � � � "� .E � � % � $� � � � "� � @� � �� � $� � � �� � + �� + � � � 8� 5 =

Exercise 52

E� � �� � + � � ( � � �

fpsys.C

� � ! � � � " �
 � � &� � �� " �
 � # ?� � � � &( + � � & � & � � @� �

 ' �� � ��

(2, p, e � �� , e ��� ). > �� + � � ( � � � �� � " #� � � # � �� + � � � �� � � �  

p� e � ��� � & #

e ���� � &+ � � � & # $� � � � % � + � � � �! � & � � @� �

x

$� � � � �

(2, p, e � �� , e ��� )

#� � ) � % �� % "� � $

� � # � � 

x

� � � � & # � �� � � �( � &. � � � �� " � @� � � '

libwindow

� �� � � � ! � � "� @ "� � � � �� %� ��  ��� � � + � ( � �� %� � � �� ( � � + � � %� " � � � + � �. � � � �� + � � ( � � � �� ! � � � $' � �� & � � @� �  ' � �

%� �+ � �� # � & C A � � % � � 45 . 8� 4 = 8� 5 =

2.5.11 Challenges

Exercise 53

> �� � XJ R I U bN L OS I O � �  � @ � � � $ � �� %� � + "�A + "� &� � �� � @� %� � � + � + � "� �� �� � � ( � � � eN X K O X U �� + � � & # � �� @� � � � � $ � " #� � ) � &(  � $ � �. 1 � "� ) ' � �  � � � ��  � � � 

[ X PJ K XN R P L P R � & # � #� �� � " � $ � � � � � � % � � �( �� � 
 � � � %� "�.

p ]q vw � � � �� �� � � 
 
x � �	 � 
 �

> �� �� & #� " @� � � � � � #� , &� # � $� " "� ) . �� �

c

u �� )� %� & � #� � � ��  � * � � & %�

z0(c), z1(c), . . .

� $ %� � + "�A & � � @� �  ( �! � & @ '

z0(c) = 0

� & #
zn(c) = zn−1(c)

2 + c, n > 0.

> �� � � � � � � )� %� � � � � � �� �

|zn(c)|

�

2

$� � � " "
n

8 � � � � @! �� � "' �� + + � & $� � �A � �+ "�� $

c = 0

=� � �

|zn(c)| > 2

$� �  � � �

n

8 � � � � @! �� � "' �� + + � & $� � �A � � + "� � $

|c| > 2

=.> �� �� & #� " @� � � � � %� & � � � $ � " "

c

$� � ) � � % � )� � � � � & � �� ,�  � %� �. / � $� " "� ) � �� � � �� �� & #� " @� � � � � %� & �� � & 

0

� & # � %� & �� � &� # � & � # � F � $� � # � � 

2

� � � � & #

0� & � �� %� �+ "�A + "� &�.E� � �� � + � � ( � � � � �� � #� � ) 8� & � + + � � A � � � � �� & � $ = � �� �� & #� " @� � � � �� � � �� � % �� #

�� � � � % �� &( � "� �  � @ � � � $ � �� %� � + "�A + "� &�. / � �� � " # @� + �  � @ "� �� 
 � � � � &� �� � &-� &( � �� � � �� � � % �� &( � "� �  � @ � � @� %� ��  � � " "� � � � & # �� � � #� �� � " @� %� � � ! � � @ "� � &� �� #� � ) � &( ) � & #� ). � @! �� � "' � ' � � %� & � � + � � %�  � " " � & , & � �� "' �� &' %� �+ "�A & � �-@� �  

c

� & � �� � � % �� &( "��� � & # $� � ( �! � &

c� ' � � %� & &� �� � � " "' % �� % F ) �� � �� �

|zn(c)|

�

2$� � X U U

n�  � � � � &� %�  � � ' �� # � %� � � �
 � � �� � � % �� &( "� � & � � + �A � " � � & # � � � �� @ " � �

 � �� � + + � � @� � & #
N

� & � �� & � � @� � � $ � �� � � � �� & . / $

|zn(c)|

�

2

$� � � " "

n

�

N� ' � �

�� '  � � + "' �  � �� � �� �

c

� � & � �� �� & #� " @� � � � �. �� �  ��� � �� � � � &� ( � � � � & �� �� �� � � �� � � � " � � &( #� � ) � &( � �! � & % "� � �� � �� �� & #� " @� � � � � 8� + � % �� " "' � � , &� �"�! � " � $ #� �� � " =� @ � � $� � � ��  � F� � $ � @ �� � & � &( & � %� + � % � �� � � )� %� &( � &� � � � "' ( "�  

� ! � � � � � �  � �.

Hint:

B� � � � ' � � � ��

libwindow

" � @� � � ' �� + � � # � %� � �� #� � ) � &( . > �� �A � �+ "�

+ � � ( � � � � & � � #� % � � � & � � � �� & �� � " #( �! � ' � � � & � #� � �� ) � � � %� & @� #� &�.

Exercise 54

> �� $� " "� ) � &( � �� � " )�  � & � �� � �� � " � &( " � � $� � � � �  � $ � ��  � $ � )� � �" � @� � � ' � � ��.

Hi all,

This should be a very easy question.

When I check if the points (0.14, 0.22), (0.15, 0.21) and (0.19,0.17) are

collinear, using CGAL::orientation, it returns CGAL::LEFT_TURN, which is

false, because those points are in fact collinear.
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 � 

 �� �� � p ]p

However, if I do the same with the points (14, 22), (15, 21) and (19, 17) I

get the correct answer: CGAL::COLLINEAR.

� = � � & # � � � ) �� � � � � � �� � " � � @� � �� � & + � � � � % � "� � � ) �� � � � � �� � ) �� � � � ��

� � �� & � � � �� & � $ � + � � & � �� �+ "��� ) �� � � 

CGAL::orientation� ) �� � #� � � %� " " � &� � � �

� � � &� � & # ) �' � � �� )� � �� � � $ � �� � �� � " �� + � � � # � @� � � � �� � @ � � ! � # @� �� ! -�� � �

@ = �� � $ � � & � & )� � �� � � � � � � � " � �� � �A + "� � & � �� � @ � � ! � � �� & � $ � �� � � ��

� � � � �� � )� � �� � �.

p ] ] vw � � � �� �� � � 
 
x � �	 � 
 �


