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3.2 Recursion
���������! #"�$��&%(')�*'+$�,-%!.�/0"1 ��2,1 1"-/3,4�1�65� �71/3'8"�$��&%('+�19:71/3'8"�$��&%('+�;$<�>=?$�.��*,- 1"�$<@BAC%(,2�6'+D
.��*,- 1"�$<@BAE"F=?@6@	$<�G 1HI�! �@B5� ��KJML8%(/ONP��@*@	�! # Q$<�>=?$R,1 1"-/3,4�1�65� R7#/>'8"�$��S%('+�T=�,- U5� -,�A
'V=?$�/3,1=?@��*'WHT=�'XA)�#��$�/0=?$��S%('+�19�=�'V.Y$<�>=?$�$<�G -AT@Z #=[.T$\%]"1%(H_^>=`"�$R=�'V.Q,1 #=[.[=[a4@Z 
"#%!.` b"�@Z%��! c$\%WHC=?$<�G -HT=?$��S"#=?@d71/>'8"-$��&%('e.` �fg'X�6$��&%('+�hJji� cNP��@*@k=?@l�!%E �m4^n@Z=��*'
�G%(No,- #"-/>,4�#�65� _71/>'8"-$��&%('e"F=?@6@l�p=�,- q^+,-%r"1 -�-�! #.�9I=�'V.W�G%(No,- 1"-/3,4�1�&%('s"#=�'ut&�*'
^+,��*'8"-�v^n@Z &wxa- Q,- &^n@y=`"1 F.WNP��$<�x��$\ -,#=?$��&%('VJ{z|'}$<�G p 1'V.�9_A:%(/ENP��@*@~�! 1 T$�N�%O=�^nD
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3.2.1 A warm-up
�I�!�?�����K�|�`�-���h�|���-�!�`�y�:�`�1�\���(�`���K�|���3�K�|�[���!�������`�1�:�:�1� ,- 1"1/>,4�1�*5� �@BA�� �����!�`���`���|�:�h�P�|�`���y�`�`�#�
�|���(���|���X���`�1�:�`�-���K : G���h�|�d���_���|�¡�K¢	���`�1�:�`���|���(�+£V¤[�r���#¥`�h�¦ 3��� � �y�r�g�h���

n §U¨ � �|�`�����`���X�#�
n!
���h�©�|�-�-�[�|�&��ª��-�����X�;�`�1�:�:�1�U�!�	�y�(�����K¢	�-£

n! :=

{
1,

���
n « 1

n ¬ (n − 1)!,
���

n > 1
£

��O®�¯;¯ ¢P�����!�x�!���\�Y�:�-ª����|�1�-�[�|�\��ª��I�y�`�`�1�|���(�:�1°I�Q�y�:�`�1�\���(�b���-�p���!���P���|�&�-���<£b±P�`�������
�`�r�|�`���`���#¥��r�|��� � �\���`�-���!���|�1�~�!��� � ���y�`�`�1�|���(�©���!���n���³²´�`�&���h�U�#¥� `�|�-�&�\���(�U�|�:�h�~�-�!�U���I `�|���`�-�� :���
�h ` X���K���!�?��¢~�`�1�\�©���b�|�`���y�:�`�1�\���(�+µ¶���&�-�r X� � �!�`�b�|�:�h���\�-�r X�©���`�-���`�`�-���\�:�©�y�:�`�1�\���(���X���`��£
·	�1�\�	���³�;�|�-�1�`�\�\��ª��	�y�`�`�1�|���(�¦�y�r�g�-�(�¦ :�[�|���`�

n! ¸ ���¦�Z�h�1� � �\�:�����`�1�:�`���|���(���#¥[�!�1�|���_���h�|���`�-�d�|�`����h�|�`�-���K�|�����!�:�`�1�:�`���|���(�q���|�(�¹�h�X�4ª��r£
// POST: return value is n!

unsigned int fac (unsigned int n)

{

if (n <= 1) return 1;

return n * fac(n-1); // n > 1

}

·	�1�|� � �\�:��#¥� `�|�1�\�\���(�
fac(n-1)

���	� ,- #"-/>,4�1�*5� ©"F=?@6@ �(�
fac

£

Infinite recursion. º ���|�Q�|�-�-�[�|�\�vª��_�y�`�`�1�|���(�`� � ¢P���:�-ª��k�|�`�R�|�!���k���\�&�:���!�~¢	���|�C�����r :��»<¼��-�#��|���(�I½�£¶¾[£�½(¿#°d���À�����-�!�&���|�_¢��|���|���`�4¢~�I�y�`�`�1�|���(�����!�����P¢	�`�(�\��#ªr�!���3�K�|���(�©�`���-���`�r�À�|�1�|�����3�K�|�r£
·	�1�\����P�|�`�;�\�`�r�\�|�-�&��¢À�-���(�0�1�|���K�|���`���h�I���[�:�:�v�|�~�|�-�-�[�|�&���(�+°��`�1�:�`�;�\�:�;�y�`�`�1�|���(�
void f()

{

f();

}
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¢~�v�|���`�)�K�|�(�`���-���|���!�`�b�#ªr�!���3�K�|�q�\�:���#¥� `�|�1�\�\���(�
f()

£b±P�`���|�-�!�\�(�b�y�r���:�(���6�|�1�|�����:�h�\���(�
�����-���-�h��°Y�|�`�Q�1ª!�!���:�h�|���(�O�(�

f()
�-�(�`�\���S�|���(�2�!� �1ª!�!���:�h�|���(�x�(�

f()
¢~�`����� �1�(�:�&���&�|���(��!�

�1ª!�!���:�h�|���(���(�
f()

¢	�`�����n£#£-£\���(�I�(�1�À�|�`�� 3���1�|�[�|�r£
�n�����y�r�������r :� � �\�:�;�y�`�`�1�|���(���:�#�3�`���\���(���3�h�À�|�_��������\�[�|���|�:�h�P :�\�(�r�|�-�\�À�|�K¢À�K�|�`�P�\�1�|���v�

�:�h�|���(�����À���!�`�;���©�1ª��1�&�I�y�`�`�1�|���(�I�-�!����£¡¤[�r�	�|�`�;�y�`�:�#�|���(�
fac

�h�G�Kª�� � �|�`���À���P�|�`��-�!�\�r° �-�!���
�|�����

fac
���³���!�����1���\�-�-�[�|�\��ª��1��� � �|�`�~ª!�!���`���(�X�|�`�����!���X�K�|�(�`���-�����X�-�-�(���-�³�\���!�����#� � �h�:��¢	�:�1�

�|�`�¦ª!�!���`�¦�|���!���`�-�
1
� �`�C���r�\���|�-�-�[�|�&��ª������!�������h�|�� X�1�|�y�r�\���-�+°�¢P���|�-�)�|�:�h�k�\�:�¦�\�-�-�[�|�\���(�

� �X�r�\�\�(���g�(�`���[£

3.2.2 The call stack
�+�1��µ¶���\�&�O�\� �`�`�`�1�|�&���h�:� ¢~�:�h���#¥[�!�1�|���x�:�h ` X�1�:�q�`�[�|���`�c�|�`�T�1ª!�!���:�h�\���(� �(�

fac(3)
� �|�-��£

±P�:� �y�r�|���!���h�|�(�`���-�?�
n
���C���`���|�y�!�����-�-�{¢~�v�|�

3
� �!�`� �\���`�-�p�|�`���C���T�r�\���h�|�1�T�|�:�!�

1
� �|�`�

�&���K�|�-���-�?�
return n * fac(n-1);

�����#¥��-�-�[�|�-�Y�:�F¥���£2±À�`���~�`�|�&���#ªr�!���3�K�|�-���|�`�R�#¥� `�|�-�&�\���(�
n * fac(n-1)

�h�:������ >�K�\�|���-�`�y�K� �|�`�;�\���(���P�r X�#���!�`�
fac(n-1)

£³¼����`�-�
n-1

�:�!�Àª!�!���`�
2
� �|�`�

�y�r�|���!�+�K�|�(�`���-���
n
���À�|�`�1�\�-�y�r�|�2���:�v�|�y�!�����-�-�¦¢~�v�|�

