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Solution to Exercise 95.

#�$
// PRE: n >= 0

// POST: return value is false if n is even and true if n is odd

% $
// PRE: n >= 0

// POST: 2^n stars have been written to standard output
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// PRE: b >= 2, there exists e with b^e <= n < 2*b^e

// POST: return value is e = log_b(n), rounded down

Solution to Exercise 96.
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unsigned int A ( unsigned int m, unsigned int n) {

// POST: return value is the Ackermann function value A(m,n)

if (m == 0) return n+1;

if (n == 0) return A(m-1,1);

unsigned int param = A(m, n-1);

return A(m-1, param);

}
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n � := (n + m)
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2 x m < 2m =: m � .

Solution to Exercise 97. ' *-O>*C?80",>=@*rW@O>GHX�O!#4a BEG�O�#H$"#h35Q % $ Y
(

// Prog : mccarthy.C)
// defines and calls McCarthy’s 91 Function*
#include <iostream >+ ,
// POST : return value is M(n), where M is McCarthy’s 91 Function-
unsigned int mccarthy (unsigned int n) {.

if (n > 100)/
return n - 10;0

else(�1
return mccarthy (mccarthy (n + 11));(2(

}(�)(�*
int main ()(3+
{( ,

// input(�-
std ::cout << "Compute McCarthy ’s 91 Function M(n) for n =? ";( .
unsigned int n;(�/
std ::cin >> n;(�0)21
// computation and output)�(
std ::cout << "M(" << n << ") = " << mccarthy (n) << "\n";)2))2*
return 0;)4+

}
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{
n − 10,

?AB
n > 100

91,
?8B
n x 100
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M(n) = M(M(n + 11)).

_ B n + 11 > 100 K `�*q,F=:D@0rXH*-, M(n) = M(n + 11 − 10) = M(n + 1) YM_ B n = 100 K ,F=5?80e?A0
M(101) = 91 K #43@QM?AB n < 100 K ,>=@*;3 n+1 x 100 K 0FG % 7�?A3@Q@D5&m,>?AGH3b`�*�#46A0dG�XH*-, M(n+1) = 91 Y
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M(n) = M(91) := M(M(102))

= M(92) := M(M(103))

= M(93) := �����
= M(99) := M(M(110))

= M(100) := M(M(111))

= M(101) = 91.

Solution to Exercise 98.
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unsigned int binomial(unsigned int n, unsigned int k)

{

if (n < k) return 0;

if (k == 0) return 1;

return n * binomial(n-1, k-1) / k;

}
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Solution to Exercise 99.

(
// Prog : partition.C)
// compute in how many ways a fixed amount of money can be*
// partioned using the available denominations ( banknotes+
// and coins ). This program is for the currency CHF , where

,
// the denominations are (in centimes)-
// 100000 , 20000 , 10000 , 5000 , 2000 , 1000 ( banknotes).
// 500 , 200 , 100 , 50 , 20 , 10 , 5 (coins )/
//0
// Example: CHF 0 ,20 can be partitioned in four ways(�1
// (20) , (10 , 10) , (10 , 5 , 5) , and (5 , 5 , 5 , 5)(2(
#include <iostream >(�)(�*
// PRE: [ first , last) is a valid nonempty range that describes(3+
// a sequence of denominations d_1 > d_2 > ... > d_n > 0( ,
// POST : return value is the number of ways to partition amount(�-
// using denominations from d_1 , ... , d_n( .
unsigned int partitions ( unsigned int amount ,(�/

unsigned int * first ,(�0
unsigned int * last))21

{)�(
if ( amount == 0) return 1;)2)
unsigned int ways = 0;)2*
// ways = ways_1 + ... + ways_n , where ways_i is the number)4+
// of ways to partition amount using d_i as the largest) ,
// denomination)2-
for ( unsigned int * d = first ; d != last ; ++d)) .

// ways_i = number of partitions of the form (d_i , X), with)2/
// (X) being a partition of amount -d_i using d_i ,... , d_n)20
if ( amount >= *d) ways += partitions (amount -*d, d, last );*21

return ways;*�(
}*2)*2*
int main ()*4+
{* ,

// the 13 denominations of CHF*2-
unsigned int chf [] =* .

{100000 , 20000 , 10000 , 5000 , 2000 , 1000 , 500 , 200 , 100 , 50 , 20 , 10 , 5};*2/*20
// input+ 1
std ::cout << "In how many ways can I own x CHF -centimes for x =? ";+$(
unsigned int x;+ )
std ::cin >> x;+ *+2+
// comutation and output+ ,
std ::cout << partitions (x, chf , chf +13) << "\n";+ -+ .
return 0;+ /

}
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(
// Prog : partition.C)
// compute in how many ways a fixed amount of money can be*
// partioned using the available denominations ( banknotes+
// and coins ). This program is for the currency CHF , where

,
// the denominations are (in centimes)-
// 100000 , 20000 , 10000 , 5000 , 2000 , 1000 ( banknotes).
// 500 , 200 , 100 , 50 , 20 , 10 , 5 (coins )/
//0
// Example: CHF 0 ,20 can be partitioned in four ways(�1
// (20) , (10 , 10) , (10 , 5 , 5) , and (5 , 5 , 5 , 5)(2(
#include <iostream >(�)
#include <algorithm >(�*(3+
// PRE: [ first , last) is a valid nonempty range that describes( ,
// a sequence of denominations d_1 > d_2 > ... > d_n > 0(�-
// memory is a pointer to a twodimensional array with( .
// number of rows >= amount , and number of columns >=(�/
// last -first , with the following property:(�0
// for 0 < a < amount , and for d in [first , last),)21
// memory [a -1][last -d -1] either has value -1,)�(
// or it is equal to dyn_prog_partitions (a, d, last , memory ))2)
// POST : return value is the number of ways to partition amount)2*
// using denominations from d_1 , ... , d_n)4+
unsigned int dyn_prog_partitions ( unsigned int amount ,) ,

unsigned int * first ,)2-
unsigned int * last ,) .
int ** memory ))2/

{)20
if ( amount == 0) return 1;*21
unsigned int ways = 0;*�(
// ways = ways_1 + ... + ways_n , where ways_i is the number*2)
// of ways to partition amount using d_i as the largest*2*
// denomination*4+
for ( unsigned int * d = first ; d != last ; ++d)* ,

// ways_i = number of partitions of the form (d_i , X), with*2-
// (X) being a partition of amount -d_i using d_i ,... , d_n* .
if ( amount >= *d) {*2/

// is ways_i already stored in memory ?*20
int stored_value = -1;+ 1
if ( amount > *d)+$(

stored_value = memory [amount - *d - 1][ last -d -1];+ )
if ( stored_value != -1)+ *

ways += stored_value;+2+
else+ ,

ways += dyn_prog_partitions ( amount - *d, d, last , memory );+ -
}+ .

// store the new value+ /
memory [amount -1][ last -first -1] = ways;+ 0
return ways;

, 1
}

, (, )
// PRE: [ first , last) is a valid nonempty range that describes

, *
// a sequence of denominations d_1 > d_2 > ... > d_n > 0

, +
// POST : return value is the number of ways to partition amount

,2,
// using denominations from d_1 , ... , d_n

, -
unsigned int partitions ( unsigned int amount ,

, .
unsigned int * first ,

, /
unsigned int * last)

, 0
{-21

// allocate memory for dynamic programming approach-�(
int ** memory = new int *[ amount ];-2)
for (int ** m = memory ; m < memory + amount ; ++m) {-2*

*m = new int[last -first ];-4+
std :: fill (*m, *m + ( last -first ), -1);
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}-2-- .
// call the version with memory-2/
unsigned int result =-20

dyn_prog_partitions (amount , first , last , memory );. 1. (
// delete memory. )
for (int ** m = memory ; m < memory + amount ; ++m). *

delete [] *m;. +
delete memory ;. ,. -
return result ;.2.

}. /. 0
int main ()/21
{/�(

// the 13 denominations of CHF/2)
unsigned int chf [] =/2*

{100000 , 20000 , 10000 , 5000 , 2000 , 1000 , 500 , 200 , 100 , 50 , 20 , 10 , 5};/4+/ ,
// input/2-
std ::cout << "In how many ways can I own x CHF -centimes for x =? ";/ .
unsigned int x;/2/
std ::cin >> x;/20021
// comutation and output0�(
std ::cout << partitions (x, chf , chf +13) << "\n";02)02*
return 0;04+

}
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O>*-W@O>*-0F*;3g,�,>=@*b3gD@a % *mO�GHB `"#/7:0 K 0F?A3@&;*r,>=@*;0F*C#hO>*�0F?AaTW5687�,FG:G�aU#h3g7 Y
Solution to Exercise 100.

(
#include <iostream >)*
// PRE: d >= k+
// POST : all codes with digits between 1 and 9 are output that

,
// result from the partial code p by an extension with d-
// digits , k of which are 1; the return value is the.
// number of such codes/
unsigned int crack ( unsigned int p, unsigned int d, unsigned int k)0
{(�1

if (d == 0) {(2(
// k == 0 as well by PRE , and we have a full code(�)
std :: cout << p << " ";(�*
return 1;(3+

}( ,(�-
// there are two possibilities to continue:( .
// next digit is 1, or not(�/
unsigned int n = 0; // total number of codes(�0)21
// poss 1: only if we still have 1’s left)�(
if (k > 0))2)

n += crack (10 * p + 1 , d - 1, k - 1); // next digit is 1)2*)4+
// poss 2: only if not all remaining digits have to be 1’s) ,
if (d > k)
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for ( unsigned int i=2; i <10; ++ i)) .
n += crack (10 * p + i, d - 1, k); // next digit is i != 1)2/)20

return n;*21
}*�(*2)
// PRE: d >= k*2**4+
// POST : all d-digit codes with digits between 1 and 9 are* ,
// output that have exactly k digits equal to one;*2-
// the return value is the number of such codes* .
unsigned int crack ( unsigned int d, unsigned int k)*2/
{*20

return crack (0, d, k);+ 1
}+$(+ )
int main () {+ *

int n = crack (2 , 1);+2+
std ::cout << "\nThere were " << n << " possible codes .\n";+ ,
return 0;+ -

}

Solution to Exercise 101. p =@*�BED@35&m,>?AGH3t?A0�O>*-`�O>?8,F,F*;3u?A3u#q`"#;7\0F?Aaf?86E#hO|,>Gl`�=5#h,�`�*�Q5?8Qu`�?8,F=,>=@* � ? % GH35#4&;&-? 3:D@a % *-O>0 Yqp =@*lO>*-&;DVO>0F? ] * ] #hOF?E#43g, % *-&;GHaf*;0 ] *-OF7j0F6AG'` #h,b0FGHaf*2W�GH?A3 , K `�=@?A6A*,>=@*�?8,>*-O!#P,>? ] * ] *-O>0F?8GH3t?A0�#468`"#;7w0�B #40d, Y
(

#include <iostream >)*
unsigned int f ( unsigned int n)+
{

,
if (n <= 2) return 1;-
return f(n -1) + 2 * f(n -3);.

}/0
unsigned int f_it ( unsigned int n)(�1
{(2(

if (n <= 2) return 1;(�)
unsigned int a = 1; // f(0)(�*
unsigned int b = 1; // f(1)(3+
unsigned int c = 1; // f(2)( ,
for ( unsigned int i = 3; i < n; ++i) {(�-

unsigned int a_prev = a; // f(i -3)( .
a = b; // f(i -2)(�/
b = c; // f(i -1)(�0
c = b + 2 * a_prev ; // f(i))21

})�(
return c + 2 * a; // f(n -1) + 2 * f(n-3))2)

})2*)4+
int main ()) ,
{)2-

std ::cout << "Comparing f and f_it ...\n";) .
for (int n = 0; n < 100; ++n))2/

std :: cout << f(n) << " = " << f_it(n) << "\n";)20*21
return 0;*�(

}



�H� �

Solution to Exercise 102. Z 0�BEG�O�� � ��� ��� 
 ����� K ?8,�&/#43 % *r0F=@GP`�3),>=5#h, T(0) = 0, T(1) = 1
#43@Q

T(n) x 1 +
aU#'s �

T( � n
2 � ), T( � n

2 �
	 , n J 2.� ? ] *;3u,>=@?A0 K # % GHD@3@QuGHB T(n) x 1 + � 6AGHX 2 n � &;#43 % *�0F=@GP`�3 % 7\?A3@Q@D@&-,>?AGH3 Y
Solution to Exercise 103. p =@*u?A3@*�$gDN#h6A?8, 7 0F?AaTW5687RBEGH6A6AG'`�02BAO>GHa ,>=@*)B #4&m,<,>=5#h,<6AGHX

