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Importance of HIT

« The Hales-Jewett theorem is presently one of the
most useful techniques in Ramsey theory
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Importance of HIT

« The Hales-Jewett theorem is presently one of the
most useful techniques in Ramsey theory

 Without this result, Ramsey theory would more
properly be called Ramseyan theorems
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Outline for the lecture

1. The theorem and Its conseguences
1.1 Van der Waerden’s Theorem
1.2 Gallai-Witt’s Theorem
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Outline for the lecture

1. The theorem and Its conseguences
1.1 Van der Waerden’s Theorem
1.2 Gallai-Witt’s Theorem

2. Historical Comments

3. Proof of HIT
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Basic definitions

* Let A be an alphabet of ¢ symbols, usually
A={0,1,...,t—1}
* Letx ¢ A be anew symbol
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Basic definitions
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A={0,1,...,t—1}

* Letx ¢ A be anew symbol
« \Wbrds are strings over A without x
« Strings containing at least one x are called roots
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Basic definitions

* Let A be an alphabet of ¢ symbols, usually
A={0,1,...,t—1}

* Letx ¢ A be anew symbol
« \Wbrds are strings over A without x
« Strings containing at least one x are called roots

« Foraroot7 € (AU {x})"and a symbol a € A,
we write

7(a) € A"

for the word obtained from 7 by replacing each x
by a
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

T = 01x2 To = x| T3 — Olx2x1

Ti © (AU{*})nza i :47n2:27n3:6
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

T = 01x2 To = x| T3 — Olx2x1

Ti © (AU{*})"%) i :47n2:27n3:6
« Some words obtained from these roots:

7'1(0) —
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

T = 01x2 To = x| T3 — Olx2x1

Ti © (AU{*})"%) i :47n2:27n3:6
« Some words obtained from these roots:
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

T = 01x2 To = x| T3 — Olx2x1

Ti © (AU{*})"%) i :47n2:27n3:6
« Some words obtained from these roots:

7'1(0) = 0102 7'1(1) = 0112 7'2(1) —
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

Ti © (AU{*})nzv i :47n2:27n3:6
« Some words obtained from these roots:

m(0)= 0102 7(1)= 0112 n(1)= I1
or 73(2) =
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Example

e Let A ={0,1,2} be an alphabet of 3 symbols.
* SO0Me roots:

T = 01x2 To = x| T3 — Olx2x1

Ti © (AU{*})nzv i :47n2:27n3:6
« Some words obtained from these roots:

m(0) = 0102 (1) = 0112 m(1) = 11
or 3(2) = 0121.

Hales-Jewett Theorem, SS04 — p.5/3!



Further definition

Let 7 be a root. A combinatorial linerooted In 7 1Is the
set of ¢ words

L, =A{7(0),7(1),...,7(t —1)}.
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Further definition

Let 7 be a root. A combinatorial linerooted In 7 1Is the
set of ¢ words

L, =47(0),7(1),...,7(t = 1)}.

Example: Let 7 = 01x2x1 bearootin A ={0,1,2,3,4}. Then
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Further definition

Let 7 be a root. A combinatorial linerooted In 7 1Is the
set of ¢ words

L, =47(0),7(1),...,7(t = 1)}.

Example: Let 7 = 01x2x1 bearootin A ={0,1,2,3,4}. Then

‘001020 1]
011211

Ly=4 0 1 2 1 p |L:| =5
01 1 2 11
0142 41|
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The number of combinatorial lines in A™ IS
(1Al +1)" — A"

Proof:
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The number of combinatorial lines in A™ IS
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Proof:
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The number of combinatorial lines in A™ IS
(1Al +1)" — A"

Proof:
#{comb. lines in A"} = #{roots in (AU {x})"}
= #{strings with at least one * in (A U {x})"}
= #{all strings in (AU {x})"}
— #{strings without =}
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The number of combinatorial lines in A™ IS
(1Al +1)" — A"

Proof:
#{comb. lines in A"} = #{roots in (AU {x})"}
= #{strings with at least one * in (A U {x})"}
= #{all strings in (AU {x})"}
— #{strings without =}

= (4] +1)" - 4] o
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Why combinatorial line?
Let A:={0,1,2}, n=3and 7 = (x, 2, *). Then

0 2 0
L.=<{ 1 2 1
% % 9
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Why combinatorial line?