2
£

�³�[�	¢À�!���-°�¢~�:�h�	��� � �\�:���¦�y�r�|���!�n�h�|�(�`���-�?�����~�[�|�(���K�|�����&�|�r�|�!�(�2�`�[���h�|���(�I���¦ :�����-� �\�3�K�
���!���U�y�`�`�1�|���(�©���!���+�:�!�	�v�|� � �K¢	���_���|�-�\�Q���`�&�|�!�`�-��(�0�|�`��y�r�|���h�0�K�|�(�`���-��� � �!�`�©�|�`�2�����y�1�|�����
�(� �|�`�������:�S���!�`�-�����2�|�`���|�-�S X�-�1�|�vª��¦�y�`�:�#�|���(�]���!���6£���]�1ª!�!���:�h�\���`�

f(n-1)
� ¢P���\�:�#�|�-�y�r�|���(�1�

�¦�`�1¢ ���:�S���!�`�-�k�(�8�|�`�k�y�r�|���!�0�h�|�(�`���-�?�
n
� �(�Q�|�r C�(�d�\�:�� `�|�#ª����(�`�����`�&���h�:�1�����|�(� �|�`�k���!���

f(3)
»*�|�:�h�g�:�!� �`�r� ���1�g�\�1�|�����:�h�|�1�>¿F£��³�[� ¢~�`���������`�&�|�!�`�-�~�(�

n
�:��¢P�	�:�&�������|�`�~�1ª!�!���:�h�|���(�

�(�
f(n-1)

�����:�v�|�_�:�h�\�`�|�!����� � ���;¢~�������X���|�`�_�`�1¢ �(�`� � �\�:���(�`�_�|�:�h� � �X�1���(�`�(���q�\���|�`���-�!���
f(n-1)

£¡±À�`��� �\�:�������g���������`�	¢	���|���|�`���(�-�`�1���!�G�&�-�r X���|�`���-�g���|�(�¹¼��-�#�|���(�©½�£¶¾[£! �°V�\�:�~�\�-���1ª!�!���
�`�-�-�y�K���h�|���(�q�����!��¢À�-���g�|�`�;���(�&�P�|�-�-�1���~�(�`���|�:�h�À���À�&�|�����Gª����\���:���!£

±À�`���|�-���`�:�����!�8�|���!�������h�|���(�T�(�¡�|�`������;ª��1�&�Y�\���¦ 3���r£#"dª��#�\���|�����_�q�y�`�:�#�|���(�Y������h�����-� � �|�`�
���!�����K�|�(�`���-�������_�1ªr�h���:�h�|�-� � �h�:� �|�`���|�-�&�:�v�|���`�Cª!�!���`������ :�[�¦�(� �|�`� "#=?@*@��-$&=`"%$ ¢~�`����� ���
�\���¦ :�����k�\�-�(���(�I���q�|�`��1�(�¦ 3�[�|�#��µ¶�P���-���r�\��£'&

�n����R�¦�&���!�(U�(�d 3�h X�1�|�	�(�C���(�[���`�-�) � �|�`�k���!���V�S���!�(U�:�!�~�|�`�� `�|�r X�1�&�´�©�|�:�h�~�|�`�k�r�:²S�1�1�
�|�:�h�����!�����y�!�S�	��� � �(�©�|�r ��[£+*� X�(�©�\�1�|�����:�h�|���(�q�(���_�y�`�`�1�|���(�����!��� � �|�`��|�r U�r�:²´�-�1�����P������-�
�-,I�|�`�~�S���!�(��!���!���n£ º �`�-�`�1ª��1���2�y�`�`�1�|���(�q�-�!���G�h�-�-�-�\�&�-���r� �F�:�!�`�(�-�g�v�|� �y�r�|���!�>�h�|�(�`���-�?� � �v��`���-�À�\�������!�-�-�-�&�\���`���r�����3�h�:�(���:�R�|�`�2�1�r�\�|�-�& G�(�:�`���`���r�3²´�-�#���(���|�r U�(�0�\�:��&���!�(>£

±À�`���À�:�!�~�h���X�|�`�; `�|�r X�#�\�|���-�P¢P�¢À�h����°¡�1ª��1�\�©�y�`�:�#�|���(�I���h���X¢P�r����À¢~���|�����|�À�K¢	�I���`�&���h�:�1�
�(�[�|�`�g�y�r�|���!���h�|�(�`���-��� ¸ ¢~�`�-�R���8���h�����8�!�`�r�|�`�1�d�y�`�`�1�|���(�q»6�r�8�|�`�g�y�:�`�1�\���(�R���|�\�-���`�\�-�-�[�|�\��ª��1���`¿ ��|�`���g���`�&�|�!�`�-���X�-�-�(���-� �\�-�¦ X�r���h�\�������`���`�:�1� � �:�?�|���G�|�`���`�-�&�|�1�©���!���G�:�!�g�|�1�|�����:�h�\�-�+£.�g�À�\�3�K�
 X�(���?� � �\�:�����`�&�|�!�`�-�~�|���h ` X�-�h�|�P�(�q�\�r I�(�+�|�`���&���!�(��!�`�©�h�����4¢~�³�|�`���r�|���(���:�!�>�y�`�`�1�|���(�q���!���>�|�
¢P�r���¢~�v�|�©�����!���h���+£

±V�h�:���0/��\�`�K¢	��`�4¢ �\�:���;�����-���������R�y�r�
f(3)

� �!�&�\�`�����`���\�3�K���|�`���|���(���;�r X�1���h�:�T�(���|�`�
���:�v�|�� :�������K�|���(���r X�1�|�h�|�r�V���8�!��¢À�-���0�1ª!�!���:�h�|�-���`�|�S��£�1d�`�&�|���`���!�k�r�:²´�-�1�8�(���|�`� �S���!�( �  :�`�\�`�-���
��� � �h�:����������:�k�|�`���|�r U�r�:²´�-�1���(� �  X�r :���_����£

�³�-���!�`�\�c�(���\�:�T���!����&���!�( � ���[�:�`���|�U�|�-�1�`�\�\���(�`�I�`�b�`�r�U�(�`���O�-�(�`�\�`���T�|�����C�:�[�U�!���\�
2436587:9<;=5?>A@�BC7:3EDF@�9<G(HIHJ;CK�;MLCG�NOG)LJPQ>ARS;4@T7JHVUQHJ;CKQ;CLMG(N<KFG�N!><;4HWG)LM;YX<>Z7YDF@�7:9<;=B)G�N!NOH[7MG(BJ\�]T7JD�\�;4;CX^7:9�;`_A;VH:BCLJ36X�7:3EDF@

H:36RaX<NE;FUTbc;.BVDF@�BV;C@T7:LMG)7d;=D�@e7J9�;�B)G(H:;.DF5fDF@<;�G)LJPQ>ARS;4@T7Vg
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�-�!���X�&���h�FT»6�X�r�&�|�(� ←→ �|�r >¿ �1ª!�!���:�h�\���(���&�����`�-�`�-� �!�1�|���(�

¬�¬�¬ fac(3)
 :�`�\�

3

¬�¬�¬ n: 3 n * fac(n-1)

¬�¬�¬ n: 3 n * fac(2)
 :�`�\�

2

¬�¬�¬ n: 3 n: 2 n * (n * fac(n-1))

¬�¬�¬ n: 3 n: 2 n * (n * fac(1))
 :�`�\�

1

¬�¬�¬ n: 3 n: 2 n: 1 n * (n * 1)
 G�r 

¬�¬�¬ n: 3 n: 2 n * (2 * 1)

¬�¬�¬ n: 3 n: 2 n * 2
 X�r 

¬�¬�¬ n: 3 3 * 2

¬�¬�¬ n: 3 6
 X�r 

¬�¬�¬
Table 5:

�³�G W"F=?@6@��-$&=`"T$!9T=�'V. �G%(N �6$C 15�%�@l5� ��x.�/3,��6'G�{=�'  -5�=?@B/0=?$��S%(' %|7
fac(3) �

$<�G 
,- ��´^X 1"�$��*5� ¦5�=?@B/� q%|7

n
$\%©/>�! _�6��=?@BN�=�A���$<�G q%('8 ©%('b$\%-^

���-���r�\��£ *	�`������R���[�:�`���|�������r :� � �|�`�1�C�`�\�:�!�����I�����!�C�|�©�¦ `�|�(�r���h� �K�X�r�\�|���(�T�!���\���(�)�!���|�`�
���-���r�\���|�-�\�1�&ª��-�U�y�r�	�|�`�;���!���+�&�|�!�(������y�`����£

3.2.3 Basic practice
�+�1�P�`�g�-�(�`�\���`�1� � ¢P�R���r�|�	�&���¦ :���À�\�-�-�[�|�\��ª����y�`�`�1�|���(�`�³�\�3�K�P�h�|���\�(���#¢~�:�h� ���r�\�	���?�|�1�|�-�S�|���`�
�|�:�!�

fac
£±P�:�#�Q�\�`�K¢ �|�:�h���\�-�-�[�|�\��ª��R�y�`�`�1�|���(�`�;�h�|�� 3�h�&�|���-�`�y�h�\���I�h���-�:�h�:����|�q�-�r�\�\�-�1�|�`�-�\�

 `�|���(�y���(�;�|�`�-���� X�(�&�\�-�(�`�:�v�|���(�`� � �!�`� �|�`�������A��-�¦�|�`�-� �h�\�\�|�!�1�|��ª��!£���� �|�`�Q�r�|�`�1�q�:�!�`� �
¢P���!���\�Q�\�-�q�|�:�h�R�������R���!�S�p�\�C¢��|���|�����`�`���1�-���&�������-����`�I�|�-�-�[�|�&��ª����y�`�`�1�|���(�:�k�|�:�h�_�h�\��ª��#�\�
���`�����-���-�?���|���1ª!�!���:�h�|�!£

Greatest common divisor.
®g�(�:�&���`�1��\�:�R `�|�r�:���-� �(���:�`�`���`�q�|�`�_�r�|���h�|�1�&�2�1�(�����(�C�`��ª����\�r�

�(�-�
(a, b)

�(�:� ¢P��:�h�|�[���h�[���`���G�1�|�
a, b

£8±P�`���d���d�:�#�3�`�-�¦�!�8�|�`���y�K�|�(�-�&�¡�:�h�|�[���!�����`���G�1�d�|�:�h�
�`��ª����:�1��X�r�|�

a
�!�`�

b
¢~���\�:�(�[���|�-���h���`�:�#��£���) 3�h�\�|���-�`�y�h� � �(�-�

(n, 0) =
�(�1�

(0, n) = n
�y�r�

n > 0 ¸ ���1�À�`�	�!���\���`�1�:�`��(�1� (0, 0) := 0
£
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(a, b)
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Lemma 1
zy7

b > 0
9P$<�G 1'

�(�-�
(a, b) =

�(�-�
(b, a

�����
b).

Proof.
�n�1�

k
�G�2�R�`��ª����&�r���(�

b
£�¤[�\�(�

a = (a
�`��ª

b)b + a
�����

b
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k
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a
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b

k
.
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b
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b/k
�h�|�;�����\�-�(�1�|� � ¢P��(�1�

a
�����

b

k
§U¨ ⇔ a

k
§U¨ .
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k
�������`��ª����\�r���(�

b
� �|�`�-�

k
�`��ª����`�-�

a
���³�h�:�C�(�`���U���

k
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a
�����

b
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a
=�'V.

b
�h�|�k�F¥`�!�1�\���I�|�`�k�`��ª����\�r�|���(�

b
=�'V.

a
�����

b
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�|�:�h�À�(�-�
(a, b)

�!�`���(�-�
(b, a

�����
b)
�h�\�2�����3�h��£

�

·	�1�|�����g�|�`���-�r�&�|�-�& X�(�`�`���`��®�¯;¯}�y�`�:�#�|���(�q�y�r���1�(�¦ 3�[�|���:��|�`�;�r�\���h�|�-�S���1�(�����(�¦�`��ª����&�r�
�(�0� ¢P�

unsigned int
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// POST: return value is the greatest common divisor of a and b

unsigned int gcd (unsigned int a, unsigned int b)

{

if (b == 0) return a;

return gcd(b, a % b); // b != 0

}

±P�:� "d�:�1�����`���!���!���(�r�|�v�|�`�s���gª��1�\�q�Z�!�S��£ º ��-�!�©���h�\�������-�!���X���P�y�r�	�!��� unsigned int
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Correctness and termination.
¤`�r��|�-�-�[�|�&��ª��¦�y�`�`�1�|���(�`� � �������(���\�-�)ª��1�\�Y���!�&�C�|�� `�|�4ª����|�:�h�
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gcd
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b
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0
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a
�����

b < b
¿#£

� ��ª��1�I�|�`��� � �|�`�2�-�r�\�\�-�1�|�`�-�\���(�V�\�:�; X�(�&�|�1�(�:�`���\���(�©�y�(�����K¢	�����|�(� �n�1����� � ���©���`�:�`�1�\���(�
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b
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b = 0
� �|�`���	���	�-���-�h��£À¤[�r�

b > 0
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gcd
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b � < b
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b � =

a
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b
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b � < b
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gcd(b, a % b)
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�(�-�
(b, a

�����
b)
£+�³�[�����q�\�:�;���-����� � �(�-�

(b, a
�����

b) =
�(�1�

(a, b)
� �\���|�`�2�&���K�|�-���-�?�

return gcd(b, a % b);

�-�r�\�\�-�1�|�����|�#�|�[�|�`���(�-�
(a, b)

£

Fibonacci numbers.
±P�`�~�\�����:�1�:�1�

0, 1, 1, 2, 3, 5, 8, 13, 21, . . .
�(��� �Sa1%('V=`"1"-�g'X/3HTa- 1,4� �����(�:�
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F0 := 0,

F1 := 1,

Fn := Fn−1 + Fn−2, n > 1.
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// POST: return value is the n-th Fibonacci number F_n

unsigned int fib (unsigned int n)

{

if (n == 0) return 0;

if (n == 1) return 1;

return fib(n-1) + fib(n-2); // n > 1

} ��X���(�q¢��|���|�	�2 :�\�(�r���!�M�\���1�(�¦ 3�[�|�À�|�`��¤����G�(�3�h�-�-�G���:�R�X�1�
Fn
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n = 30
�!�`�

n = 50
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n
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1
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Fn
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Fi, i < n−1
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fib(50)
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F48

�!�v�|���!�[�U� ¢~���1�
»��(�`�-���`���|�-�1�\���C���

fib(n-2)
� �h�:�T�(�`�-�����`�`���|�1�1�|���U���\�(�

fib(n-1)
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F46
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F45
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3.2.4 Recursion versus iteration
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gcd

� �\�:���À�[ X�:�h�\�;�1�r�\�|�-�& G�(�:�`�À�|�_�|�`���\���!�`�\�y�r�\���h�|���(�
(a, b)→ (b, a

�����
b)
£

// POST: return value is the greatest common divisor of a and b

unsigned int gcd2 ( unsigned int a, unsigned int b)

{

while (b != 0) {

unsigned int a_prev = a;

a = b;

b = a_prev % b;
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}

return a;

}
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Fn
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Fn−1
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Fn−2
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Fi−2
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a
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b
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// POST: return value is the n-th Fibonacci number F_n

unsigned int fib2 ( unsigned int n)

{

if (n == 0) return 0;

if (n <= 2) return 1;

unsigned int a = 1; // F_1

unsigned int b = 1; // F_2

for (unsigned int i = 3; i <= n; ++i) {

unsigned int a_prev = a; // F_{i-2}

a = b; // F_{i-1}

b += a_prev; // F_{i-1} += F_{i-2} -> F_i

}

return b;

}
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fib2
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3.2.5 Primitive recursion
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unsigned int f ( unsigned int n)

{

if (n == 0) return 1;
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return f(f(n-1) - 1);

}���g�`�r�À�!�����K¢P�-� � �\���`�-�
f
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n + 1,
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A(m − 1, 1),
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m > 0, n = 0

A(m − 1, A(m, n − 1)),
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m > 0, n > 0
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// POST: return value is the Ackermann function value A(m,n)

unsigned int A ( unsigned int m, unsigned int n) {

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

return A(m-1, A(m, n-1));
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3.2.6 Sorting
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n

m

0 1 2 3 ¬�¬�¬ n

0 1 2 3 4 ¬�¬�¬ n + 1

1 2 3 4 5 ¬�¬�¬ n + 2

2 3 5 7 9 ¬�¬�¬ 2n + 3

3 5 13 29 61 ¬�¬�¬ 2n+3 − 3

4 13 65533 265536 − 3 2265536

− 3 ¬�¬�¬ 22.. .
2

︸ ︷︷ ︸
n+3

−3
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// PRE: [first , last) is a valid range

// POST: the elements *p, p in [first , last) are in ascending order

void minimum_sort (int* first , int* last)

{

for (int* p = first; p != last; ++p) {

// find minimum in nonempty range described by [p, last)

int* p_min = p; // pointer to current minimum

int* q = p; // pointer to current element
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while (++q != last)

if (*q < *p_min) p_min = q;

// interchange *p with *p_min

std:: iter_swap (p, p_min);

}
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main
�y�`�:�#�|���(� �

�y�r�nªr�h�\���(�`�+ª!�!���`�-�n�(�
n
£=�~�0�(�[� � �|�-�S�����h�\�T� � ¢P���`�\�d�|�`�n²´�`�R�3���-���\�����`�-�`�-�

0, n−1, 1, n−2, ...
�

�!�`�_�!���|�1�d�:�-ª����`�����h�����-�k�|�`�g�y�`�`�1�|���(�
minimum_sort

���|�(� �h�G�Kª�� � ¢P�g���`�-�(R¢~�`�1�|�`�1��¢P�À�`�4¢
���`�`�-�-�I�:�-ª���\�:��!�\�1�-�`�:���:�_�\�����:�1�:�1�

0, 1, . . . , n − 1
£ ���1� � �|�`���À `�|�(�r�|�!� �:���-�	�r�\�:�#���|�`���`�(�

�h 3�h�\�����|�(� �|�`�~�!�1�\�3�h�:�&�r�\�|���`� � �3�[�³�!���:�!�`�`���|���(�:�!�[�r G�1���h�|���(�:�¡�h�\� � ���`���h ��������\�:���\�-�`�\�	�\�3�K�
�|�`�-�������`���G�1�k���� `�|�r X�r�&�|���(�:�!�d�|�

n
�h�R���(�S� ¸ �!�-�-�r�|�`���`�U�|�U�(�[���h�X�4ª��������`���(���h�|�(�`���-�?�|� ��|�`�1�q�\�`�(�`���©�|�`�1�\�-�y�r�|�2�`�r�À���h�\�\�1��£

int main()

{

int n = 100000; // number of values to be sorted

int* a = new int[n];

std::cout << "Sorting " << n << " integers ...\n";

// create sequence : 0, n-1, 1, n-2,...

for (int i=0; i<n; ++i)

if (i % 2 == 0) a[i] = i/2; else a[i] = n-1-i/2;

// sort into ascending order

minimum_sort (a, a+n);

// is it really sorted ?

for (int i=0; i<n-1;++i)

if (a[i] != i) std::cout << "Sorting error!\n";

delete[] a;

return 0;

}

±V�h�:��� � �\�`�����h�|���1�-�;�\�:���|�-�\�`���\�-£©¤[�r�2�1ª��1�\�)ª!�!���`�¦�(�
n
�
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Gcomp=
10−9n(n−1)/2

£
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���

Time
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�\�-�1�(�:�`�À�|�`�; `�|�(�r���h� �`�-�1�:�À�|�_ G�1�|�y�r�|� �(�`� � �����!�-�(�¦ 3�h�|���\�(�+£
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���������	��
���	������� ½�� �

n
� ��� � ����� ½���� � ����� ¾ ��� � ����� � ��� � ����� � � ����� � �����

Gcomp
/ ½�� � �  �½�� � ½ � �

Time (min)
��° �4� � ° � � ¾[°�½!¾ �%� ° � � �  �°6 �½

sec/Gcomp
 �£¶¾  �£! O/  �£6  �£¶¾  �£ ¾8/

Table 7: � />HTa1 -,©%|7�"#%(H_^G=�,��6�!%('+��=�'V.©,�/>'+$��*HY q%|7 �����`�����`���<�\�r�\�
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º �_�!���\�q�\�-�R�|�:�h�;�\�r�\�\���`�����:�R�X�1�\���:�&���`� H��6'X�6H�/>H©D&�!%(,4$ �h ` X���h�\�;�|���X�k `�|�1�\� �C���`������-���1����£ � � ����� � �����R���À�`�r���y�h�|�(�������|���:���>µ¶�P�&���h�:�:�h�\�:� � �3�[�À�|���&�r�\���\�3�K�����h�������:�R�X�1�\�À���A��-�
���r�|� �|�:�!�_�(�`���`�(�[��� � ��ª��-���|�:�h�

sec/Gcomp
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�|�`���|�����R�\�3�K�����;¢P�(�`���Y������_�|�I�\�r�\� � � � ����� � ���������`�R�X�1�|� � �|�-��£q¤[�r���|�`��� � ¢P���`�1�|��ª������|�(�
�~�3�&�1�\ª!�h�|���(� � �|�`���\�����`���|�1� ���:�R�X�1���(� � �����!�-�(�¦ 3�h�|���\�(�`��»M/�� � ������¿2�!�`�p�_�`���\�� :���Q���k¢~�v�|�
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Merge-sort.
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 3�h���!�`���(�u���e��:�4¢~�©�!� .��*5r�S.` �=�'V.Y"1%(' ��/0 -, £
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·	�1�|�R���	�:�4¢ HT -,&�[ �DS�!%(,4$ �-�!�C�G���|���!�����-�-�Q���T®�¯;¯ � �h�\�\�`�����`���|�:�h�~¢P�k�:�-ª����¦�y�`�:�#�|���(�
merge

�|�:�h�V G�1�|�y�r�|�����\�:�P�K�X�Kª��g�r G�1���h�|���(���(�`���1�\�(���`�	� ¢P�;�&�r�\�|�-���\�����:�1�:�1�-�������|���(�`�g�\�r�\�\�-�
�\�����`�-�`�-�r£
// PRE: [first , last) is a valid range

// POST: the elements *p, p in [first , last) are in ascending order

void merge_sort (int* first , int* last)

{

int n = last - first;

if (n <= 1) return; // nothing to do

int* middle = first + n/2;
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Figure 18:
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merge_sort (first , middle ); // sort first half

merge_sort (middle , last); // sort second half

merge (first , middle , last); // merge both halfs

}
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// PRE: [first , middle), [middle , last) are valid ranges; in

// both of them , the elements are in ascending order

void merge (int* first , int* middle , int* last)

{

int n = last - first; // total number of cards

int* deck = new int[n]; // new deck to be built

int* left = first; // top card of left deck

int* right = middle; // top card of right deck

for (int* d = deck; d != deck + n; ++d)

// put next card onto new deck

if (left == middle ) *d = * right ++; // left deck is empty

else if ( right == last) *d = * left++; // right deck is empty

else if (*left < *right) *d = * left++; // smaller top card left

else *d = * right ++; // smaller top card right

// copy new deck back into [first , last)
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int *d = deck;

while (first != middle ) * first ++ = *d++;

while ( middle != last) * middle ++ = *d++;

delete[] deck;

}

Analyzing merge-sort.
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3.2.7 Lindenmayer systems
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Turtle graphics.
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Recursively drawing Lindenmayer systems.
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// Prog: lindenmayer.C
�

// Draw turtle graphics for the Lindenmayer system with
�

// production F -> F+F+ and initial word F.
�

�
#include <iostream >

�
#include <IFM/turtle >

�

�
// POST: the word w_i^F is drawn

�
void f ( unsigned int i) {

�
	
if (i == 0)

���
ifm::forward (); // F

�
�
else {

�
�
f(i-1); // w_{i-1}^F

���
ifm::left(90); // +

�
�
f(i-1); // w_{i-1}^F

�
�
ifm::left(90); // +

� �
}

�
�
}

�
�

��	
int main () {

��
std::cout << "Number of iterations =? ";

���
unsigned int n;

���
std::cin >> n;

���

���
// draw w_n = w_n(F)

���
f(n);

� �

���
return 0;

���
}
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Program 27:
^+,-%1�����n@B�6'V.` 1'XHT=�A: -,rJ��

¤[�r�~���[ :�[�
n = 14

� �\�:�� `�|�(�r���!�u¢	�����> `�|���:�`�-���|�`�2�y�(�����K¢	���`�k�[���-¢~���`�[£

�~�
n
�(�1�|�R�y�K�|�(�1� � �|�`�� :���1�|�[�|���`���1�_�`�r�R�\�-�1� �|�Q���:�!�`�(���_�`��� ¸ ���k�|�r���K�|�-� � �!�`���&�(������r�|�À�`�1���!�����¡�`�1ª��1���r  � �:�[�g�h 3�h�\�����|�(� �|�:�h���\�:�����¦ `�|�-�\�&���(�����¡�|�`�	�|�h���r£.�~�\�&�:���À���(���-�(�`���

�[���-¢ �|�`�; :���1�\�`�\�;�y�r�
n =∞ £�±P�`�-�I�����:�h�|���(�T»M �£ ½(¿³¢P�(�`���©�(�vª��

w∞ = w∞ + w∞ + .

±P�:��������� �! �@ 7-D&�#�6H©�6@Z=�,��6$�A °��|�`�R�[���-¢~���`���(�
w∞

�-�(�`�\���S�|���(�¡� ¢P���|�r���h�\�-�T�[���-¢	���`�(�~�(���v�|�\�-���<£
º �;�:�-ª���� 71,1=`"�$&=?@ �

Additional features. º �����!�Q�#¥��|�-�`�U�|�`�2�`�1�:�`���|���(�I�(�d�0�n���:�`�-�`���-���1���&���S�|�-� �|�����`�-���`�`�2�
�|�r���K�|���(�)�h�:�(���

α
�|�:�h�2���-�C�G���`��,G�#�|�-���2���|�(�

90
�`�-�r�|�-�-�1£�±P�`���2���2�\�`�4¢~�)��� 18�|�(�r���h� ½ �

�|�:�h�À�[���-¢~�����&�:�4¢ �3����;�y�r�~���` :�[�
n = 5

£
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�
// Prog: snowflake.C

�
// Draw turtle graphics for the Lindenmayer system with

�
// production F -> F-F++F-F, initial word F++F++F and

�
// rotation angle 60 degrees.

