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Solution to Exercise 82.
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// PRE: n >= 0

// POST: return value is false if n is even and true if n is odd
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// POST: 2^n stars have been written to standard output
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// PRE: b >= 2, there exists e with b^e <= n < 2*b^e

// POST: return value is e = log_b(n), rounded down
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unsigned int A ( unsigned int m, unsigned int n) {

// POST: return value is the Ackermann function value A(m,n)

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

unsigned int param = A(m, n-1);

return A(m-1, param);

}
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unsigned int binomial(unsigned int n, unsigned int k)

{

if (n < k) return 0;

if (k == 0) return 1;

return n * binomial(n-1, k-1) / k;

}
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Solution to Exercise 85.

�

// Prog : partition.C�

// compute in how many ways a fixed amount of money can be�

// partioned using the available denominations ( banknotes�

// and coins ). This program is for the currency CHF , where�

// the denominations are (in centimes)�

// 100000 , 20000 , 10000 , 5000 , 2000 , 1000 ( banknotes)�

// 500 , 200 , 100 , 50 , 20 , 10 , 5 (coins )�

//	

// Example: CHF 0 ,20 can be partitioned in four ways�


// (20) , (10 , 10) , (10 , 5 , 5) , and (5 , 5 , 5 , 5)� �

#include <iostream >� �
� �

// PRE: [ first , last) is a valid nonempty range that describes� �

// a sequence of denominations d_1 > d_2 > ... > d_n > 0� �

// POST : return value is the number of ways to partition amount� �

// using denominations from d_1 , ... , d_n� �

unsigned int partitions ( unsigned int amount ,� �

unsigned int * first ,� 	

unsigned int * last)�


{� �

if ( amount == 0) return 1;� �

unsigned int ways = 0;� �

// ways = ways_1 + ... + ways_n , where ways_i is the number� �

// of ways to partition amount using d_i as the largest� �

// denomination� �

for ( unsigned int * d = first ; d != last ; ++d)� �

// ways_i = number of partitions of the form (d_i , X), with� �

// (X) being a partition of amount -d_i using d_i ,... , d_n� 	

if ( amount >= *d) ways += partitions (amount -*d, d, last );�


return ways;� �

}� �
� �

int main ()� �

{� �

// the 13 denominations of CHF� �

unsigned int chf [] =� �

{100000 , 20000 , 10000 , 5000 , 2000 , 1000 , 500 , 200 , 100 , 50 , 20 , 10 , 5};� �
� 	

// input�


std ::cout << "In how many ways can I own x CHF -centimes for x =? ";� �

unsigned int x;� �

std ::cin >> x;� �
� �

// comutation and output� �

std ::cout << partitions (x, chf , chf +13) << "\n";� �
� �

return 0;� �

}
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�

// Prog : partition.C�

// compute in how many ways a fixed amount of money can be�

// partioned using the available denominations ( banknotes�

// and coins ). This program is for the currency CHF , where�

// the denominations are (in centimes)�

// 100000 , 20000 , 10000 , 5000 , 2000 , 1000 ( banknotes)�

// 500 , 200 , 100 , 50 , 20 , 10 , 5 (coins )�

//	

// Example: CHF 0 ,20 can be partitioned in four ways�


// (20) , (10 , 10) , (10 , 5 , 5) , and (5 , 5 , 5 , 5)� �

#include <iostream >� �

#include <algorithm >� �
� �

// PRE: [ first , last) is a valid nonempty range that describes� �

// a sequence of denominations d_1 > d_2 > ... > d_n > 0� �

// memory is a pointer to a twodimensional array with� �

// number of rows >= amount , and number of columns >=� �

// last -first , with the following property:� 	

// for 0 < a < amount , and for d in [first , last),�


// memory [a -1][last -d -1] either has value -1,� �

// or it is equal to dyn_prog_partitions (a, d, last , memory )� �

// POST : return value is the number of ways to partition amount� �

// using denominations from d_1 , ... , d_n� �

unsigned int dyn_prog_partitions ( unsigned int amount ,� �

unsigned int * first ,� �

unsigned int * last ,� �

int ** memory )� �

{� 	

if ( amount == 0) return 1;�


unsigned int ways = 0;� �

// ways = ways_1 + ... + ways_n , where ways_i is the number� �

// of ways to partition amount using d_i as the largest� �

// denomination� �

for ( unsigned int * d = first ; d != last ; ++d)� �

// ways_i = number of partitions of the form (d_i , X), with� �

// (X) being a partition of amount -d_i using d_i ,... , d_n� �

if ( amount >= *d) {� �

// is ways_i already stored in memory ?� 	

int stored_value = -1;�


if ( amount > *d)� �

stored_value = memory [amount - *d - 1][ last -d -1];� �

if ( stored_value != -1)� �

ways += stored_value;� �

else� �

ways += dyn_prog_partitions ( amount - *d, d, last , memory );� �

}� �

// store the new value� �
memory [amount -1][ last -first -1] = ways;� 	
return ways;�


}� �
� �

// PRE: [ first , last) is a valid nonempty range that describes� �

// a sequence of denominations d_1 > d_2 > ... > d_n > 0� �

// POST : return value is the number of ways to partition amount� �

// using denominations from d_1 , ... , d_n� �

unsigned int partitions ( unsigned int amount ,� �

unsigned int * first ,� �

unsigned int * last)� 	

{�


// allocate memory for dynamic programming approach� �

int ** memory = new int *[ amount ];� �

for (int ** m = memory ; m < memory + amount ; ++m) {� �

*m = new int[last -first ];� �

std :: fill (*m, *m + ( last -first ), -1);



�� �

� �

}� �
� �

// call the version with memory� �

unsigned int result =� 	

dyn_prog_partitions (amount , first , last , memory );�

� �

// delete memory� �

for (int ** m = memory ; m < memory + amount ; ++m)� �

delete [] *m;� �

delete memory ;� �
� �

return result ;� �

}� �
� 	

int main ()�


{� �

// the 13 denominations of CHF� �

unsigned int chf [] =� �

{100000 , 20000 , 10000 , 5000 , 2000 , 1000 , 500 , 200 , 100 , 50 , 20 , 10 , 5};� �
� �

// input� �

std ::cout << "In how many ways can I own x CHF -centimes for x =? ";� �

unsigned int x;� �

std ::cin >> x;� 	
	


// comutation and output	 �

std ::cout << partitions (x, chf , chf +13) << "\n";	 �
	 �

return 0;	 �

}
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Solution to Exercise 86.

�

#include <iostream >�
�

// PRE: d >= k�

// POST : all codes with digits between 1 and 9 are output that�

// result from the partial code p by an extension with d�

// digits , k of which are 1; the return value is the�

// number of such codes�

unsigned int crack ( unsigned int p, unsigned int d, unsigned int k)	

{�


if (d == 0) {� �

// k == 0 as well by PRE , and we have a full code� �

std :: cout << p << " ";� �

return 1;� �

}� �
� �

// there are two possibilities to continue:� �

// next digit is 1, or not� �

unsigned int n = 0; // total number of codes� 	
�


// poss 1: only if we still have 1’s left� �

if (k > 0)� �

n += crack (10 * p + 1 , d - 1, k - 1); // next digit is 1� �
� �

// poss 2: only if not all remaining digits have to be 1’s� �

if (d > k)

� 0  12 2 34 56 7 8:9 ;< => ?6 < 4 ;

� �

for ( unsigned int i=2; i <10; ++ i)� �

n += crack (10 * p + i, d - 1, k); // next digit is i != 1� �
� 	

return n;�


}� �
� �

// PRE: d >= k� �
� �

// POST : all d-digit codes with digits between 1 and 9 are� �

// output that have exactly k digits equal to one;� �

// the return value is the number of such codes� �

unsigned int crack ( unsigned int d, unsigned int k)� �

{� 	

return crack (0, d, k);�


}� �
� �

int main () {� �

int n = crack (2 , 1);� �

std ::cout << "\nThere were " << n << " possible codes .\n";� �

return 0;� �

}

Solution to Exercise 87.
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 � �  � 
 � �
 � �

�

#include <iostream >�
�

unsigned int f ( unsigned int n)�

{�

if (n <= 2) return 1;�

return f(n -1) + 2 * f(n -3);�

}�
	

unsigned int f_it ( unsigned int n)�


{� �

if (n <= 2) return 1;� �

unsigned int a = 1; // f(0)� �

unsigned int b = 1; // f(1)� �

unsigned int c = 1; // f(2)� �
for ( unsigned int i = 3; i < n; ++i) {� �

unsigned int a_prev = a; // f(i -3)� �
a = b; // f(i -2)� �

b = c; // f(i -1)� 	

c = b + 2 * a_prev ; // f(i)�


}� �

return c + 2 * a; // f(n -1) + 2 * f(n-3)� �

}� �
� �

int main ()� �

{� �

std ::cout << "Comparing f and f_it ...\n";� �

for (int n = 0; n < 100; ++n)� �

std :: cout << f(n) << " = " << f_it(n) << "\n";� 	
�


return 0;� �

}
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Solution to Exercise 88.
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Solution to Exercise 89.
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Solution to Exercise 90.
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// Prog : lsys62a.C�

// Draw turtle graphics for the Lindenmayer system with�

// production F -> FF+F+F+F+F+F-F, initial word F+F+F+F�

// and rotation angle 60 degrees�
�

#include <iostream >�

#include <IFM/turtle >�
	

void f ( unsigned int i) {�


// POST: the word w_i^F is drawn� �

if (i == 0)� �

ifm :: forward (); // F� �

else {� �

f(i -1); // w_{i -1}^F� �

f(i -1); // w_{i -1}^F� �

ifm :: left (90); // +� �

f(i -1); // w_{i -1}^F� �

ifm :: left (90); // +� 	

f(i -1); // w_{i -1}^F�


ifm :: left (90); // +� �

f(i -1); // w_{i -1}^F� �

ifm :: left (90); // +� �

f(i -1); // w_{i -1}^F� �

ifm :: left (90); // +� �

f(i -1); // w_{i -1}^F� �

ifm :: right (90); // -� �

f(i -1); // w_{i -1}^F� �

}� 	

}�

� �

int main () {� �

std ::cout << "Number of iterations =? ";� �

unsigned int n;� �

std ::cin >> n;� �
� �

// draw w_n = w_n(F+F+F+F)� �

f(n); ifm ::left (90); f(n); ifm :: left (90);� �

f(n); ifm ::left (90); f(n);� 	

return 0;�


}

�
// Prog : lsys62b.C�
// Draw turtle graphics for the Lindenmayer system with�
// productions X -> Y+X+Y, Y -> X-Y-X, initial word Y�

// and rotation angle 60 degrees�
�

#include <iostream >�

#include <IFM/turtle >�
	

void y ( unsigned int i);�


// necessary: x and y call each other� �
� �

void x ( unsigned int i) {� �

// POST: w_i^X is drawn� �

if (i == 0)� �

ifm :: forward ();� �

else {� �

y(i -1); // w_{i -1}^Y� �

ifm :: left (60); // +� 	

x(i -1); // w_{i -1}^X�


ifm :: left (60); // +



� 0 �

� �

y(i -1); // w_{i -1}^Y� �

}� �

}� �
� �

void y ( unsigned int i) {� �

// POST: w_i^Y is drawn� �

if (i == 0)� �

ifm :: forward ();� 	

else {�


x(i -1); // w_{i -1}^X� �

ifm :: right (60); // -� �

y(i -1); // w_{i -1}^Y� �

ifm :: right (60); // -� �

x(i -1); // w_{i -1}^X� �

}� �

}� �
� �

int main () {� 	

std ::cout << "Number of iterations =? ";�


unsigned int n;� �

std ::cin >> n;� �
� �

// draw w_n = w_n^Y� �

y(n);� �
� �

return 0;� �

}

� �� �
�

// Prog : lsys62c.C�

// Draw turtle graphics for the Lindenmayer system with�

// productions X -> X+Y++Y-X--XX-Y+, Y -> -X+YY++Y+X--X-Y,�

// initial word Y and rotation angle 60 degrees�
�

#include <iostream >�

#include <IFM/turtle >�
	

void y ( unsigned int i);�


// necessary: x and y call each other� �
� �

void x ( unsigned int i) {� �

// POST: w_i^X is drawn� �

if (i == 0)� �

ifm :: forward ();� �

else {� �

x(i -1); // w_{i -1}^X� �

ifm :: left (60); // +� 	

y(i -1); // w_{i -1}^Y�


ifm :: left (60); // +� �

ifm :: left (60); // +� �

y(i -1); // w_{i -1}^Y� �

ifm :: right (60); // -� �

x(i -1); // w_{i -1}^X� �

ifm :: right (60); // -� �

ifm :: right (60); // -� �

x(i -1); // w_{i -1}^X� �

x(i -1); // w_{i -1}^X� 	

ifm :: right (60); // -�


y(i -1); // w_{i -1}^Y� �

ifm :: left (60); // +� �

}� �

}� �

� 0� 12 2 34 56 7 8:9 ;< => ?6 < 4 ;

� �

void y ( unsigned int i) {� �

// POST: w_i^Y is drawn� �

if (i == 0)� �

ifm :: forward ();� 	

else {�


ifm :: right (60); // -� �

x(i -1); // w_{i -1}^X� �

ifm :: left (60); // +� �

y(i -1); // w_{i -1}^Y� �

y(i -1); // w_{i -1}^Y� �

ifm :: left (60); // +� �

ifm :: left (60); // +� �

y(i -1); // w_{i -1}^Y� �

ifm :: left (60); // +� 	

x(i -1); // w_{i -1}^X�


ifm :: right (60); // -� �

ifm :: right (60); // -� �

x(i -1); // w_{i -1}^X� �

ifm :: right (60); // -� �

y(i -1); // w_{i -1}^Y� �

}� �

}� �
� �

int main () {� 	

std ::cout << "Number of iterations =? ";�


unsigned int n;� �

std ::cin >> n;� �
� �

// draw w_n = w_n^Y� �

y(n);� �
� �

return 0;� �

}

Solution to Exercise 91.
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�

// Prog : hanoi.C�

// solves the Tower of Hanoi puzzle�
�

#include <iostream >�
�

// PRE: s and t are different and both in {1 ,2 ,3}�

// POST : the sequence of moves necessary to transfer a stack of n�

// disks from peg s to peg t is written to standard output	

void hanoi ( unsigned int n, int s, int t)�


{� �

if (n > 0) {� �

// move topmost n-1 disks from s to helper peg 6-s-t� �

hanoi (n-1, s, 6-s-t);� �

// move bottommost disk from s to t� �

std :: cout << "(" << s << "," << t << ")";� �

// move the n -1 disks from the helper peg to the t� �

hanoi (n-1, 6-s-t, t);� �

}� 	

}�




� 0�

� �

int main ()� �

{� �

// input� �

std ::cout << "Move a stack of n disks for n =? ";� �

unsigned int n;� �

std ::cin >> n;� �
� �

// output� 	

hanoi (n, 1 , 3);�


std ::cout << "\n";� �
� �

return 0;� �

}