Let A:={0,1,2}, n=3and 7 = (x, 2, *). Then

x3
0 2 0 4
L.=¢1 2 1
2 2 2 | N
B
I I
AT
I I
I
I I | s
I I
_ — 4 b - - 1 =

1
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Why combinatorial line?

Let A:={0,1,2}, n=3and 7 = (x, 2, *). Then

3
0 2 0 4
L=¢1 2 1
2 2 2 . !:
! |
l l
S

1
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Theorem (HJT, 1963)

Given r > 0 distinct colors and a finite alphabet A of
t = |A| symbols.

There is a dimension n = HJ(r,t) € N such that
for every r-coloring of the cube A" there exists a
monochromatic combinatorial line.

Hales-Jewett Theorem, SS04 — p.9/3!



Examples

« Take r = #{colors} = 1.
Then for any alphabet A with ¢ symbols

HJI(1,t) =
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Examples
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Examples

« Take r = #{colors} = 1.
Then for any alphabet A with ¢ symbols

HJ(1,t) = 1

e Let A= {0,1} (A" then corresponds to Q).
r=2. = HJ(2,2) =
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Examples

« Take r = #{colors} = 1.
Then for any alphabet A with ¢ symbols

HJ(1,t) = 1

e Let A= {0,1} (A" then corresponds to Q).
r=2. = HJ(2,2)= 2
r=3. = HJ(3,2) =
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Examples

« Take r = #{colors} = 1.
Then for any alphabet A with ¢ symbols

HJ(1,t) = 1

e Let A= {0,1} (A" then corresponds to Q).
r=2. = HJ(2,2)= 2
r=3. = HJ(3,2)= 3
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Van der Waerden (1927)

Theorem: Given r > 0 distinct colorsand ¢t € N.

Thereisa N = W (r,t) € N such that for every
r-coloring of the set {1, ..., N} there exists at least
one monochromatic arithmetic progression of ¢ terms:
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Proof (using HJT)

Let N :=n(t—1)+ 1wheren = HJ(r,t) from HIT.
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Proof (using HJT)

Let N :=n(t—1)+ 1wheren = HJ(r,t) from HIT.

Set A:={0,1,...,t— 1} and define for
r=(x1,...,2,) € A" the mapping

f:A" — {1,2,...,N}
r — x1+x9+---+x,+ 1.
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Proof (using HJT)

Let N :=n(t—1)+ 1wheren = HJ(r,t) from HIT.

Set A:={0,1,...,t— 1} and define for
r=(x1,...,2,) € A" the mapping
f:A" — {1,2,...,N}
r — x1+x9+---+x,+ 1.
Thus, f Induces a coloring of A”

color of x € A™ := color of number f(x).
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Proof (cont.)

Every combinatorial line

L, ={7(0),7(1),...,7(t—1)}

IS mapped to an arithmetic progression of length ¢.
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Proof (cont.)

Every combinatorial line

L, ={7(0),7(1),...,7(t—1)}

IS mapped to an arithmetic progression of length ¢.

a = f(7(0))+1
d = #{x’sint}
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Proof (cont.)

Every combinatorial line
L; = {T(O)7 T(l)v > 0 ¢ 77-(t I 1)}
IS mapped to an arithmetic progression of length ¢.

a = f(7(0))+1
d = #{x’sint}

By HJT there i1s a monochromatic line in A", which
corresponds to a monochromatic arithmetic progres-
sion of length ¢. B
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Gallai-Witt (1943,1951)

A set of vectors U C Z™ Is a homothetic copy of
V' C Z™ if there Is a vector «w € Z™ and a constant
A € N, such that

U=u+ AV :={u+ jveV}
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Gallai-Witt (1943,1951)

A set of vectors U C Z™ Is a homothetic copy of
V. C Z™ if there Is a vector u € Z™ and a constant
A € N, such that

U=u+ AV :={u+ jveV}

Theorem: Given r» > 0 distinct colors and let the
vectors of Z™ be r-colored.