�
#include <iostream >

�
#include <IFM/turtle >

�

�
// POST: the word w_i^F is drawn

�
void f ( unsigned int i) {

�
	
if (i == 0)

���
ifm::forward (); // F

�
�
else {

�
�
f(i-1); // w_{i-1}^F

���
ifm::right(60); // -

�
�
f(i-1); // w_{i-1}^F

�
�
ifm::left(120); // ++

� �
f(i-1); // w_{i-1}^F

�
�
ifm::right(60); // -

�
�
f(i-1); // w_{i-1}^F

��	
}

��
}

���

���
int main () {

���
std::cout << "Number of iterations =? ";

���
unsigned int n;

���
std::cin >> n;

� �

���
// draw w_n = w_n^F++w_n^F++w_n^F

���
f(n); // w_n^F

��	
ifm::left(120); // ++

��
f(n); // w_n^F

���
ifm::left(120); // ++

���
f(n); // w_n^F

���

���
return 0;

���
}

Program 28:
^+,-%1��� �n�1'8%(N � =8$� !J �

±��¦�(�1�	���r�|� �3�F¥[���:�����v�´� � ¢P�2���!�C�!���\���#¥��|�-�`�U�|�`���!�v 3�:�h�G�1�
Σ
�(�V�&�����X�(���-£g¤[�r�~�#¥[�!�¦ :��� �

¢P�~���-���!�`���&���R�X�(���d¢~���\�:�(�[�³�!�����r���h :�`�����!�:���?�|�1�\ `�|�1�|�h�|���(� ¸ �|�`�-�\���h�\�~�&�|�����3�`�\�-�y�`� � �|�`�(�`�(� ��\���`�-���|�`�1�W���-� �G�I�`�\�-�O���W :�\���`�`�1�|���(�`�-£ ¤[�r���#¥`�!�¦ :��� � �|�`� �+���`�:�1�:���-���1���&���S�|�-� ¢~�v�|�
Σ = {F, +, −, X, Y}

� ���:�v�|�y�!�>¢P�r�\�
X
�!�`�© `�|���:�`�1�\���(�`�

X �→ X + YF +

Y �→ −FX − Y
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�����-���`�g�|�`� .�,1=(��%('E"-/>,�5� »
w14

� �!�`�(�����(�
90
�`�-�r�|�-�1��¿#£

±P�:�;�-�r�\�\�-�& X�(�`�`���`�_�1���`�2���P�\�`�4¢~�I��� 1d�\�(�r���!�¹½ � £
�

// Prog: dragon.C
�

// Draw turtle graphics for the Lindenmayer system with
�

// productions X -> X+YF+, Y -> -FX-Y, initial word X
�

// and rotation angle 90 degrees
�

#include <iostream >
�

#include <IFM/turtle >
�

�
void y ( unsigned int i); // necessary: x and y call each other

�

�
	
// POST: w_i^X is drawn

���
void x ( unsigned int i) {

�
�
if (i > 0) {

�
�
x(i-1); // w_{i-1}^X

���
ifm::left(90); // +

�
�
y(i-1); // w_{i-1}^Y

�
�
ifm::forward (); // F

� �
ifm::left(90); // +

�
�
}

�
�
}

��	

��
// POST: w_i^Y is drawn

���
void y ( unsigned int i) {

���
if (i > 0) {

���
ifm::right(90); // -

���
ifm::forward (); // F

���
x(i-1); // w_{i-1}^X

� �
ifm::right(90); // -

���
y(i-1); // w_{i-1}^Y

���
}
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��	
}

��

���
int main () {

���
std::cout << "Number of iterations =? ";

���
unsigned int n;

���
std::cin >> n;

���

� �
// draw w_n = w_n^X

���
x(n);

���

� 	
return 0;

� �
}

Program 29:
^+,-%1�����8.�,#=(�[%('VJ��

¤����:�!���v� � �(�:�À���!�¦�!�`�¦�&���R�X�(���8¢	���|���r�|�h :�:�����!�[���?�|�1�\ `�|�1�|�h�|���(�+£8®g�(�����(�`����:�&�-���&���R�X�(���
�h�|�

f
»�²´�:�¦ ©�(�`�2�&�|�# Q�y�r�\¢À�h�|� � �|�`���À�:���-�\�+µ �	�����-ª����k�\���h�-�4¿ �

[
»*�|�-���-�R�X�1�P�-�[�\�\�-���~ G�(�\���|���(�3¿

�!�`�
]
»�²´�`�¦ Y�3�!�(T�\�I�y�!�&�;�|�-���1���X�#�|�-�T G�(�\���|���(�3¿#£_6������!���\��� �� :���-�!�8�|�U�!�`�)�`�1¢M�&���R�X�(���

¢~�v�|���|�`�;�|�!�������?�|�1�\ `�|�1�|�h�|���(���!�
F
� �|�-��£

3.2.8 Details

Lindenmayer systems.
�+���`�:�1�:���-���1�0�&���&�|�-�����h�|�³�:�!���1�k�!���|�1���|�`� ���!�`���\�2�:���(���(�(���&� �	�|���S�|���`�

�+���`�:�1�:���-���1��» ��� ½�/�� ����� /(¿�¢	�`�I :�\�r X�(�\�-�c�|�`�-� ��� ��� � � �|�U�����`�-���|�`�¦�r�\�K¢��|�]�(�P :�y�h���|�-£
�+���`�:�1�:���-���1�_�&���&�|�-����»6¢~���\���(�-�`�1���h�������h�\���(�`���|�  h�<�`�����-�`�\���(�:�!�³�& 3�!�-�4¿_�:�-ª��I�y�(�`�`�W���!���
�h ` :�������K�|���(�`� �����-�(�¦ :�`�\�1�À�r���h :�`���-�-£

3.2.9 Goals

Dispositional.
�P�P�|�`���P X�(���?� � ���(�I�&�:�(�`���Y£-£-£

� ¿��`�:�`�1�\�&���!�`�c�|�`�¦�-�(�`�-�1 `�R�(� �|�1�-�[�|�\���(� � �!�`�)¢~�?�c���2������-�2�&�-�`�\���|�U�`�1�:�:�¦�©�y�`�:�#�|���(�
�|�[�|�(�`�(�I���|�\�1��� ¸½(¿��`�:�`�1�\�&���!�`�I�|�`�2�&�-���!���\���-�P�(�V�|�-�-�[�|�&��ª��2�y�`�`�1�|���(�U�-�!�����À�!�`�I�X�2��¢À�K�|��|�:�h�À�|�`�1���`�¦�`�r�
�!��¢À�-���P�|�1�|�����3�K�|� ¸

 �¿��h ` `�|�-�-�y�K�|���|�`�; X�4¢P�1���(���|�-�1�`�\�\���(�I�����\�r�\�|���:�_�!�`�I�[���-¢~���:� �+���`�`�-�`�������#���S���&�|�1���-£

Operational.
��© 3�h�\�|���-�`�y�h� � ���(�U�\�`�(�:�����X��h�:�����|�©£1£�£

» � � ¿��:�`�� `�|�F�g�!�`�© G�(�&�|�-�(�`�`���|���(�`�g�y�r���(��ª��-�©�\�-�-�[�|�\��ª���y�`�:�#�|���(�`� ¸» � ½(¿� `�|�4ª��2�r���`���& `�|�4ª��;�\�1�|�����:�h�|���(���!�`�I�-�r�\�|�1�1�|�`�-�\���(���|�-�-�[�|�&��ª��2�y�`�`�1�|���(�����!����� ¸» �  �¿��&���!�`�\�y�h�\�_�|�-�1�`�\�\��ª������h�|�`�-���K�|�����!���y�:�`�1�\���(�]�:�#�3�`���\���(�`����?�|�C®À¯¯ �y�:�`�1�\���(�]�:�#�3�`�v�
�|���(�:� ¸
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» � ¾?¿��\�1¢	�|�v�|�;���(��ª��1�©�|�-�-�[�|�&��ª��2�y�`�`�1�|���(�����©�v�|�1���h�\��ª����y�r�|� ¸» � /(¿��\�-�-�(�(�`���-�;���`���¦�1���-���À�|�-�1�`�\�\��ª��;�y�:�`�1�\���(�`�	�!�`�I���¦ :�\�Kª����|�`�-���P X�#�|�y�r�|���!�`�-� ¸» � ��¿��1�(�:�?�g�|�`�����`���G�1�P�(�+�r X�1���h�\���(�`�g�(�����(��ª��1�q� �� G�;���©�2�|�1�-�[�|�\��ª��;�y�`�:�#�|���(�q���!��� � �`�\���`�
���`�`�`�1�|���(���!�P�|�`����h���q�\���(� ¸» � � ¿�¢��|���|���|�1�-�[�|�\��ª���y�:�`�1�\���(�`�À�y�r�	�(��ª��-�©�|�!�)��1£