2 x
?A0<#

afGH3@G�,>GH3@*C?A3@&-OF*/#40F?A3@XfBED@3@&-,>?AGH3 Yep G\0d*;*2,>=@*2*�$:D5#h,>?8GH3 K 6A*-,eD@0ec@O>0d,r&;GH3@0F?8Q5*mO�,>=@*2&/#40F*2`�=5*mO>*
n
?A0�#fW�G'`�*-OCGHB
, `�G K n = 2k K 0>#;7 K `�?8,>= k J 1 Ylp =@*;3 #46A6 ?83 ] GH6 ] *;Qn3:D@a % *-O>0�#hO>*l?A3 ,>*;XH*-O>0 K,>=@*rO>GHD@35Q@?A3@XlG�W�*-O!#P,>?AGH3\Q5Gg*;0"35G�,F=5?835X K #h35Q\,>=@*C0d,>#h,>*;af*;3 ,�BEGH6A6AG'`�0�BAO>GHa

6AGHX
2

n

2
=
6AGHX

2 n − 1.� ,>=@*-OF`�?80F* z ?AB n
?80�3@G�,�#qWiGP`�*-O�GHB , `�G $ K 6A*m,�D@0�&�=@GgGH0F*�,F=5*�D@3@? $:D@*�3:D@a % *-O k

0FD@&!=u,>=5#h,
2k < n < 2k+1.

" 7U,!#��:?A3@X<6AGHX�#PO>?8,>=@af0 K ?8,"BEGH6A6AG'`�0�,>=5#h,
k <

6AGHX
2 n < k + 1,

0FG
� 68GHX 2 n � = k + 1. z " Y � $

� *b#46A0dG�=5# ] *
2k−1 <

n

2
< 2k,

#43@Qu,>=@?A0�7:?A*;6AQ@0
2k−1 < � n

2 � x 2k.

p #��:?A3@X<68GHX�#hO>?8,>=@af0 K `�*�XH*-,
k − 1 <

6AGHX
2 � n2 � x k,

#43@Qu,>=@?A0�af*/#h350�,>=5#h,

� 68GHX 2 � n2 �� = k. z " Y  $
p =@*bQ5*-0F?8O>*;Qu*�$:D5#46A?o,}7U3@G'` BEGH6A6AG'`�0�BAO>GHa z " Y � $�#43@Q z " Y  $ Y

Solution to Exercise 104.



�H� � �����
	��������������������� �!�"���
#�$(

// Prog : lsys62a.C)
// Draw turtle graphics for the Lindenmayer system with*
// production F -> FF+F+F+F+F+F-F, initial word F+F+F+F+
// and rotation angle 60 degrees

,
-

#include <iostream >.
#include <IFM/turtle >/0
void f ( unsigned int i) {(�1

// POST: the word w_i^F is drawn(2(
if (i == 0)(�)

ifm :: forward (); // F(�*
else {(3+

f(i -1); // w_{i -1}^F( ,
f(i -1); // w_{i -1}^F(�-
ifm :: left (90); // +( .
f(i -1); // w_{i -1}^F(�/
ifm :: left (90); // +(�0
f(i -1); // w_{i -1}^F)21
ifm :: left (90); // +)�(
f(i -1); // w_{i -1}^F)2)
ifm :: left (90); // +)2*
f(i -1); // w_{i -1}^F)4+
ifm :: left (90); // +) ,
f(i -1); // w_{i -1}^F)2-
ifm :: right (90); // -) .
f(i -1); // w_{i -1}^F)2/

})20
}*21*�(
int main () {*2)

std ::cout << "Number of iterations =? ";*2*
unsigned int n;*4+
std ::cin >> n;* ,*2-
// draw w_n = w_n(F+F+F+F)* .
f(n); ifm ::left (90); f(n); ifm :: left (90);*2/
f(n); ifm ::left (90); f(n);*20
return 0;+ 1

}

(
// Prog : lsys62b.C)
// Draw turtle graphics for the Lindenmayer system with*
// productions X -> Y+X+Y, Y -> X-Y-X, initial word Y+
// and rotation angle 60 degrees

,
-

#include <iostream >.
#include <IFM/turtle >/0
void y ( unsigned int i);(�1
// necessary: x and y call each other(2((�)
void x ( unsigned int i) {(�*

