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Exercise 1 (SDP formulation of the Lovász theta function)

Let G = (V,E) be a graph. Show that ϑ(G) can be expressed as the value of the following optimization
problem:

ϑ(G) = min λmax(11T +X)
s.t. Xij = 0 , if {i, j} ∈ Ē, or i = j

X ∈ SYMn .
(1)

Exercise 2 (Dual of direct sum)

[Exercise 4.3] Let V and W be two finite dimensional vector spaces, each equipped with a scalar product
and let K ⊂ V,L ⊂W be closed convex cones. Show that

(K ⊕ L)∗ = K∗ ⊕ L∗ .

Exercise 3 (Dual of the norm cone)

Let 〈·, ·〉Rn−1 denote a scalar product on Rn−1. For a norm ‖ · ‖ on Rn−1 we define its dual norm as
‖x‖∗ := sup‖y‖=1 〈x,y〉. The norm cone is defined as

K := {(x, t) ∈ Rn−1 ×R | ‖x‖ ≤ t} .

Rn−1 ×R can naturally be endowed with a scalar product:

〈(x, t), (y, s)〉Rn−1×R := 〈x,y〉Rn−1 + st ,

for s, t ∈ R,x,y ∈ Rn−1.

a) Show that the dual cone K is defined by the dual norm, e.g.

K∗ = {(x, t) ∈ Rn−1 ×R | ‖x‖∗ ≤ t} .

b) [Exercise 4.2] What is the dual of the ice cream cone?
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