3.2.10 Exercises

Exercise 82
� �6'V.�^+,- �D2=�'V.�^X%��-$\"#%('V.���$��S%('+�P7h%(,�$<�G P7h%�@6@Z%(NÀ�*'G�q,- 1"-/3,4�1�65� �7#/>'8"�$��S%('+�hJ » � � ¿

�r¿
bool f (int n)

{

if (n == 0) return false;

return !f(n-1);

}

�>¿
void g ( unsigned int n)

{

if (n == 0) {

std::cout << "*";

return;

}

g(n-1);

g(n-1);

}

�4¿
unsigned int h ( unsigned int n, unsigned int b) {

if (n == 1) return 0;

return 1 + h (n / b, b);

}

Exercise 83
� ,1%(5� x%(,x.��6�S^+,-%(5� �7!%(,W=�'XA}%|7Y$<�G �7!%�@6@Z%(NP�6'G�x,- #"-/>,4�#�65� �71/3'8"�$��&%('+�c$<�>=?$��6$

$\ -,�H��6'V=?$\ ��	7h%(,©=?@6@G^X%��1�1�Sa4@Z �=�,S�(/>HT -'+$<�hJ�z|'x$<������$<�G 1%(,�A  Fm: -,-"1���! -9%(5� -, � %(N �-�G%(/G@y.I'8%�$
a- �$&=8$� -'c�6'+$\%�=`"1"1%(/3'+$�9 �SJ6 !J�A:%(/T�1�G%(/G@y.2^+,- �$\ 1'V.q$<�>=?$ $<�G �5�=?@B/� ;,1=�'G�[ ¦%|7

unsigned int���� �-/0=?@8$\% ¨ J » � ½(¿
�r¿

unsigned int f ( unsigned int n)

{

if (n == 0) return 1;

return f(f(n-1));

}
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// POST: return value is the Ackermann function value A(m,n)

unsigned int A ( unsigned int m, unsigned int n) {

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

return A(m-1, A(m, n-1));

}

�4¿
unsigned int f ( unsigned int n, unsigned int m)

{

if (n == 0) return 0;

return 1 + f ((n + m) / 2 , 2 * m);

}

Exercise 84

=�w iY,���$\ �=�'V.�$\ ��1$	= �����W71/3'8"�$��&%('Y$<�>=?$	"1%(H�^+/G$\ ��Ra��6'8%(H��S=?@V"#%r �� "-�S -'+$<��� n

k � , n, k §
¨ J��³�G ��h _HC=�A)a- �.` 6fg'8 #.U�*'�5�=�,��S%(/G�� ��/3�65�=?@Z -'+$	N�=�A��hJ � %(,� Fm`=�H_^n@Z -9�

n

k 	 :=
n!

k!(n − k)!
,

%(,
�
n

k 	 :=






0,
�¶7

n < k

1,
�¶7

n = k
%(,

k = 0� n−1

k � +
� n−1

k−1 � , � 7
n > k, k > 0

,

%(,
�
n

k 	 :=






0,
�¶7

n < k

1,
�¶7

n � k, k = 0
n
k

� n−1

k−1 � � 7
n � k, k > 0

a\w i)���&"-�O%|7�$<�G �$<��,- 1 �5�=�,��S=�'+$<�����Ia1 ��-$2�#/>��$\ F.¦7h%(,©$<�G q�6H�^n@  -HT -'+$&=?$��&%('X9R=�'V.TN���A�

� ,&�(/0 I$<�G #%(,- �$��&"F=?@6@BA�9¦a-/G$2/3'V.` -,\^+�6'EA:%(/>,T=�,&�(/>HT -'+$<�Ca-A "#%(H_^G=�,��*'G�b=?$�@Z #=?�-$�$�N�%
.���k -,- -'+$~�*H_^n@Z -HY -'+$&=?$��S%('+�q%|7�$<�G �71/>'8"-$��&%('VJ

» �  �¿F» � /(¿~» � � ¿

Exercise 85
z|'{�G%(N HT=�'XA]N�=�A��T"#=�'{A:%(/ %(NP' ��� ��� 
��� -�S^+��$\ ���$<�©�h%(HY -NÀ�>=?$	^n����@Z%�D

�!%-^n���S"#=?@	=�^[^X F=�,1=�'8"1 -9R$<�G ��/� -�-$��&%(' ���U=cHT=?$<�G -HC=?$��&"F=?@�%('8 hJ��;�*5� -'{�!%(HT C=�HT%(/>'+$�%|7
HY%('8 1A�9~�*'x�G%(N HT=�'XACN�=�A��©"F=�'OA:%(/Q^G=�,4$���$��S%('O�6$~/G�1�*'G�U$<�G I=�5�=��6@Z=[a�@  ©.` 1'8%(H©�6'V=?$��S%('+�
t#a#=�'Y$C'8%�$\ ��U=�'V. "1%(�6'+�´w�
e�³�G U.` -'8%(H��6'V=?$��&%('+���*' ��� � =�,- ������� 9�� ��� 9 ����� 9�� � 9�� � 9��� t#a#=�'Y$!'8%�$\ ��Swr9���9��[9 � 9 � J�� � 9 � J � � 9 � J ��� 9 � J � � t1"1%(�*'+�Sw�JQ���G �=�HT%(/>'+$2%|7 ��� �!� J � � 9
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7!%(,� Fm`=�H�^n@  -9;"#=�'Ea1 ©%(NP'8 #.Q�*'©7h%(/>,�N�=�A��©t\$\%q�[ �$~�*'+$\ S�[ -,4�#9~@Z �$ � �_�1NP��$\"��T$\%)"1 -'+$��*HY ��´w��
(20), (10, 10), (10, 5, 5), (5, 5, 5, 5)

J
� %�@l5� ¦$<�G �^+,-%�a4@Z -H 7!%(,�=�'XAI�(�65� 1'��6'�^+/>$;=�HT%(/>'+$�9~a�AUNP,���$��*'G�T=_^+,-%1�(,#=�H

partition$<�>=?$.` �fg'8 -�_$<�G �7!%�@6@Z%(NP�6'G�;71/3'8"�$��&%('Et#=?@6@�5�=?@l/0 ��_$\%Ca- ¦/3'V.` -,4�-$\%r%h.Y=?��"1 -'+$��*HY ��Sw�J
// PRE: [first , last) is a valid nonempty range that describes

// a sequence of denominations d_1 > d_2 > ... > d_n > 0

// POST: return value is the number of ways to partition amount

// using denominations from d_1 , ... , d_n

unsigned int partitions (unsigned int amount ,

unsigned int* first ,

unsigned int* last);
� �! kA:%(/>,�^+,-%#�(,1=�H $\%Q.` �$\ -,�H©�*'8 _�*'p�G%(N HC=�'XAIN�=�A���A:%(/b"#=�'O%(NP' ��� � � 9	=�'V. ��� ���� J ��=�' A3%(/3,;^+,-%#�(,1=�H "#%(H_^+/>$\ ¦$<�G �'X/>HTa1 -,I%|7RN�=�A��P7!%(, ��� � � � 
 » � � ¿

Exercise 86 � /�^[^X%��h �A3%(/CN�=�'+$P$\%C"1,1=`"%$��!%(HT !a-%!.�A � �2�! 1"-,1 �$;"#%!.` -9�"#%('+�1���-$��*'G�Q%|7 d
.�� �(��$<�

a- -$�N; # -'
1
=�'V.