// POST: w_i^X is drawn(3+
if (i == 0)( ,

ifm :: forward ();(�-
else {( .

y(i -1); // w_{i -1}^Y(�/
ifm :: left (60); // +(�0
x(i -1); // w_{i -1}^X)21
ifm :: left (60); // +
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y(i -1); // w_{i -1}^Y)2)
})2*

})4+) ,
void y ( unsigned int i) {)2-

// POST: w_i^Y is drawn) .
if (i == 0))2/

ifm :: forward ();)20
else {*21

x(i -1); // w_{i -1}^X*�(
ifm :: right (60); // -*2)
y(i -1); // w_{i -1}^Y*2*
ifm :: right (60); // -*4+
x(i -1); // w_{i -1}^X* ,

}*2-
}* .*2/
int main () {*20

std ::cout << "Number of iterations =? ";+ 1
unsigned int n;+$(
std ::cin >> n;+ )+ *
// draw w_n = w_n^Y+2+
y(n);+ ,+ -
return 0;+ .

}

% $&'$(
// Prog : lsys62c.C)
// Draw turtle graphics for the Lindenmayer system with*
// productions X -> X+Y++Y-X--XX-Y+, Y -> -X+YY++Y+X--X-Y,+
// initial word Y and rotation angle 60 degrees

,
-

#include <iostream >.
#include <IFM/turtle >/0
void y ( unsigned int i);(�1
// necessary: x and y call each other(2((�)
void x ( unsigned int i) {(�*

// POST: w_i^X is drawn(3+
if (i == 0)( ,

ifm :: forward ();(�-
else {( .

x(i -1); // w_{i -1}^X(�/
ifm :: left (60); // +(�0
y(i -1); // w_{i -1}^Y)21
ifm :: left (60); // +)�(
ifm :: left (60); // +)2)
y(i -1); // w_{i -1}^Y)2*
ifm :: right (60); // -)4+
x(i -1); // w_{i -1}^X) ,
ifm :: right (60); // -)2-
ifm :: right (60); // -) .
x(i -1); // w_{i -1}^X)2/
x(i -1); // w_{i -1}^X)20
ifm :: right (60); // -*21
y(i -1); // w_{i -1}^Y*�(
ifm :: left (60); // +*2)

}*2*
}*4+
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void y ( unsigned int i) {*2-
// POST: w_i^Y is drawn* .
if (i == 0)*2/

ifm :: forward ();*20
else {+ 1

ifm :: right (60); // -+$(
x(i -1); // w_{i -1}^X+ )
ifm :: left (60); // ++ *
y(i -1); // w_{i -1}^Y+2+
y(i -1); // w_{i -1}^Y+ ,
ifm :: left (60); // ++ -
ifm :: left (60); // ++ .
y(i -1); // w_{i -1}^Y+ /
ifm :: left (60); // ++ 0
x(i -1); // w_{i -1}^X

, 1
ifm :: right (60); // -

, (
ifm :: right (60); // -

, )
x(i -1); // w_{i -1}^X

, *
ifm :: right (60); // -

, +
y(i -1); // w_{i -1}^Y

,2,
}

, -
}

, ., /
int main () {

, 0
std ::cout << "Number of iterations =? ";-21
unsigned int n;-�(
std ::cin >> n;-2)-2*
// draw w_n = w_n^Y-4+
y(n);- ,-2-
return 0;- .

}

Solution to Exercise 105. p GuafG ] * n
Q@?A0��w0MBAO>GHa W�*;X

s
,>GuWi*;X

t K `�*T&/#43Rc@O>0~,2afG ] *l,>=@*,>G�W5afGH0d,
n − 1

Q@?A0��:0�,>GT,>=@*M=@*;68Wi*-O�W�*;X K ,>=@*;3jafG ] *�,>=@* % G�,F,>GHafafGH0d,�Q@?A0��tQ@?8O>*;&m,>687\,>GTW�*;X
t K #43@Q�,>=@*;3 afG ] *\,>=@*

n − 1
Q@?A0��:0T#4X�#h?A3 K ,>=@?A0q,>?Aaf*UBAO>GHa ,>=@*u=@*;68W�*mO�W�*;Xn,>GnW�*-X

t Y�_ 3,>=@*UBEGH6A6AG'`�?A3@XtW@O>GHX�O!#ha K `�*\Q@G�,>=@?A0M,>=VO>GHD@XH= #SOF*;&;DVO>0F? ] *\BED@3@&-,>?AGH3 YkZ 0<#S0FaU#h6A6|=5#4&!� K `�*Q@*-,>*-OFaf?A3@*�,>=@*C3:D@a % *-O"GHB ,F=5*r,>=@?8O>Q)=@*;68W�*-O"W�*;X�#40
6 − s − t Y

