
16. A randomized Algorithm for Linear Programming IILeture on Thursday 19th November, 2009 by Bernd G�artner <gaertner@inf.ethz.ch>Now we get to the analysis of algorithm LP from the last leture, and this will alsoreveal why the random hoie is important.We will analyze the algorithm in terms of the expeted number of violation tests
ahx� � bh, and in terms of the expeted number of basis omputations x�(;, R) thatit performs. This is a good measure, sine these are the dominating operations of thealgorithm. Moreover, both violation test and basis omputation are \heap" operationsin the sense that they an be performed in time f(d) for some f.More spei�ally, a violation test an be performed in time O(d); the time neededfor a basis omputation is less lear, sine it amounts to solving a small linear programitself. Let us suppose that it is done by brute-fore enumeration of all verties of thebounded polyhedron de�ned by the at most 3d (in)equalities

ahx = bh, h 2 Rand
−M � xi � M, i = 1, . . . , d.

16.1 Violation Tests

Lemma 16.1 Let T(n, j) be the maximum expeted number of violation tests performedin a all to LP(Q, R) with |Q| = n and |R| = d − j. For all j = 0, . . . , d,
T(0, j) = 0

T(n, j) � T(n − 1, j) + 1 +
j

n
T(n − 1, j − 1), n > 0.Note that in ase of j = 0, we may get a negative argument on the right-hand side, butdue to the fator 0/n, this does not matter.

Proof. If |Q| = ;, there is no violation test. Otherwise, we reursively all LP(Q\{h}, R)for some h whih requires at most T(n−1, j) violation tests in expetation. Then there isone violation test within the all to LP(Q, R) itself, and depending on the outome, weperform a seond reursive all LP(Q \ {h}, R [ {h}) whih requires an expeted numberof at most T(n − 1, j − 1) violation tests. The ruial fat is that the probability ofperforming a seond reursive all is at most j/n.To see this, �x some S � Q, |S| � d − |R| = j suh that x�(Q, R) = x�(S, R). Suh aset S exists by Lemma 15.4. This means, we an remove from Q all onstraints exeptthe ones in S, without hanging the solution.If h 62 S, we thus have
x�(Q, R) = x�(Q \ {h}, R),
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A randomized Algorithm for Linear Programming II (19.11.2009) CG 2009meaning that we have already found x�(Q, R) after the �rst reursive all; in partiular,we will then have ahx� � bh, and there is no seond reursive all. Only if h 2 S (andthis happens with probability |S|/n � j/n), there an be a seond reursive all. �The following an easily be veri�ed by indution.
Theorem 16.2

T(n, j) � j∑

i=0

1

i!
j!n.Sine ∑j

i=0
1
i!
� ∑∞

i=0
1
i!

= e, we have T(n, j) = O(j!n). If d � j is onstant, this is O(n).
16.2 Basis ComputationsTo ount the basis omputations, we proeed as in Lemma 16.1, exept that the \1" nowmoves to a di�erent plae.
Lemma 16.3 Let B(n, j) be the maximum expeted number of basis omputations per-formed in a all to LP(Q, R) with |Q| = n and |R| = d − j. For all j = 0, . . . , d,

B(0, j) = 1

B(n, j) � B(n − 1, j) +
j

n
B(n − 1, j − 1), n > 0.Interestingly, B(n, j) turns out to be muh smaller than T(n, j) whih is good sine abasi omputation is muh more expensive than a violation test. Here is the bound thatwe get.

Theorem 16.4

B(n, j) � (1 + Hn)j = O(logj n),where Hn is the n-th Harmoni number.
Proof. This is also a simple indution, but let's do this one sine it is not entirelyobvious. The statement holds for n = 0 with the onvention that H0 = 0. It also holdsfor j = 0, sine Lemma 16.3 implies B(n, 0) = 1 for all n. For n, j > 0, we indutivelyobtain

B(n, j) � (1 + Hn−1)
j +

j

n
(1 + Hn−1)

j−1� j∑

k=0

 
j

k

!
(1 + Hn−1)

j−k(
1

n
)k

= (1 + Hn−1 +
1

n
)j = (1 + Hn)j.The seond inequality uses the fat that the terms (1 + Hn−1)

j and j

n
(1 + Hn−1)

j−1 arethe �rst two terms of the sum in the seond line. �
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CG 2009 16.3. The Overall Bound
16.3 The Overall BoundPutting together Theorems 16.2 and 16.4 (for j = d, orresponding to the ase R = ;),we obtain the following
Theorem 16.5 A linear program with n onstraints in d variables (d a onstant) anbe solved in time O(n).
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