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� The solution is due on Tuesday, December 4, 2018 by 2:15 pm. Please bring a print-out

of your solution with you to the lecture. If you cannot attend (and please only then),

you may alternatively email your solution as a PDF, likewise until 2:15 pm to the head

assistant, Ahad N. Zehmakan. We will send out a con�rmation that we have received your

�le. Make sure you receive this con�rmation within the day of the due date, otherwise

complain timely.

� Write an exposition of your solution using a computer, where we strongly recommend to

use LATEX. We do not grade hand-written solutions.

� For geometric drawings that can easily be integrated into LATEX documents, we recom-

mend the drawing editor IPE, retrievable at http://ipe7.sourceforge.net/ in source

code and as an executable for Windows.

� Write short, simple, and precise sentences.

� This is a theory course, which means: if an exercise does not explicitly say \you do not

need to prove your answer" or \justify intuitively", then a formal proof is always required.

You can of course refer in your solutions to the lecture notes and to the exercises, if a

result you need has already been proved there.

� We would like to stress that the ETH Disciplinary Code applies to this special assignment

as it constitutes part of your �nal grade. The only exception we make to the Code is

that we encourage you to verbally discuss the tasks with your colleagues. It is strictly

prohibited to share any (hand)written or electronic (partial) solutions with any of your

colleagues. We are obligated to inform the Rector of any violations of the Code.

� As with all exercises, the material of the special assignments is relevant for the �nal

exam.
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Exercise 1 (20 points)

As input, we are given an undirected graph G = (V, E), and edge cost ce � 0 for each e 2 E, a

selected root vertex r 2 V, and a penalty πv � 0 for each v 2 V. We want to �nd a tree T , as

a subgraph of G, which contains the root vertex r and has the minimum cost. The cost of a

tree T is the cost of the edges in T plus the penalties of all vertices not in T . In other words,

the goal is to minimize
∑
e2E(T) ce +

∑
v2V\V(T) πv, where V(T) and E(T) are the set of vertices

and edges in the tree T .

To model this problem as an integer linear program, we de�ne a 0-1 variable yv for each v 2 V

and xe for each e 2 E. Variable yv is set to 1 if v is in the solution tree and 0 if it is not, while

xe is set to 1 if e is in the solution tree and 0 otherwise.

(a) (5 points) Justify that the optimal value of the following integer linear programming is

equivalent to the minimum cost of a tree which contains the root r in the aforementioned

problem.

minimize
∑
e2E cexe +

∑
v2V(1− yv)πv

subject to
∑
e2δ(S) xe � yv 8S � V \ {r}, S 6= ;, 8v 2 S,

yr = 1,
yv 2 {0, 1} 8v 2 V

xe 2 {0, 1} 8e 2 E.

(b) (5 points) Relax the integer programming formulation from (a) and prove that you can

apply the ellipsoid method to solve the resulting linear program in polynomial time.

Hint: You might de�ne a separation oracle building on the network ow problem.

(c) (5 points) Given an optimal solution (x�, y�) to the linear programming relaxation and

some value α 2 [0, 1), de�ne the set U := {v 2 V : y�v � α}. Let tree T be a subgraph of

G which includes all vertices in U and has the minimum possible cost. Prove that

1

1− α

∑
v2V

πv(1− y
�

v) �
∑

v2V\V(T)

πv.

(d) (5 points) Assume that one can �nd the tree T from part (c) in polynomial time and the

following inequality holds for T ∑
e2E(T)

ce �
2

α

∑
e2E

cex
�

e.

By selecting a suitable α and combining this statement and part (c) prove that this

provides us with a polynomial time 3-approximation algorithm for the above problem,

i.e., the output will not be more than a factor 3 times the value of a minimum solution.

2



Exercise 2 (15 points)

(a) (10 points) Assume that we have a collection ofm di�erent kinds of raw materials. Specif-

ically, we have aj units of raw material of kind j. There are n di�erent kinds of products

that we can generate from these raw materials. Each unit of product i takes bij units of

raw material j to create and can be sold at the price pi. It is possible to sell fractional

amounts of any product. We want to produce the most pro�table set of products with

our available materials. Formulate this optimization problem as a linear program and

write its dual.

(b) (5 points) Let x� = (x�1, � � � , x
�
n) be a feasible solution of the linear program

maximize cTx subject to Ax � b, x � 0 (P)

and let y� = (y�1, � � � , y
�
m) be a feasible solution of the dual linear program

minimize bTy subject to ATy � c, y � 0 (D).

Prove that the following two statements are equivalent:

(1) x� is optimal for (P) and y� is optimal for (D).

(2) For all i = 1, � � � ,m, x� satis�es the i-th constraint of (P) with equality or y�i = 0;

similarly, for all j = 1 � � � , n, y� satis�es the j-th constraint of (D) with equality or x�j = 0.

Exercise 3 (25 points)

(a) (15 points) Assume that Hansel and Gretel each have an n-bit binary number. Gretel

would like to know whether they both have the same number or not. Thus, she asks

Hansel to send her his number by a letter. However, Hansel prefers not to write the

whole number since it is quite long. Provide them with a randomized strategy so that

Hansel only needs to send O(logn) bits, but Gretel is still able to �gure out the answer
to her question with probability at least 1 − O( 1

n2 ). The strategy does not need to be

computationally e�cient since both Hansel and Gretel have unlimited computational

power.

You might use the two following propositions, without proving them.

Proposition 1: The number of distinct prime divisors of any number less than 2n is at

most n.

Proposition 2: For any integer k � 2, the number of distinct primes less than k is Ω( k
log k).

Hint: You might ask Hansel to pick a prime number p uniformly at random from

a suitable range and then divide his number by p.

(b) (10 points) Let A 2 GF(2)m�n and b 2 GF(2)m. We know that the set {x 2 GF(2)n | Ax =
b} has either size 0 or 2i for some i 2 N0. Building on this statement, prove that for any

graph G, the number of Pfa�an orientations
−→
G is either 0 or 2i for some i 2 N0.
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