Then every finite subset V' C Z™ has a homothetic
copy which i1s monochromatic.
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Proof (using HJT)

Let r := #{colors} and V := {vy, ..., v_1} = A.
Setn = HJ(r,t) and consider

A"z = (x1,...,1,) r; € {vg, ..., 01}

Hales-Jewett Theorem, SS04 — p.15/3"



Proof (using HJT)

Let r := #{colors} and V := {vy, ..., v_1} = A.
Setn = HJ(r,t) and consider

A"z = (x1,...,1,) r; € {vg,..., 01}

Define f: A" — Z" by f(x) =21+ - + x,.
This induces a r-coloring of A”.
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Proof (using HJT)

Let r := #{colors} and V := {vy, ..., v_1} = A.
Setn = HJ(r,t) and consider

A"z = (x1,...,1,) r; € {vg,..., 01}

Define f: A" — Z" by f(x) =21+ - + x,.
This induces a r-coloring of A”.

By HJT there is a monochromatic combinatorial line

Ly = {r(0),..., 7(vi-1)} € A"
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Proof (cont.)

Let I = {i|r; # x}, and
A =F#{xsinTt} =n—|I| > 0.
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Proof (cont.)

Let I = {i|r; # x}, and
A =F#{xsinTt} =n—|I| > 0.
Then

f(L;) = {u + A\v;

u:ZfU@-;j:O,...,t—l}

el
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Proof (cont.)

Let I = {i|r; # x}, and
A =F#{xsinTt} =n—|I| > 0.
Then

f(L;) = {u + A\v;

u:Zvi;j:O,...,t—l}

el

This is a homothetic copy of V' = {vg,...,v;1}. B
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Historical comments

* Van der Waerden’s Theorem was originally conjectured by
Baudet. The theorem is a corollary of Szemereédi’s theorem.
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Historical comments

* Van der Waerden’s Theorem was originally conjectured by
Baudet. The theorem is a corollary of Szemereédi’s theorem.

* Szemeredi’s theorem was conjectured in 1936 by Erdos and
Turan. Roth (1953) proved the case ¢ = 3 (mentioned in his
Fields Medal citation). Szemeredi proved the case ¢t = 4
(1969), and the general theorem in 1975.
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Turan. Roth (1953) proved the case ¢ = 3 (mentioned in his
Fields Medal citation). Szemeredi proved the case ¢t = 4
(1969), and the general theorem in 1975.

* Firstenberg and Katznelson proved Szemerédi’s theorem
using ergodic theory in 1979.
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Historical comments

* Van der Waerden’s Theorem was originally conjectured by
Baudet. The theorem is a corollary of Szemereédi’s theorem.

* Szemeredi’s theorem was conjectured in 1936 by Erdos and
Turan. Roth (1953) proved the case ¢ = 3 (mentioned in his
Fields Medal citation). Szemeredi proved the case ¢t = 4
(1969), and the general theorem in 1975.

* Firstenberg and Katznelson proved Szemerédi’s theorem
using ergodic theory in 1979.

* Gowers gave a new proof (1998), with a better bound on
W (r,t), for the case ¢ = 4 (mentioned in his Fields Medal
citation).
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Known W (r, t)

* The following table shows all exactly known van der
Waerden numbers (the nontrivials marked red)

r/t |[t=1 t=2 t=3 t=4 t=5
r=1 1 2 3 4 D
r =2 1 3
r=3 1 4
r=4 1 D

Eric W. Weaisstein et a. "van der Waerden Number.” From MathWorld—A Wolfram Web
Resource.

http:// mat hwor | d. wol fram coml vander Waer denNunber . ht m
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Some bounds

It 1S known that

W(r,3) <e

and
r€2

Wir,4) < et
for some constants ¢y, ¢s.

Eric W. Weisstein et al. "van der Waerden Number.” From MathWorld—A Wolfram Web
Resource.

http:// mat hwor | d. wol f ram conf vander WAer denNunber . ht m
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History of HIJT

Various proofs of the Hales-Jewett theorem are
known.

* The original proof of Hales and Jewett Is quite short but
provides an extremely fast growing upper bound for
HJ(r,t).
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History of HIJT

Various proofs of the Hales-Jewett theorem are
known.

* The original proof of Hales and Jewett Is quite short but
provides an extremely fast growing upper bound for
HJ(r,t).

* Shelah (1988) found a completely new proof which yields a
much smaller (a primitive recursive) bound.
A function that can be implemented using only f or -loops
(which have a fixed iteration limit) is called primitive
recursive.
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History of HIJT

Various proofs of the Hales-Jewett theorem are
known.