(
// Prog : hanoi.C)
// solves the Tower of Hanoi puzzle*+
#include <iostream >

,
-

// PRE: s and t are different and both in {1 ,2 ,3}.
// POST : the sequence of moves necessary to transfer a stack of n/
// disks from peg s to peg t is written to standard output0
void hanoi ( unsigned int n, int s, int t)(�1
{(2(

if (n > 0) {(�)
// move topmost n-1 disks from s to helper peg 6-s-t(�*
hanoi (n-1, s, 6-s-t);(3+
// move bottommost disk from s to t( ,
std :: cout << "(" << s << "," << t << ")";(�-
// move the n -1 disks from the helper peg to the t( .
hanoi (n-1, 6-s-t, t);(�/

}(�0
})21
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int main ())2)
{)2*

// input)4+
std ::cout << "Move a stack of n disks for n =? ";) ,
unsigned int n;)2-
std ::cin >> n;) .)2/
// output)20
hanoi (n, 1 , 3);*21
std ::cout << "\n";*�(*2)
return 0;*2*

}

Solution to Exercise 106. ' *-O>*�&;GHaf*;0CGHDVOC=N#h35QV`"# ] ?835XVI�`�=5#h,C?A0b,>=@*�# ] *mO!#4XH*T3gD5a % *-O EiGHB WN#4&!�4#4XH*;0�,F=N#P,"7�GHDu35*-*;Qt,>G % DV7 K XH? ] *;3),>=5#h,�7�GHDt#hO>*�0d,>?A6A6�af?80F0F?A3@X i
0d,>?8&
��*mO>0�� �e%g] ?AGHD@0F687 K

E0 = 0 K #43@Q En
?A0�,>=@* ] #46AD@*e,>=5#h,"`�*C#hOF*b?A3 ,>*-O>*-0d,>*;Qt?83 Y

_ Bi7�GHDU#hO>*"af?A0F0F?835X i > 0
0d,F?A&!��*-O>0 K 7�GHDfQ5*mcN3@?8,F*;687q=5# ] *�,>G % DV7�#43@G�,>=@*-O�WN#4&!�4#4XH* K #43@QT,>=@?A0af?AXH= ,�Q5*-&-O>*/#40d*b,>=@*�3:D@a % *-O"GHB�af?A0F0F?835X20~,>?A&!��*-O>0 Y�_ 3tB #4&-, K ,F=5*�3@*-` 3:D@a % *-O"?A0 % *-, `�*;*;3

i z ?AB7�GHDt#h68O>*/#4QV7U=5# ] *C#h6A6�c ] *b0~,>?A&!��*-O>0�,>=5#h,�`�*-O>*�?A3U,>=@*�WN#4&!�4#4XH*'$�#43@Q
i − 5 z ?AB #46A6�0d,F?A&!��*-O>0�`�*-O>*3@*-`r$ Y%� =5#h,r?A0�,>=@*MW@O>G % # % ?A6A?o,}7\,>=5#h,e7�GHDjXHG)Q@G'`�3�,>G

i − k
af?A0F0F?A3@XT0~,>?A&!��*-O>0 K k = 0, ..., 5

�� G�Ob,F=5?80�* ] *;3g,b,>G)=5#hW@W�*-3 K *msV#4&-,>687 k
GHDV,CGHB
,>=@* �U0d,>?A&!��*-O>0�=5# ] *<,>G\&;GHaf*qBAO>GHa ,>=@*

i
,F=N#P,

7�GHD\#hO>*�af?80F0F?A3@X K #43@Q 5−k
=5# ] *�,>GM&;GHaf*�BAO>GHa ,>=@*

n− i
,>=5#h,|7�GHD\#468O>*;#4QV7�=5# ] * Y
p =@*�,>G�,>#463:D@a % *-O"GHB �P� ,>DVW56A*;0"GHB�0d,>?A&!��*-OF0�?A0�

n

5 � =
n!

