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Special Assignment 1

HS18

The solution is due on Monday, October 29, 2018 by 2:15 pm. Please bring a print-out of
your solution with you to the le ture. If you annot attend (and please only then), you
may alternatively email your solution as a PDF, likewise until 2:15 pm. We will send out
a on rmation that we have re eived your le. Make sure you re eive this on rmation
within the day of the due date, otherwise omplain timely.
Write an exposition of your solution using a omputer, where we strongly re ommend to
use LATEX. We do not grade hand-written solutions.
For geometri drawings that an easily be integrated into LATEX do uments, we re ommend the drawing editor IPE, retrievable at http://ipe7.sourceforge.net/ in sour e
ode and as an exe utable for Windows.
Write short, simple, and pre ise senten es.
This is a theory ourse, whi h means: if an exer ise does not expli itly say \you do not
need to prove your answer" or \justify intuitively", then a formal proof is always required.
You an of ourse refer in your solutions to the le ture notes and to the exer ises, if a
result you need has already been proved there.
We would like to stress that the ETH Dis iplinary Code applies to this spe ial assignment
as it onstitutes part of your nal grade. The only ex eption we make to the Code is
that we en ourage you to verbally dis uss the tasks with your olleagues. It is stri tly
prohibited to share any (hand)written or ele troni (partial) solutions with any of your
olleagues. We are obligated to inform the Re tor of any violations of the Code.
There will be two spe ial assignments this semester. Both of them will be graded and
the average grade will ontribute 20% to your nal grade.
As with all exer ises, the material of the spe ial assignments is relevant for the (midterm
and nal) exams.
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Exercise 1

20 points

(a) Let G be a multigraph with n  4 nodes. We de ne an almost minimum ut in
G to be a ut whose size is within a multipli ative fa tor 2 of the size of a minimum
ut in G. Consider a modi ed version of the algorithm Basi MinCut, that ontra ts
uniformly random edges of G until there are exa tly 4 nodes remaining; then, it pi ks
a ut uniformly at random among all uts in the remaining graph and returns its size.
Let K be the size of some almost minimum ut in G. Prove that the probability of this
modi ed algorithm returning K is bounded by Ω( n14 ).
(b) For a graph G = (V, E) and two distinguished nodes s, t 2 V , an s-t ut is a partition
of V into A and B su h that s 2 A and t 2 B. The size of su h a ut is the number
of edges between A and B. We seek an s-t ut of minimum size. Assume we apply
Basi MinCut(G) to G; as the algorithm pro eeds, the node s may get merged into a
new node as the result of an edge being ontra ted; we all this node the s-node (initially
s itself). Similarly, we have a t-node. As we run the algorithm, we ensure that we never
ontra t an edge between the s-node and the t-node (this guarantees that in the end, we
get an s-t ut). Prove that there are (multi-)graphs in whi h the probability that this
algorithm nds a minimum s-t ut is exponentially small, i.e. O(1/cn ) for some onstant
c > 1.

Exercise 2

20 points

Re all that for a given set S of n 2 N0 distin t real numbers, we de ned random sear h trees
re ursively as follows
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Assume that instead
of hoosing x uniformly at random (i.e., x 2u.a.r. S), we hoose x 2 S with
P
probability x/( y S y). Furthermore, let set S be equal to [n] = {1,    , n}.
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(a) For i, j 2 [n] and j < i, let the indi ator random variable Aji be 1 if and only if node j is
an estor of node i. Prove that
j

Pr[Ai = 1] =

2j
.
(i − j + 1)(i + j)

(b) Determine the expe ted depth of the largest key.
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Exercise 3

20 points

Let S, a set of n non- rossing segments in general position, be given. In the history graph of
the trapezoidal de omposition built in random order, the segment above any xed query point
q an be found in expe ted O (log n) time ( f. Theorem 3.11 in the le ture notes).
(a) Let q be a xed query point, and suppose that the segments of S are inserted in random order s1 , s2 , . . . sn (u.a.r. from all permutations) while maintaining a trapezodial
de omposition. Let the indi ator random variable Xi be 1 if and only if the trapezoid
ontaining q hanges when si is added. Provide an example with three segments where
the variables Xi are not mutually independent.
(b) De ne indi ator random variables Yi
pendent and E[Yi ] = min{1, 4i }.



Xi su h that the variables Yi are mutually inde-

P

( ) Let Y := ni=1 Yi . Obviously Y is an upper bound on the number
of
nodes of the
h
i
ln
(5/4)Y
history graph we need to traverse to lo ate q. Prove that E e
 n + 1 and

λ ln(5/4)−1


+
1
Pr Y  λ ln(n + 1)  n+1
for λ 2 R .
2
, the query time is O(log n) in the worst
(d) Prove that with probability at least 1 − n+1
ase (i.e. for all possible query points q at the same time ).
Hint: In whi h ase do two points q and q behave identi ally in all possible history
graphs? How many su h equivalen e lasses are there? Set λ a ordingly and use the
union bound.
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