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Solution 1

(a) The left-hand side of the expression can be written as
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where y1, . . . , yq are independent uniform, random variables with values −1 or 1, and r1 +
. . . + rq = 2k + 1. Therefore, j 2 {1, . . . , q} exists such that rj is odd and thus E
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= 0.

Hence Equation 1 becomes:
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(b) Let m = 2k+ 1 and de�ne Z � Sn as Z = {π 2 Sn | a1,π(1) � � �an,π(n) = 1}. Then
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sign(πi) � E
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Hence, the result from the task (a) gives us that each of the expectations above are zero,
completing the proof.

Solution 2

(a) We de�ne the parameters aijk as in the hint.

Note that for all (i, j) 2 P, if i = j, we can trivially assign the 
ow from i to j such that it
does not pass through any arc. Whether this is clockwise or anticlockwise is by convention.
We will only then solve the problem for the remaining pairs. In other words, we can assume
that for all (i, j) 2 P, i 6= j.

Consider the following integer program (\IP")

minimise w

subject to
∑

(i,j)2P

�
xijaijk + (1− xij)(1− aijk)

�
� w 8k 2 [n]

xij 2 {0, 1} 8(i, j) 2 P

1



Note that the mapping of x to the characteristic vector of the set {(i, j) 2 P | the 
ow from i
to j is counterclockwise} is a bijection. Further, for each k 2 [n],

∑
(i,j)2P xijaijk corresponds

to the sum of anticlockwise 
ows through arc k, while
∑

(i,j)2P(1 − xij)(1 − aijk) the sum of
clockwise 
ows. Hence, the left hand side of the �rst constraint of IP corresponds to wi. As
such, given x, the minimum value of w such that the IP stays feasible then corresponds to
maxiwi or the circle width of the corresponding 
ow assignment of the problem. Therefore,
a solution (x, w) that is optimal to IP has a one-to-one correspondence with an assignment of

ows that achieve the optimal circle width for the problem. It follows that the IP models the
problem.

(b) Consider the linear problem (L) which is identical to IP, except that the last constraint is
replaced by 0 � xij � 1, 8(i, j) 2 P.

Suppose x� and w� form an optimal solution of (L). As a feasible solution of the IP is also a
fesaible solution of (L), w� � OPT.

For (i, j) 2 P, let xij := [x�ij], i.e., the value of x�ij rounded to the nearest integer. Let

w := maxkwk, where wi :=
∑

(i,j)2P

�
xijaijk + (1 − xij)(1 − aijk)

�
. Following the argument

in part (a), x corresponds to an assignment of 
ows for the original problem with the resulting
circle width w.

For a 2 [0, 1], checking both cases of a 2 [0, 0.5) and a 2 [0.5, 1], we have [a] � 2a. Applying
this statement, we have for all k 2 [n],

wk =
∑

(i,j)2P

�
xijaijk + (1− xij)(1− aijk)

�
=

∑
(i,j)2P

�
[x�ij]aijk + (1− [x�ij])(1− aijk)

�

=
∑

(i,j)2P

�
[x�ij]aijk + [1− x�ij](1− aijk)

�

�
∑

(i,j)2P

�
2x�ijaijk + 2(1− x

�
ij)(1− aijk)

�

� 2w� � 2OPT

As w = maxkwk, this implies w � 2OPT.

Hence, we �nd a solution of the original problem where the circle width is at most 2OPT.

The algorithm then is as follows:

� Solve (L) to obtain an optimal solution (x�, w�).

� For (i, j) 2 P, if xij � 0.5, we assign an anticlockwise 
ow from i to j. Otherwise, we
assign a clockwise 
ow from i to j.

� Output the assignment.

Solution 3

(a) Let P denote the convex polyhedron
Ti
j=0 h

�
j , and let u be a lowest vertex of P. It is clear

that the xd-coordinate of u is higher than or equal to that of v. Since u 2 h�i and v 62 h�i ,
the line segment uv must intersect hi at a point u 0, and the xd-coordinate of u

0 is not higher
than u. Moreover, u 0 lies in a facet fi of P, and fi belongs to hi. If u

0 is a vertex of P, then
the statement is true. So we assume that u 0 is not a vertex of P. If fi is bounded, then the
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xd-coordinate of at least one vertex of fi is not higher than of u 0. If fi is unbounded, due to
the existence of h0, fi must be lower bounded with respect to the xd-axis. Moreover, since
any d boundary hyperplanes intersects at a point and d hyperplanes have been intersected, fi
own at least one lowest vertex, and this vertex is not higher than of u 0. Therefore, one lowest
vertex of P lies in hi.

(b) We �rst analyze the probability that v 62 h�i . If v 62 h
�
i , the new computed lowest vertex will

lie in hi. Since a vertex is de�ned by d boundary hyperplanes and each half-space in the �rst
i inserted ones is equally likes to be the i-th one, the corresponding probability is d

i
.

Then, we prove the statement by induction.

When d = 2, the running time is exactly that of Random-2D-LP and is expected O(n) =
O(d!n).

Assume that for d = k � 2, the running time is expected O(k!n).

When d = k + 1, since the probability that v 62 h�i is k+1
i
, the expected time for the i-th

insertion is k+1
i
� O

�
k! � i

�
= O

�
(k+ 1)!

�
. Since there are n− d+ 1 insertions, the linearity of

expectation implies that the Random-LP takes expected O
�
(k+ 1)!n

�
time.

(c) We aim at the asymptotically maximum value of d such that d! �n = Θ(n2). In this situation,
d! = Θ(n), i.e., c1 � n � d! � c2 � n, for some constants c1 and c2. Therefore, we have

log c1 + logn � logd! � log c2 + logn.

According to the hint, we have

d

2
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d

2
� logd! � d logd.

If d = logn
log logn

,

d logd =
logn

log logn
log

logn

log logn
�

logn

log logn
log logn = logn � log c1 + logn.

If d = 2 logn
log logn

,

d logd = 2
logn

log logn
log 2

logn

log logn
=

logn

log logn
� 2 � log(2

logn

log logn
)

=
logn

log logn
(2+ 2 log logn− 2 log log logn) �

logn

log logn
(2+ log logn) � log c2 + logn.

For n � 4, 2 � logn
log logn

� 4, so that we can choose c2 as 2
4 = 16 and c1 as any constant smaller

than c2. Moreover, for any �xed n � 4, c � logn
log logn

is a continuous function of c and increases

with c. Therefore, there exists d 2 [ logn
log logn

, 2 logn
log logn

] such that c1 � n � d! � c2 � n, and

d 2 Θ( logn
log logn

).
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