5!(n − 5)!
,

#43@Q �
i

k � �
n − i

5 − k �
GHBe,>=@*;a 6A*/#hQ ,FGL,F=5*�#hBEG�O>*;af*;3 ,>?AGH3@*;Q * ] *;3 , Y z�� *;&;#46A6�,F=N#P,T,>=@* % ?A3@GHaf?E#46�&;G:*#�T&;?A*-3g, ( m

` *&;GHD@3g,F0�,>=@*�3:D@a % *-O�GHBi`"#;7w0|?A3T`�=@?A&!=
`
G % {~*-&-,>0|&/#h3 % *�0F*;68*;&-,>*;QUBAO>GHa #b,>G�,!#h6NGHB

m
G % {}*;&-,>0 Y $

p =@?A0"XH? ] *;0"D@0�,>=@*rO>*;&;DVO>0d? ] *CBEG�O>alD@6E#

Ei = 1 +

5∑

k=0

( i
k * ( n−i

5−k *( n
5 * Ei−k, i > 0.

� G�,>*q,>=5#h,bBEG�O
i < 5 K ,>=@?A0�BEG�O>alD@6E#TBE*/#h,>DVO>*-0C3@*;X�#h,>? ] *<0FD % 0F&-OF?8W@,>0 i − k K % DV,C#46A6 ,>=@*;0F*<=N# ] *alD56o,>?8W56A?A&/#P,>? ] *"B #4&-,>G�O

0 Y
p =@?A0�BEG�O>a<D@6E#l?A0e#43�?A3@&/#PO>35#h,>?AGH3tGHB ,>=@*CWN#hOd,>?8,>?AGH3),>=@*;G�O>*;a BEG�Or&-GH35Q@?8,F?AGH35#46 *�swW�*;&m,!#h,>?AGH3 K% DV,�,>=@*b=N#h35QV`"# ] ?835Xq?A0�,>=@?A0;I
XH? ] *;3),>=5#h,�7�GHD�#PO>*baf?80F0F?A3@X

i > 0
0d,>?A&!��*-OF0 K 7�GHDS3@*;*-Q�#43@G�,>=@*-OWN#4&!��#hXH* K #43@Qt,>=@*;3S,>=@*2# ] *-O!#hXH*M3:D@a % *-O�GHB�WN#4&!�4#4XH*;0eBEG�O i − k
af?A0F0F?835Xl0d,>?8&
��*mO>0 K `�=5*mO>*C,>=@*W@O>G % # % ?A6A?8, 7<,>=5#h,�#2XH? ] *-3

k
G:&-&;DVO>0�?80",>=@*b# % G ] *CBAO!#h&-,>?AGH3 Y
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p =@*qO>*;&;DVO>0d? ] *�BEG�O>alD@6E#�?A0�0d,>?86A6�3@G�,�D50d*;BED@6�0F?835&-* Ei
Q5*mW�*;3@Q@0bGH3

Ei z BEG�O k = 0
$ K % DV,r`�*&/#43uXH*-,�OF?AQuGHB ,F=5?80 % 7ualD@68,>?8W5687:?A3@Xb`�?8,>= ( n

5 * I� �
n

5 � −

�
n − i

5 � � Ei =

�
n

5 � +

5∑

k=1

�
i

k � �
n − i

5 − k � Ei−k.

p =:D@0"`�*bXH*-,

Ei =

( n
5 *( n

5 * −
( n−i

5 * +

5∑

k=1

( i
k * ( n−i

5−k *( n
5 * −

( n−i

5 * Ei−k, i > 0.

p =@*qW@O>GHX�O!#4a 3@GP` 0d?AaTW5687t&;GHaTW5DV,>*;0 z #h35Qn0d,>G�O>*-0!$e,F=5* Ei
. 0�#4&-&;G�O>Q@?A3@X\,FG\,>=@?A0rBEG�O>alD@6E# K?A3L,>=@*fG�O>Q@*-O