* The original proof of Hales and Jewett Is quite short but
provides an extremely fast growing upper bound for
HJ(r,t).

* Shelah (1988) found a completely new proof which yields a
much smaller (a primitive recursive) bound.
A function that can be implemented using only f or -loops
(which have a fixed iteration limit) is called primitive
recursive.

* We will follow the compact version of Shelah’s proof from
A. Ni”i (1990) (C/O Noga Alon) Hales-Jewett Theorem, SS04 — p.20/3"



Proof (of HIT)

By induction on ¢t = | A|. Let r := #{colors}.
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Proof (of HIT)

By induction on ¢t = | A|. Let r := #{colors}.
e t=1:trivial, HJ(r,1) =1
e t—1 — t: Assume HJT holds for¢ — 1 (and r).
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Proof (of HJT)

By induction on ¢t = | A|. Let r := #{colors}.
e t=1:trivial, HJ(r,1) =1
e t—1 — t: Assume HJT holds for¢ — 1 (and r).

Setn := HJ(r,t — 1) and define a sequence
Ny < ... <N,

n n i—1 a7 .
N1 L= Tt Nz L= Tt +ZJ'=1NJ 1 > 2
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Proof (of HJT)

By induction on ¢t = | A|. Let r := #{colors}.
e t=1:trivial, HJ(r,1) =1
e t—1 — t: Assume HJT holds for¢ — 1 (and r).

Setn := HJ(r,t — 1) and define a sequence
Ny < ... <N,

n n i—1 a7 .
N1 L= Tt Nz L= Tt +ZJ'=1NJ 1 > 2

Define as a new Dimension

N:=N+---+N,.
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We want to prove that for every coloring x of the
N-cube AY

x: AN = {1,....r}

there Is at least one monochromatic combinatorial
line, that is, HJ(r,t) < N.
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We want to prove that for every coloring x of the
N-cube AY

x: AN = {1,....r}

there Is at least one monochromatic combinatorial
line, that is, HJ(r,t) < N.

How large is this N?
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We want to prove that for every coloring x of the
N-cube AY

x: AN = {1,....r}

there Is at least one monochromatic combinatorial
line, that is, HJ(r,t) < N.

How large is this N?
We have n = HJ(r,t — 1). Estimate N

t’n
.7"

N>N,> "
—~—

n times
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We want to prove that for every coloring x of the
N-cube AY

x: AN = {1,....r}

there Is at least one monochromatic combinatorial
line, that is, HJ(r,t) < N.

How large is this N?
We have n = HJ(r,t — 1). Estimate N

t’n
.7"

N>N,> "
—~—

n times

Example: Taker =2andt =3. n = HJ(2,2) = 2. Then

N > 22" = 9512
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Definition: Neighbors

a,b € A" are neighbors if they differ in exactly one
coordinate.

Hales-Jewett Theorem, SS04 — p.23/3



Definition: Neighbors

a,b € A" are neighbors if they differ in exactly one
coordinate.

Example: a,b € A" differ In the ¢-th coordinate

a == al...ai_l()aiﬂ...an
b = ai...a,-11a;.1...ay
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Definition: Neighbors

a,b € A" are neighbors if they differ in exactly one
coordinate.

Example: a,b € A" differ In the ¢-th coordinate

a == CL1...CL7;_1OGJZ'_|_1...an
b = ai...a,-11a;.1...ay

Fora =ay...a, € A™ and a concatenation of n roots
T=171...Ty =N, Yi=1,...,n
denote

=\

Hales-Jewett Theorem, SS04 — p.23/3
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Claim

Claim: There are n roots 7, . . ., 7, of length
;| = N; such that for their concatenation 7

x(7(a)) = x(7(b))

for any two neighbors a,b € A".
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Claim

Claim: There are n roots 7, . . ., 7, of length
;| = N; such that for their concatenation 7

x(7(a)) = x(7(b))

for any two neighbors a,b € A".
How does this imply the theorem?
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Claim

Claim: There are n roots 7, . . ., 7, of length
;| = N; such that for their concatenation 7

x(7(a)) = x(7(0))
for any two neighbors a,b € A".
How does this imply the theorem?

