
1Spe
ial Exer
ise Set 4De
ember 1, 2009due on Wednesday, De
ember 16, in the le
ture� There will be a total of four spe
ial exer
ise sets during this semester.� You are expe
ted to solve them 
arefully and then write a ni
e and 
ompleteexposition of your solutions using LATEX.� You are wel
ome to dis
uss the tasks with your 
olleagues, but we expe
t ea
hof you to hand in your own, individual writeup.� Your solutions will be graded. The three highest out of your four a
hieved gradeswill a

ount for 10% of your �nal grade for the 
ourse ea
h (so 30% of the gradein total).� We en
ourage you to work on \bonus exer
ises", but they are not required toa
hieve the best grade.
4.1 Antichains in the CubeConsider the Hamming 
ube {0, 1}n. We de�ne a partial ordering � on {0, 1}n: For
x, y 2 {0, 1}n, we say x � y if xi � yi holds for all 1 � i � n. An anti
hain is a set
S � {0, 1}n su
h that for all x, y 2 S with x 6= y, neither x � y nor y � x hold. Let |x|1denote the number of 1s in x, also 
alled the Hamming weight. For any 1 � k � n,the set Lk := {x 2 {0, 1} | |x|1 = k} is an anti
hain.
Exercise. Show that if S is an anti
hain, then |S| � |Ldn

2 e|.Hint: let k := min{|x|1 | x 2 S}. Show that if k 6= l
n
2

m, you 
an repla
e the elements ofHamming weight k by elements of Hamming weight k + 1, in a way that ensures that
S is still anti
hain and does not be
ome smaller.
4. 2 Matchings in the CubeThe n-
ube {0, 1}n 
onsists of several levels Lk := {x 2 {0, 1} | |x|1 = k}. For two
onse
utive levels Lk−1, Lk (here 1 � k � n), the graph stru
ture on {0, 1}n indu
es abipartite graph on Lk−1 [ Lk: the verti
es x 2 Lk−1 and y 2 Lk are 
onne
ted by anedge if dH(x, y) = 1.
Exercise. Show that if k � l

n
2

m, then the graph des
ribed above 
ontains a mat
hing of
ardinality |Lk−1|, i.e. a mat
hing saturating the smaller part of the bipartite graph.
4.3 The PPZ algorithm



2Let V be a set of n variables and let F be a 3-CNF formula over V. Suppose α 2 {0, 1}Vis an isolated satisfying assignment of F. We have shown that the ppz algorithm re-turns α with probability at least 2−2n/3.For a CNF formula F, a satisfying assignment x and a variable x, we 
all a 
lause C of
F 
riti
al with respe
t to α and x if α satis�es exa
tly one literal of C, and this literalis a literal over x. Clearly, if α is isolated, then for every variable x 2 V there exists a
lause C 2 F that is 
riti
al with respe
t to α and x.
Exercise a) Suppose somebody tells you that for every variable x 2 V, there are at leasttwo 
lauses C, D 2 F that are 
riti
al with respe
t to α and x. Prove a better su

essprobability for ppz, i.e., show that there exists a 
onstant c < 2

3
su
h that ppz returns

α with probability at least 2−cn.
Exercise b) Let F be a 3-CNF formula over V and α an isolated satisfying assignment.In a �rst step, we \mark" every variable of V with probability p, independently. Thisgives us a set U � V. In a se
ond step, we set ea
h marked variable to its value under
α. Formally, let β = α|U and de�ne F 0 := F[β]. We say a variable x 2 V is for
ed if
x 2 V, and either {x} 2 F 0 or {�x} 2 F 0. Give a lower bound on the expe
ted number offor
ed variables in terms of n and p and provide an example CNF formula that showsthat your bound is best possible, for any n and p.