E0 z `�=@?A&!= `�* �w3@GP`e$ K E1, E2, . . . , En Yn_ 3L,>=@?A0M`"#;7 K `�*\=5# ] *\#468`"#;7w0M#468O>*/#hQ@7&;GHaTW5DV,>*;Q\,>=@* ] #46AD@*;0�,>=5#h,�`�*b3@*;*-Q Y� *tD@0F*),>=@*),>=@?8O>Q�BED53@&-,F?AGH3�BAO>GHa � sw*-O>&;?A0d* �H� ,>GR&-GHaTWNDV,>* % ?A3@GHaf?E#46�&;G:*���&;?A*;3 ,>0 K % DV,0F?A3@&;*q,>=@*;0F*<aU#;7 % *;&;GHaf*2W@O>*-,d,}7n6E#hOFXH* K `�*l`�G�O$�jG ] *-O�,>=@*<, 7:W�* double O>?AXH=g,b#;`"#;7 Y ( 555

5 * K,>=@*�6E#hOFXH*;0d, % ?A3@GHaf?E#46�&;Gg*��T&;?8*;3g, ,>=5#h,[aU#;7C&;GHaf*|DVW K ?A0 430960344486 K #�3gD@a % *mO�,>=5#h,�`�GHD@6AQO>*�$gD@?8O>*�afG�O>*e,>=5#43 �! % ?o,>0 % DV,"6A*;0F0",>=5#43 � � K 0FG<?8,�`�?A686�* ] *;3S*msV#4&-,>687fc@,�?A3g,FG�# double $ Y
(

// Prog : panini .C)
// computes the expected number of 5- sticker packages that need*
// to be purchased in order to have all n stickers in the collection+ ,
#include <iostream >- .
// POST : computes binomial coefficient "n choose k"/
double binomial (unsigned int n, unsigned int k)0
{(�1

if (n < k) return 0.0;(2(
if (k == 0) return 1.0;(�)
return n * binomial (n-1, k -1) / k;(�*

}(3+( ,
int main ()(�-
{( .

// input(�/
std ::cout << "Collection size =? ";(�0
unsigned int n;)21
std ::cin >> n;)�()2)
// allocate the array ...)2*
double * E = new double [n+1]; // E_0 ,... , E_n)4+) ,
// ... and fill it)2-
E[0] = 0;) .
for ( unsigned int i = 1; i <= n; ++i) {)2/

double d = binomial (n, 5) - binomial (n-i , 5);)20
E[i] = binomial (n , 5) / d;*21
for ( unsigned int k = 1; k < 6 && k <= i; ++k)*�(

E[i] += binomial (i, k) * binomial (n-i, 5-k) / d * E[i-k];*2)
}*2**4+
// output* ,
std ::cout << "Average number of packages is " << E[n] << ".\n";*2-
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// clean up*2/
delete [] E;*20+ 1
return 0;+$(

}
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Solution to Exercise 107.
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F �→ FF + [+F − F − F] − [−F + F + F]

XH? ] *;3t#40�#h3t*ms@#haTWN68*e?A3),>=@*b&�=5#4686A*;3@XH* Y
(

// Prog : bush.C)
// Draw turtle graphics for the Lindenmayer system with*
// production F -> FF+[+F-F-F]-[-F+F+F], initial word F+
// and rotation angle 22 degrees

,
-

#include <iostream >.
#include <IFM/turtle >/0
// POST : the word w_i^F is drawn(�1
void f ( unsigned int i) {(2(

if (i == 0)(�)
ifm :: forward (); // F(�*

else {(3+
f(i -1); // F( ,
f(i -1); // F(�-
ifm :: left (22); // +( .
ifm :: save (); // [(�/
ifm :: left (22); // +(�0
f(i -1); // F)21
ifm :: right (22); // -)�(
f(i -1); // F)2)
ifm :: right (22); // -)2*
f(i -1); // F)4+
ifm :: restore (); // ]) ,
ifm :: right (22); // -)2-
ifm :: save (); // [) .
ifm :: right (22); // -)2/
f(i -1); // F)20
ifm :: left (22); // +*21
f(i -1); // F*�(
ifm :: left (22); // +*2)
f(i -1); // F*2*
ifm :: restore (); // ]*4+

}* ,
}*2-* .
int main () {*2/

std ::cout << "Number of iterations =? ";*20
unsigned int n;+ 1
std ::cin >> n;+$(+ )
// draw w_n = w_n(F), vertically+ *
ifm ::left (90);+2+
f(n);+ ,



���! �����
	��������������������� �!�"���
+ -

return 0;+ .
}