9
J LV%(/O�>=�5� U�!%(HT ��G%(N{7!%(/3'V.b%(/G$k$<�>=?$_ Fm`=`"�$<@BA

k
%|7�$<�G ��! C.��*�(�6$<�C=�,- 

1
� �hJ
=�w iY,���$\ =�^+,-%1�(,1=�H $<�>=?$��[ -'8 -,#=?$\ ���=?@6@r^X%��-�1�´a4@Z 2"1%h.` ��hJ����G ³^+,-%1�(,#=�Ho�-�G%(/G@y.¦"#%('+$&=��6'

=271/>'8"-$��&%('b$<�>=?$	�!%�@l5� ��_$<�G �^+,-%�a4@Z -H 7!%(,��(�65� 1' =�,&�(/3HY -'+$<�
d
=�'V.

k
J

a\w � .[=�^n$	$<�G ^+,1%1�(,1=�H �!%I$<�>=?$À��$=?@l�!%C%(/G$�^+/>$<�_$<�G �'X/>HCa- -,U%|7~^X%��1�1�Sa4@Z q"1%!.` ��KJ
� %(,© Fm[=�H_^n@Z -9�� 7

d = 2
=�'V.

k = 1
9�$<�G q%(/G$�^+/>$�HC=�AQ@ %r%O$�@l�J$� _$<�������

12 13 14 15 16 17 18 19 21 31 41 51 61 71 81 91

There were 16 possible codes. » � � ¿

Exercise 87 �  1NÀ,��6$\ q$<�G �7!%�@6@Z%(NP�6'G�Q,- #"-/>,4�#�65� �7#/>'8"�$��S%('O�*'x��$\ -,1=?$��*5� �7!%(,�H =�'V.Y$\ -�-$;NP�6$<�
=©^+,1%1�(,1=�H NÀ�G �$<�G -,IA:%(/>,���$\ -,1=?$��*5� ©5� -,4�1�&%(' ���Q"1%(,�,- #"�$&J i)�>=?$_"F=�'EA:%(/ �K=�A�=[a-%(/>$�$<�G 
,�/>'+$��*HY ���%|7�a-%�$<�Y5�=�,��S=�'+$<�P7!%(,�5�=?@l/0 ��q%|7

n
/?^b$\%

100
9P�h=�A�
 » � ¾?¿#» � /(¿

unsigned int f ( unsigned int n)

{

if (n <= 2) return 1;

return f(n -1) + 2 * f(n-3);

}

Exercise 88
�³�G ³7!%�@6@Z%(NP�6'G�	71/>'8"-$��&%('�fg'V.?�_=�'W �@Z -HT -'+$gNÀ�6$<�Y=��(�65� -']5�=?@l/0 

x
�6'b=��h%(,4$\ #.

�! ���/� -'8"# Ut&� 7R$<�G -,- ¦�6���#/�"��]=�'  �@Z -HY 1'+$�w�J
// PRE: [first , last) is a valid range , and the elements *p,

// p in [first , last) are in ascending order

// POST: return value is a pointer p in [first , last) such

// that *p = x, or the pointer last , if no such pointer
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// exists

int* binary_search (int* first , int* last , int x)

{

int n = last - first;

if (n == 0) return last; // empty range

if (n == 1)

if (*first == x)

return first;

else

return last;

// n >= 2

int* middle = first + n/2;

if (* middle > x) {

// x can’t be in [middle , last)

int* p = binary_search (first , middle , x);

if (p == middle)

return last; // x not found

else

return p;

} else

// *middle <= x; we may skip [first , middle)

return binary_search (middle , last , x);

} i)�>=?$~����$<�G �HT=!m?�*H©/>H 'X/>HCa- -,
T(n)

%|7q"1%(H_^>=�,����!%('+��a1 �$�N� 1 -' �! ���/� -'8"# Q �@  1HY -'+$<�
=�'V.

x
$<�>=?$�$<���6�271/3'8"�$��&%('W^X 1,<7!%(,�HI�I� 7I$<�G U'X/3HTa- 1, %|7©�! ��/0 -'8"1 p �@Z -HY 1'+$<�Q�6�

n

 �>,�A

$\%Qfg'V. =�' /?^[^X -,ba1%(/>'V. %('
T(n)

$<�>=?$���� =?�T��%r%!. =?��^X%��-�1�´a4@Z !J t(LV%(/}HC=�A />�! ]$<�G 
�-$&=?$\ -HT -'+$�%|7 � m: -,-"-�6�! ����[J w » � ��¿

Exercise 89
� %(,]=�'XA 'V=?$�/>,1=?@�'X/>HTa1 -,

n � 2
9�^+,1%(5� Q$<�G R7!%�@6@Z%(NP�6'G�p$�N�% t&�6'�w[ ���/0=?@B��$��S ��hJ

» � ��¿
y���(�

2


 n
2
� �2« y���(� 2

 n
2
� � =

y���(�
2 n � − 1.

Exercise 90
iY,���$\ _^+,1%1�(,1=�H©�©$<�>=?$�^+,-%h.�/�"1 I$�/>,4$<@Z ��(,1=�^n���S"��U.�,1=�NP�6'G���;7!%(,I$<�G 7!%�@*@ %(NP�6'G�

� �6'V.` -'XHC=�A3 -,��1A��-$\ -HI�
(Σ, P, s)

J » � � ¿
�r¿

Σ = {F, +, −}
�
s = F + F + F + F

�!�`�
P
�(��ª��-�©���

F �→ FF + F + F + F + F + F − F.

�>¿
Σ = {X, Y, +, −}

�
s = Y

� �!�`�
P
�(��ª��-�©���

X �→ Y + X + Y

Y �→ X − Y − X.
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α = 60

�`�-�r�\�-�-�~�h�:�U�����|�1�& :�\�1� a1%�$<�
X
�!�`�

Y
�!�

� ���4ª����(�:�;�&�|�# Q�y�r�\¢À�h�|� �[£
�4¿ �+������G¿ � �3�[�À¢~���\���|�`�� :�\���`�`�1�|���(�`�

X �→ X + Y + +Y − X − −XX − Y +

Y �→ −X + YY + +Y + X − −X − Y.

Exercise 91
�³�G ±0�K¢P�1�\��(�³·~�!�`�(� ^+/����h@  Ct\$<�>=?$�"#=�'}=`"�$�/n=?@6@BA�a- Ca-%(/:���[$�7#,-%(H �-�G%-^n�SwC���

$<�G �7!%�@*@ %(NP�*'G��Jc���G -,- I=�,- q$<��,- # qN�%r%h.` -'p^G S����@y=[a- �@Z #.
1, 2, 3

9PNÀ�G -,- q$<�G �fg,4�-$ ^X ´�Y�G%�@y.?�
=U�1$&=`"%$T%|7

n
.��6�T$r�19P�-$&=`"T$� #.U�*' .` #"-,- #=?�#�6'G�c%(,1.` 1,I%|7R�1���? -9À�! 1 � �*�(/3,- � �*�(/3,- � � J

1 2 3

Figure 20:
���G Y��%(N; 1,©%|7 �_=�'8%(�

�³�G k�[%h=?@�����$\%�$�,1=�'+�67h -,_$<�G _�1$&=`"%$U%|7�.����T$!��$\%�^G S����9	a�AIHT%(5r�6'G�Q%('8 �.�����$©=?$�=©$��6HT 
71,1%(H %('8 2^G S�Q$\%Y=�'8%�$<�G 1,rJT���G �,�/>@  _����$<�>=?$2=?$	'8%Q$��6HT -9�=Q@Z=�,S�[ -,I.�����$�HT=�Aca1 I%('W$\%-^
%|7�=©�1HT=?@*@  1,q%('8 hJ � %(,q Fm`=�H_^n@Z -9gN� q"1%(/G@y.��-$&=�,4$;a-AIHY%(5r�*'G��$<�G _$\%-^+HT%��-$�.����T$�$\%R^X S�

2t&HT%(5� 
(1, 2)

w(9³$<�G 1'pHT%(5� �$<�G k'8 Fm�$�.����T$�71,-%(H ^G S�
1
$\%R^G S�

3
t&HT%(5� 

(1, 3)
wr9³$<�G -'pHY%(5� 

$<�G ¦�#HT=?@6@Z -,q.����T$�71,1%(H ^G S�
2
%('+$\%I$<�G �@Z=�,&�� -,©.�����$C%('C^X S�

3
t&HY%(5� 

(2, 3)
w(9~ -$\"!J

iY,���$\ k=�^+,-%1�(,#=�H
hanoi.C

$<�>=?$g%(/>$�^+/G$<�=_�! ���/� -'8"# R%|7	HY%(5� ���$<�>=?$ .`%r ���$<�G �,- ���/>�*,- #.
$�,1=�'+�67h -,�9R7!%(,p�(�65� 1'e�6'�^+/>$

n
J � %(,  �m`=�H_^n@Z -9U�¶7

n = 2
9Q$<�G O=[a-%(5� �6'X��$��´=?@k�! �-/� -'8"# 

(1, 2)(1, 3)(2, 3)
�6��=?@l,1 #=[.�A�"#%(H_^n@Z �$\ U=�'V.C�!%�@B5� ���$<�G 2^+/����!@Z !J �P�G 1"%$Q$<�G I"#%(,�,- 1"-$�'8 ��-�T%|7