Take such a 7 from the claim and define a new
coloring ' for the n-cube (A — {0})"

X (a) := x(7(a)) x: AN = {1,... r}.
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Since |[A — {0} =t¢t—1andn = HJ(r,t — 1) by induction
assumption there is a root

v=u1...v, € (A={0}H) U {x})"
such that the combinatorial line
L,=4v(1),v(2),...,v(t—1)}

IS monochromatic with respect to y'.
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Since |[A — {0} =t¢t—1andn = HJ(r,t — 1) by induction
assumption there is a root

v=u1...v, € (A={0}H) U {x})"
such that the combinatorial line
L,=4v(1),v(2),...,v(t—1)}

IS monochromatic with respect to y'.

Consider the root
T(v) =71 (1) .. Tn(Vn) I7(v)| = N.
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Since |[A — {0} =t¢t—1andn = HJ(r,t — 1) by induction
assumption there is a root

v=u1...v, € (A={0}H) U {x})"
such that the combinatorial line
L,=4v(1),v(2),...,v(t—1)}

IS monochromatic with respect to y'.

Consider the root
T(v)=71(v1) ... To(Vn) I7(v)| = N.
We will show that the line
Lrw) = {7((0)),7(v(1)),..., T(v(t — 1)) }
IS monochromatic with respect to .
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Since L, is monochromatic w.r.t. '

X (1) =...=X(w(-1).
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Since L, is monochromatic w.r.t. '

X (1) =...=X(w(-1).

By definition of y’

X(T(V(l))) S X(T(V(t — 1)))
What about x (7(v(0))) = ?
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Since L, is monochromatic w.r.t. '
X(v(1)=...=xwl-1))
By definition of y’
x(T(v(1))) =... = x(r(v(t —1))).
What about x (7(v(0))) = ?

If #{x’sinv} =1, then 7(~(0)) is neighbor of
7(v(1)). By the claim



If #{*’sinv} > 1, then we still can reach 7(v(0))

from 7(v(1)) by passing through a sequence of
neighbors
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If #{*’sinv} > 1, then we still can reach 7(v(0))

from 7(v(1)) by passing through a sequence of
neighbors

o O O =
O O = =
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If #{*’sinv} > 1, then we still can reach 7(v(0))

from 7(v(1)) by passing through a sequence of
neighbors

(1) = ...

o O O =
O O = =

FW(0) = ...

Again by the claim above
X (T(1(0))) = x(T(v(1))).
Thus, L, Is monochromatic. |

Hales-Jewett Theorem, SS04 — p.27/3



Proof (of claim)

We prove the existence of roots 7; by backward induction on s.

Suppose we already have defined 7.1, ..., 7.
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Proof (of claim)

We prove the existence of roots 7; by backward induction on s.
Suppose we already have defined 7.1, ..., 7.

Recall that we want |7;| = NV;. Let M;_; ==Y} Nj.
Fork =0,..., N, let W} be the word
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Proof (of claim)

We prove the existence of roots 7; by backward induction on s.
Suppose we already have defined 7.1, ..., 7.

Recall that we want |7;| = NV;. Let M;_; ==Y} Nj.

Fork =0,..., N, let W} be the word

N—— ——

k N;,—k

For each £ define the r-coloring v, of all words in AMi-1T7~% gs

Xk (.CCl oo IM; 1 Yit1 - - yn) =
= X(xl oo Tag, We Tiva (Yiv1) - - Tn(yn))
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Proof (cont.)

We have N; + 1 colorings xo, - - ., Xn;-
The total number of such r-colorings is

M'_1—|—’n,—’i M-_l—l—n
T#{Of words} __ e < Pt = N,
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Proof (cont.)

We have N; + 1 colorings xo, - - ., Xn;-
The total number of such r-colorings is

M'_1—|—’n,—’i M-_l—l—n
T#{Of words} __ e < Pt = N,

By the pigeonhole principle there is y, = xj for some s < k. Let

:=0...0x...x1...1
N N e —
S k—s Nz—k
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Proof (cont.)

We have N; + 1 colorings xo, - - ., Xn;-
The total number of such r-colorings is

M'_1—|—’n,—’i M-_l—l—n
T#{Of words} __ e < Pt = N,

By the pigeonhole principle there is y, = xj for some s < k. Let

:=0...0x...x1...1
N N e —
S k—s Nz—k

We have to check that = = 7 ... 7, satisfies the assertion of the

claim.
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Proof (cont.)

Observe that
TZ(O) — Wk and ’7'2(1) — WS.
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Proof (cont.)

Observe that
’7'2(0) — Wk and ’7'2(1) — WS.

Take a, b € A™ neighbors differing in the 2-th coordinate

a = Cl,l...CLZ'_loCLi_|_1...CLn

b = &1...ai_11ai+1...an
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Proof (cont.)

Observe that
TZ(O) — Wk; and ’7'2(1) — WS.

Take a, b € A™ neighbors differing in the 2-th coordinate

a = Cl,l...CLZ'_loCLi_|_1...CLn
— al...ai_llaiﬂ...an
then
m(a) = 7(a1) ... Tim1(ai-1) 7(0) Tir1(@iv1) - - - Talan)
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Proof (cont.)

Observe that
TZ(O) — Wk; and ’7'2(1) — WS.

Take a, b € A™ neighbors differing in the 2-th coordinate

a = Cl,l...CLZ'_loCLi_|_1...CLn
— al...ai_llaiﬂ...an
then
T(a) = 7i(a1) Ti—1(ai—1) (V) Tig1(@iv1) Tn(an)
7(b) = 7i(a1)...mi—1(aim1) T(!) Tig1(@igr) - - Tn(an)

and since y, = v
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Proof (cont.)

X(7(a)) = X(ﬁ(al) o Tim1(ai—1) (0) i (aigq) - .Tn(an))
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Proof (cont.)

X(7(a)) = X(ﬁ(al) o Tim1(ai—1) (0) i (aigq) - .Tn(an))

x(m1(a1) ... Tic1(aim1) Wi Tix1(aig) - - ma(an))



Proof (cont.)



Proof (cont.)

— X(Tl(al) c. 7'7;_1(@7;_1) Wk 7'7;+1(az-+1) c e
= Xx(71(a1) ... mi1(a@i—1) @i (ln)
= X (Tl(al) Ti—1(@i—1) Git1 an)



Proof (cont.)

x(7(a)) = X(T1(CL1) o Tim1(ai—1) 73(0) Tiv1(asy) - -Tn(an))
= x(m(a1) ... mic1(aim1) Wi Tiga(aig) - - ma(an))
= xk(T1(a1) ... Tic1(@iz1) Qigr - .. an)
= xs(7i(a1) ... Tim1(ai—1) @it - . ay)

— X(Tl (al) .. .Ti_l(ai—l) Ws Ti+1 (ai—H) . 'Tn(a’n))



Proof (cont.)

|
<
B



Proof (cont.)

= xx(m1(a1) .. 71 (ai—1) @iy

= xs(7i(a1) ... Tim1(ai—1) @it - . ay)
— X(Tl(al) Tic1(ai—1) Ws Tia1(aign)
— X(Tl(al) Ti—1(@i—1) Ti(1) Tix1(@sa

= x(7(b))

This completes the proof of the claim.



Combinatorial m-space

Let 7 bearootin (AU {xi,...,%,})", where

*1,. . .k, & A are distinct symbols. We require that
each of these appears at least once in 7. Thus, we
have m mutually disjoint sets of moving coordinates.
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Combinatorial m-space

Let 7 bearootin (AU {xi,...,%,})", where

*1,. . .k, & A are distinct symbols. We require that
each of these appears at least once in 7. Thus, we
have m mutually disjoint sets of moving coordinates.

The combinatorial m-space .S Is the set of all ™
words in A" obtained by replacing each *; with a
symbol from A.
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Combinatorial m-space

Let 7 bearootin (AU {xi,...,%,})", where

*1,. . .k, & A are distinct symbols. We require that
each of these appears at least once in 7. Thus, we
have m mutually disjoint sets of moving coordinates.

The combinatorial m-space .S Is the set of all ™
words in A" obtained by replacing each *; with a
symbol from A.

Remark: A combinatorial line 1s a combinatorial 1-
space.
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Example

A combinatorial 2-space in A% = {0, 1, 2}°.

3
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Theorem (generalized)

Given r > (O distinct colors, a dimension m € N and a
finite alphabet A of ¢t = | A| symbols.

There is a dimension n = HJ(m,r,t) € N such
that for every r-coloring of the cube A" there exists
a monochromatic combinatorial m-space.
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End
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