A:%(/>,2^+,-%#�(,1=�H a�AT�>=�'V.)=?$�@Z #=?�-$V7h%(,
n = 3

9a-ACHC=�'X/0=?@*@lAQ,- &^+,1%!.�/�"-�*'G�C$<�G ��! ���/� -'8"# Q%|7
HY%(5� ��q%(' =�^+�& #"1 �%|7�^>=�^X -,It#%(,�=�' =`"�$�/n=?@~�V%(N� -,©%|7 �_=�'8%(�*9g�¶7kA:%(/p�>=�5� �%('8 Sw�J » � � ¿

3.2.11 Challenges

Exercise 92
�³�G ~��=�HY ®g�(�`�:�1�1�¡¤[�(�`� �6�³^n@Z=�A: #.�a�A¦$�N;%�^n@y=�A3 1,4��%(']=�,- #"�$&=�'G�(/>@Z=�,/�^+,��*�(�[$

a-%h=�,1.Q%|7
n
,-%(NÀ�_=�'V.

m
"1%�@B/>H�'+��$<�>=?$ �����6'X�6$��S=?@6@BAQ -H_^n$�A`Jq�³�G �^n@Z=�A: -,4��t&@  �$ � �_"F=?@6@n$<�G -H

i)����$\ c=�'V.���@Z=`"%$Fw�HT%(5� c=?@v$\ -,�'V=?$��*'G��@BA�9_N��G 1,- )$<�G �^n@y=�A3 -,CNÀ�G%��! C$�/>,�' ��$R���Y.�,-%-^n�)=
^+�& #"1 �%|7_�G 1,©"1%�@Z%(,I%('+$\%Y=Y"1%�@B/>H�'b$<�>=?$	�6��'8%�$n71/G@*@�A: �$&J

�³�G ¡fg,4�-$X^n@Z=�A: -,$\%_�[ -$37!%(/3,À^+�S 1"# ���%|7��G 1,_"#%�@ %(,_"1%('+�! #"-/G$��*5� �@BAQ=?@B�*�r'8 #.¦�*' =�"1%�@B/>H�'X9
,-%(NP92%(,I.��´=(�[%('V=?@8NP�6'+�¦$<�G ���=�HY !J_zy7�$<�G �a-%!=�,1.]a1 1"1%(HT ���71/>@6@ a- �7h%(,- �$<�����_�>=�^[^X -'+�19	$<�G 
��=�HT ����¦=T.�,1=�N�J
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� �*�r/>,- � � �-�G%(NÀ�Q=�^X%��-�1�´a4@Z I�! ���/� -'8"# )%|7��6'X�6$��S=?@gHY%(5� -�19�=�'V. � �*�(/3,- ��� .` &^+�&"�$<�U=
NP�6'X'X�*'G�U�1�6$�/0=?$��&%('�7!%(,)i)����$\ ItSA3%(/W"F=�'W$\ �@6@8,�� ���[$;=�N�=�AC$<�>=?$ ��@y=`"%$�N�=?���-$�/�^+�´.�w�J

Figure 21:
� �6,4�1$�HY%(5� ��_�*' = ��%('X'8 1"-$ � %(/3,_��=�HY �NÀ�6$<� � ,1%(N���=�'V. �c"1%�@B/>H�'+�

Figure 22:
i)���6$\ �NP�6'+�R�6'O= ��%('X'8 1"�$ � %(/>,���=�HY _NP��$<� � ,-%(NÀ�q=�'V. �]"#%�@l/3H©'+�

iY,���$\ Y=I^+,1%1�(,1=�H
connectfour.C

$<�>=?$�"#=�'b^n@y=�A ��%('X'8 #"�$ � %(/>,Y=(��=��*'+�-$_=]��/3HT=�'
^n@y=�A3 -,�9Y -��$<�G -,O=?� i)���6$\ %(, ��@Z=`"T$�J �~/G$�N� O.`%('�� $�N�=�'+$T= ^+,1%1�(,1=�H $<�>=?$Y"#=�' ^n@Z=�A
.` 1"# -'+$<@BA�9¦N� QN�=�'+$�=Q^+,-%#�(,1=�H $<�>=?$�^n@y=�A��)%-^n$��6HT=?@*@lA�� �³���6�©HY F=�'+�Q$<�>=?$�=?$�=�'XAW$��6HT 
.�/>,��*'G�Q$<�G ���=�HT -9�$<�G ¦HC=`"����6'8 �^n@y=�A: -,��! �@Z 1"�$<�©=ca1 ��-$ ^X%��-�#�Sa4@Z ¦HY%(5� !J)������������=QHT%(5� 
$<�>=?$2@Z #=[.?�q$\% =TNP�6'X'X�*'G�)�1�6$�/0=?$��S%('T7h%(,I$<�G qHT=`"����*'8 R^n@y=�A: -,T=?��7h=?�1$R=?��^X%��-�#�Sa4@Z �� 7�$<�G 
HT=`"-���6'8 �^n@Z=�A: -,�"F=�' NP�6' =?$q=?@6@yJ zy7Q$<�G THC=`"����6'8 �^n@y=�A3 -,T���)a-%(/3'V.x$\%b@Z%��! -9�$<�G pa1 ��-$
HY%(5� 2���;$<�G �%('8 �$<�>=?$a$� # &^n�2$<�G ;��=�HY ;�[%(�6'G�	7!%(,�=?�@Z%('G�©=?� ^X%��-�#�Sa4@Z !J;zy7;$<�G ;��=�HT �"F=�'�� $
a- �N;%(' a�A] -��$<�G -,^n@Z=�A: -,�9À$<�G �a1 ��-$~HY%(5� �����=�'XAUHY%(5� ¦$<�>=?$^$� # &^n�¦$<�G ���=�HY ��6' =I�-$&=?$\ 
%|7�.�,1=�N�J;z|' =?@*@V"#=?�! ��#9³$<�G ;HT=`"����*'8 �^n@y=�A3 1,_=?�-�1/3HY ���$<�>=?$�$<�G 2��/3HT=�'�^n@y=�A: -,_=?@l�!%^n@y=�A��
%-^n$��6HC=?@6@BAct1%(,�9À$<�>=?$~$<�G �HT=`"����*'8 ^n@y=�A3 1,^n@y=�A��¦=(��=��*'+�-$=�'8%�$<�G -,_�6'+�-$&=�'8"# I%|7k��$<�! -@ 7Kw�J

�³�G �^+,-%1�(,#=�H �-�G%(/>@Z. =?$�@  F=?�-$�a- T=[a4@  ©$\%c�>=�'V.3@  Ca-%!=�,#.?�©NP��$<�
4
,-%(NÀ�C=�'V.c/?^{$\%

6"1%�@B/>H�'+�hJ zy7U$<�G �^+,-%1�(,1=�H �6�I,- #=?@*@lAbHT #=�'X9���$RHT=�A�$\ �@6@~$<�G C��/3HT=�'W^n@Z=�A: -,c=�7-$\ 1,Y�G%(N
HT=�'XAUHT%(,- ^+�S 1"# ��_�6$�NP��@*@8�>=�5� _N�%('VJzy7�$<�����k'X/>HCa- -,���%r ��q.`%(NP'��1/0a4�1$&=�'+$��S=?@6@BA)=�7-$\ 1,�=
HY%(5� ©%|7R$<�G ¦��/3HT=�'Q^n@Z=�A: -,�9P��$�����"�@Z #=�,�$<�>=?$~$<�G ���/>HC=�'O.��´.�'�� $d^n@Z=�Ac%-^n$��*HT=?@6@BA`J

� �! ©$<�G _^+,-%1�r,1=�H $\%p.` �$\ -,�H©�*'8 �7!%(,C=?@6@ ��=�HT ��qNP�6$<�
4
,-%(NÀ�Q=�'V.)/�^E$\%

6
"#%�@l/3H©'+�

NÀ�G �$<�G -,]=�w i)����$\ c"F=�' =?@BN�=�A���NÀ�*' �¶7I�1�G �^n@Z=�A��Y%-^n$��*HT=?@6@BA?9�%(,)a\w ��@Z=`"T$b"#=�' =?@lN�=�A��
NP�6'c� 72�-�G �^n@Z=�A��_%-^n$��*HT=?@6@BA?9�%(,�"&w�$<�G 2��=�HY 2����=U.�,#=�NÀ9��¶7Ra-%�$<�¦^n@y=�A3 -,4�À^n@Z=�AQ%-^n$��6HC=?@6@BA:J
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